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On the interval [a, b], we consider the multi-point boundary value problem
u'(t) = L(u)(t) + q(t), (1)
> aiulty) =, (2)
i=1

where ¢ : C([a,b];R) — L([a,b];R) is a linear bounded operator, ¢ € L([a,b];R), a; € R\ {0},
a<t;<to<--<t,<b(i=1,...,n), and ¢ € R. Here and in what follows, C([a,b];R) and
L([a,b];R) stand for Banach spaces of continuous and Lebesgue integrable functions defined on
[a, b], respectively, with standard norms; C([a,b]; Ry) and L([a, b]; R4 ) are subsets of non-negative
functions of the corresponding spaces; AC([a,b];R) is a set of absolutely continuous functions
defined on |[a, b].

A linear bounded operator ¢ : C([a,b];R) — L([a,b];R) is called an a-Volterra operator, resp.
a b-Volterra operator, if for arbitrary ¢ € |a, b], resp. ¢ € [a,b], and v € C([a, b]; R) such that

v(t) =0 for t € [a,c], resp. v(t) =0 for ¢ € [c,b],
the equality
L(v)(t) =0 for a.e. t € [a,c], resp. L(v)(t) =0 for a.e. t € [c,}],
is fulfilled.

Notation. Let ¢ : C([a,b];R) — L([a,b];R) be a linear bounded operator. Then ¢ € Py, iff it
transforms a set C([a,b];R) into a set L([a,b];R}); ¢ € P iff it transforms the non-negative
non-decreasing absolutely continuous functions to the non-negative functions; ¢ € Sy,(a), resp.
0 € Sup(b), iff every absolutely continuous function u satisfying

u'(t) > l(u)(t) for ae. t € [a,b], u(a) >0,

o U (t) < L(u)(t) for ae. t € [a,b], (b) >0,

admits the inequality u(t) > 0 for ¢ € [a, b].
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Remark 1. In the case when ((u)(t) % p(t)u(r(t)) — g(t)u(u(t)) with p,g € L(ja,b];Ry), 7, :
[a,b] — [a,b] measurables functions, it can be shown that ¢ € P, iff p(t) > g(t) and g(t)(7(t) —
wu(t)) > 0 for a.e. t € [a,b].

The efficient conditions guaranteeing the inclusions ¢ € Syp(a) and £ € Sup(b) can be found
in [2].

The proofs of the following theorems are based on the results established in [1].

Theorem 1. Let ¢ € 73;?) admit the representation ¢ = by — {1 with £y, L1 € Py and let Ly € Sgp(a).
Let, moreover, there exist i; € {1,...,n} (j =1,...,k) such that

n>i1>i2>~~>ik21, (3)
and either
(=D)"ay; >0 for z=ips1+1,...,0 (r=0,...,k) (4)
or
(—D)"ay <0 for z=ipp1+1,...,4 (r=0,...,k), (5)

where ig =n, i1 = 0. Let, in addition,

19 12p 41 E—1
Y olelz X el rzo,...,[T] 6)
z=tgr41+1 z=flgr42+1

If either at least one of the inequalities in (6) is strict, or k is even, or

r=0

/ (OB dt£0, T= | [nasntin ], (7)
I

then the problem (1), (2) is uniquely solvable.

Theorem 2. Let{ © 77;, admit the representation £ = £y— {1 with Ly, €1 € Pyp and let —01 € Sup(b).
Let, moreover, there exist v € AC([a,b];R) satisfying

v(t) >0 for t € [a,b], (8)
Y (t) > £(y)(t) for a.e. t € [a,b], (9)

and let there existi; € {1,...,n} (j =1,...,k) such that (3) holds and either (4) or (5) is satisfied,
where ig =n, igr1 = 0. Let, in addition, (6) be fulfilled. If either at least one of the inequalities in
(6) is strict, or k is even, or (7) holds, then the problem (1), (2) is uniquely solvable.

Theorem 3. Let / € 73;) admit the representation £ = Ly — €1 with o, {1 € Pay, and let Ly € Syp(a).
Let, moreover, there exist i; € {1,...,n} (j =1,...,k) such that (3) holds, and either (4) or (5)
be fulfilled where ig = n, ix+1 = 0. Let, in addition,

n ik
Win) S~ 10 <3 Jaal if b is odd, (10)
7(a> z=11+1 z=1
'Y(t ) n ik Thp—1
= Z || + Z || < Z || if k is even, (11)
")/(CL) z=11+1 z=1 z=ip+1
and 12742 12r41

DY \az|,r:0,...,[$} if k>3, (12)

z=1gr4+3+1 z=igr42+1
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where v € AC([a, b]; R) is a function satisfying (8) and (9)'. If either at least one of the inequalities
in (10)—(12) s strict, or there exists I C [a,ty,] with measI > 0 such that

v (t) # L(y)(t) for ae tel, (13)
Z aiV(ti) 7é 07 (14)
i=1
/E(l)(t)dt #£0, (15)
I
where

I= [til,tn] Ul Uls,
I =la,t;] ifk is odd, I =la,ti_,]| if k is even,
552 (16)
I, = U [ti2r+3+1)ti2r+1} ifk > 3, =0 ifk < 3,
r=0
then the problem (1), (2) is uniquely solvable.

Theorem 4. Letl € 73;2, admit the representation £ = by—{1 with Ly, {1 € Pyp and let —01 € Syp(b).
Let, moreover, there exist v € AC([a,b]; R) satisfying (8) and (9), and let there existij € {1,...,n}
(j =1,...,k) such that (3) holds, and either (4) or (5) be fulfilled where ig = n, i1 = 0. Let,
in addition, (10)—(12) be satisfied. If either at least one of the inequalities in (10)—(12) is strict,
or there exists I C [a,t,] with measI > 0 such that (13) holds, or (14), or (15) is fulfilled with I
defined by (16), then the problem (1), (2) is uniquely solvable.

Theorem 5. Let { admit the representation { = o — {1 with £y, 1 € Py, £(1)(t) > 0 for a.e.
t € [a,b], and let —01 € Sup(b) be an a-Volterra operator. Let, moreover, there existy € AC([a,b]; R)
satisfying (8) and (9). Let, in addition, t| = a and

n
a1 <0 (i=2,...,n), |oa| < |ail.
=2

If either
o] <> Jai
=2
or
by
[ 2o,

then the problem (1), (2) is uniquely solvable.

Theorem 6. Let { admit the representation { = o — {1 with £y, 1 € Pgp, £(1)(t) > 0 for a.e.
t € [a,b], and let by € Sup(a) be a b-Volterra operator. Let, moreover, t, =b and

n—1
] = 3 ailal,
i=1
where

o = % (1 - sgn(aiam)) (i=1,...,n—1).

Let, in addition, at least one of the following items be fulfilled:

!The existence of such a function is guaranteed by [2, Theorem 1.1].
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(a)
n—1
janl > 3 ol
i=1

(b) there exists igp € {1,...,n — 1} such that aj;a, > 0;

()

Then the problem (1), (2) is uniquely solvable.

Remark 2. Results analogous to Theorems 1-6 can be derived by a standard transformation in the
case when ¢ € N, i.e. when ¢ transforms the non-negative non-increasing absolutely continuous
functions to the non-positive functions, and when ¢(1)(¢) < 0 for a.e. t € [a, b], respectively.
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