
88 International Workshop QUALITDE – 2015, December 27 – 29, 2015, Tbilisi, Georgia

Asymptotic Representations of Solutions of Differential Equations

with Regularly Varying Nonlinearities

K. S. Korepanova

Odessa I. I. Mechnikov National University, Odessa, Ukraine
E-mail: ye.korepanova@gmail.com

We consider the differential equation

y(n) = αp(t)

n−1∏
j=0

φj(y
(j)), (1)

where n ≥ 2, α ∈ {−1, 1}, p : [a,+∞[→ ]0,+∞[ is a continuous function, a ∈ R, φj : ∆Yj → ]0;+∞[

is a continuous and regularly varying as y(j) → Yj function of order σj , j = 0, n− 1, where ∆Yj is
some one-sided neighborhood of the point Y0, Y0 is equal to either 0 or ±∞1.

The set of solutions of equation (1), that is defined in some neighborhood of +∞, consists of
monotonous functions and their derivatives of orders till n− 1 and falls into two classes:

1) solutions, for each of them

lim
t→+∞

y(k−1)(t) =

{
or ±∞,

or 0
(k = 1, n);

2) solutions, for each of them there exists k ∈ {1, . . . , n} such that

y(t) = tk−1 [c+ o(1)] (c ̸= 0) as t → +∞.

From the first class of solutions a sufficiently wide subclass of solutions of the equation (1) was
picked out in the works of Evtukhov V. M. and Samǒılenko A. M. [1], Klopot A. M. [2]. Asymptotic
representations for this class of solutions as t → +∞ were established and necessary and sufficient
conditions for the existence of these solutions were derived there.

The aim of the paper is to derive necessary and sufficient conditions for the existence of solu-
tions of the equation (1) and more particular case, each of that for some k ∈ {1, . . . , n} admits
representations

y(t) = tk−1 [c0 + o(1)], y(k−1) = c0 + o(1) (c0 ̸= 0) as t → +∞.

Moreover, we establish asymptotic formulas as t → +∞ for their derivatives of orders till n−1 and
solve a question of quantity of these solutions.

Let us introduce notation for signs of numbers from neighborhoods of ∆Yj (j = 0, n− 1).

µj =

{
1, if Yj = +∞, ; or Yj = 0 and ∆(Yj) is a right neighborhood of the point 0,

−1, if Yj = −∞, or Yj = 0 and ∆(Y 0
j ) is a left neighborhood of the point 0.

1When Yj = ±∞, here and in the sequel all signs in the neighborhood of the point ∆Yj are assumed to have the
uniform sign.



International Workshop QUALITDE – 2015, December 27 – 29, 2015, Tbilisi, Georgia 89

Theorem 1. For the existence of solutions of the equation (1), that admit the representation

y(n−1) = c+ o(1) (c ̸= 0) as t → +∞,

it is necessary and sufficient that c ∈ ∆Yn−1 and conditions be satisfied

Yj−1 =

{
+∞, if µn−1 > 0,

−∞, if µn−1 < 0,
when j = 1, n− 1,

+∞∫
t0

p(τ)φ0(µ0τ
n−1)φ1(µ1τ

n−2) · · ·φn−2(µn−2τ) dτ < +∞,

where t0 ≥ a is chosen so that ctn−k

(n−k)! ∈ ∆Yk−1 (k = 1, n− 1) for t ≥ t0.

Moreover, when these conditions are implemented, there exists an n-parameter family of such
solutions and each of them admits the following asymptotic representations as t → +∞:

y(j−1)(t) =
ctn−j

(n− j)!
[1 + o(1)] (j = 1, n− 1),

y(n−1)(t) = c+ αM(c)φn−1(c)

t∫
+∞

p(τ)φ0(µ0τ
n−1)φ1(µ1τ

n−2) · · ·φn−2(µn−2τ) dτ · [1 + o(1)],

where

M(c) =

n−1∏
k=1

∣∣∣ c

(n− k)!

∣∣∣σk−1

.

Let us introduce the notation needed in the forthcoming theorem.

I(t) = αφn−2(c)M(c)

t∫
B

p(τ)φ0(µn−2τ
n−2)φ1(µn−2τ

n−3) · · ·φn−3(µn−3τ) dτ,

M(c) =

n−2∏
k=1

∣∣∣ c

(n− k − 1)!

