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In the interval R+ = [0,+∞[ , we consider the problem on the existence of a solution of the
nonlinear differential system

u(m) = f1(t, v, . . . , v
(n−1)), v(n) = f2(t, u, . . . , u

(m−1)), (1)

satisfying the boundary conditions

u(i−1)(0) = φi

(
v(n−1)(0)

)
(i = 1, . . . ,m), v(k−1)(0) = ψk

(
v(n−1)(0)

)
(k = 1, . . . , n− 1),

lim inf
t→+∞

|v(n−1)(t)| = 0.
(2)

Here m ≥ 1, n ≥ 2, and f1 : R+ × Rn → R, f2 : R+ × Rm → R, φi : R → R (i = 1, . . . ,m),
ψk : R → R (k = 1, . . . , n− 1) are continuous functions.

Problem (1), (2) is interesting because its different particular cases arise in the oscillation theory
(see, e.g., [1, 2]). Nevertheless, in the general case this problem is not studied yet. We have
established sufficient conditions for the solvability and unique solvability of that problem. In
particular, the following theorems are proved.

Theorem 1. Let there exist a positive constant r and continuous functions h0 : R+ → R+, hk :
R+ → R+ (k = 1, . . . , n) such that

∣∣f1(t, x1, . . . , xn)∣∣ ≤ h0(t)
(
1 +

n∑
i=1

|xi|
)

for t ∈ R+, (x1, . . . , xn) ∈ Rn,

f1(t, x1, . . . , xn) sgn(x1) ≥
n∑

k=1

hk(t)|xk| for t ∈ R+, xi sgn(x1) ≥ r (i=1, . . . , n−1), xnx1>0,

∣∣f2(t, x1, . . . , xm)
∣∣ ≤ h0(t)

(
1 +

n∑
i=1

|xi|
)

for t ∈ R+, (x1, . . . , xm) ∈ Rm,

f2(t, x1, . . . , xm) sgn(x1) ≥ 0 for t ∈ R+, xi sgn(x1) ≥ r (i = 1, . . . ,m),

and

lim inf
|x|→+∞

φi(x) sgn(x) > r (i = 1, . . . , n), lim inf
|x|→+∞

ψk(x) sgn(x) > r (k = 1, . . . , n− 1).

If, moreover,
∞∫
0

( m∑
k=1

tn−khk(t)
)
dt = +∞ (k = 1, . . . , n), (3)

then problem (1), (2) has at least one solution.
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Theorem 2. Let the functions fi (i = 1, 2) have continuous partial derivatives in the phase vari-
ables,

fi(t, 0, . . . , 0) = 0 for t ∈ R+ (i = 1, 2),

and let there exist continuous functions hk : R+ → R+ (k = 0, . . . , n) such that

hk(t) ≤
∂f1(t, x1, . . . , xn)

∂xk
≤ h0(t) for t ∈ R+, (x1, . . . , xn) ∈ Rn (k = 1, . . . , n),

0 ≤ ∂f2(t, x1, . . . , xm)

∂xk
≤ h0(t) for t ∈ R+, (x1, . . . , xm) ∈ Rm (k = 1, . . . ,m).

Let, moreover, hk (k = 1, . . . , n) satisfy condition (3), while φi (i = 1, . . . ,m) and ψk (k =
1, . . . , n− 1) be nondecreasing functions such that

lim inf
|x|→+∞

φi(x) sgn(x) > 0 (i = 1, . . . ,m), lim inf
|x|→+∞

ψk(x) sgn(x) > 0 (k = 1, . . . , n− 1).

Then problem (1), (2) has one and only one solution.
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