∣∣∣σk−1

, c ∈ ∆Yn−2, Φ(z) =

z∫
A

ds

φn−1(s)
,

A = 0 and B = +∞, if

Yn−1∫
yn−1

ds

φn−1(s)
< +∞ (σn−1 < 1, yn−1 ∈ ∆Yn−1),

A = yn−1 and B = t0, if

Yn−1∫
yn−1

ds

φn−1(s)
= ±∞ (σn−1 > 1, yn−1 ∈ ∆Yn−1).

Theorem 2. Let σn−1 ̸= 1. For the existence of solutions of the equation (1), that admit the
representation

y(n−2)(t) = c+ o(1) (c ̸= 0) when t → +∞,

it is necessary and sufficient that c ∈ ∆Yn−2 and conditions be satisfied

Yn−1 = 0, Yj−1 =

{
+∞, if µn−2 > 0,

−∞, if µn−2 < 0,
when j = 1, n− 2,

+∞∫
t0

Φ−1(I(τ)) dτ < +∞,
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where t0 ≥ a is chosen so that

ctn−k−1

(n− k − 1)!
∈ ∆Yk−1 (k = 1, n− 2) for t ≥ t0,

Φ−1 is an inverse function for Φ.
Moreover, when these conditions are implemented, there exists an n-parameter family of such

solutions, if σn−1 < 1, and (n − 1)-parameter family of such solutions, if σn−1 < 1, and each of
them admits the following asymptotic representations as t → +∞:

y(j−1)(t) =
ctn−j−1

(n− j − 1)!
[1 + o(1)] (j = 1, n− 2),

y(n−2)(t) = c+

t∫
+∞

Φ−1(I(s))ds [1 + o(1)],

y(n−1)(t) = Φ−1(I(t)) [1 + o(1)].

Let us consider a particular type of equation (2)

y(n) = αp(t)φ0(y)φ1(y
′) · · ·φn−k(y

(n−k)), (2)

where n ≥ 2, α ∈ {−1, 1}, k ∈ {1, . . . , n}, p : [a,+∞[→ ]0,+∞[ is a continuous function, a ∈ R,
φj : ∆Yj → ]0;+∞[ is a continuous and regularly varying as y(j) → Yj function of order σj ,

j = 0, n− k, where ∆Yj is some one-sided neighborhood of the point Yj , Yj is equal to either 0 or
±∞.

Theorem 3. For the existence of solutions of the equation (2), that admit the representation as
i ∈ {1, . . . , k}:

y(n−k)(t) =
cti−1

(i− 1)!
[1 + o(1)] ; (c ̸= 0) as t → +∞,

it is necessary and sufficient that c ∈ ∆Yn−k and conditions be satisfied

Yj−1 =

{
+∞, if µn−k > 0,

−∞, if µn−k < 0,
when j = 1, n− k, if i = 1;

Yj−1 =

{
+∞, if µn−k > 0,

−∞, if µn−k < 0,
when j = 1, n− k + 1, if i > 1;

+∞∫
t0

+∞∫
tk−i

· · ·
+∞∫
t1

p(τ)φ0(µ0τ
n−k+i−1) · · ·φn−k(µn−kτ

i−1) dt1 · · · dtk−i dτ < +∞,

where t0 ≥ a is chosen so that

ctn−k+i−j

(n− k + i− j)!
∈ ∆Yj−1 (j = 1, n− k − 1) for t ≥ t0.

Moreover, when these conditions are implemented, there exists an n-parameter family of such
solutions and each of them admits the following asymptotic representations as t → +∞:

y(j−1)(t) =
ctn−k+i−j

(n− k + i− j)!
[1 + o(1)] (j = 1, n− k + i− 1),

y(n−k+i−1)(t) = c+ αM(c)Wk−i+1(t)[1 + o(1)],

y(j)(t) = αM(c)Wn−j(t)[1 + o(1)] (j = n− k + i, n− 1),
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where

M(c) =

n−k+1∏
j=1

∣∣∣ c

(n− k + i− j)!

∣∣∣σk−1

, c ∈ ∆Yn−k, Wj(t) =

t∫
+∞

Wj−1(s) ds (j = 1, k − i+ 1),

W0(t) = p(t)φ0(µ0t
n−k+i−1)φ1(µ1t

n−k+i−2) · · ·φn−k(µn−kt
i−1).
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