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The investigations of second order differential equations play an important role in the develop-
ment of the qualitative theory of differential equations. Such equations have a lot of applications
in different fields of science.

Many results have been obtained for equations with power nonlinearities. But in practice we
often deal with differential equations not only with power nonlinearities but also with exponential
nonlinearities. It happens, for example, when we study the distribution of electrostatic potential in
a cylindrical volume of plasma of products of burning. The corresponding equation may be reduced
to the following one

y′′ = α0p(t)e
σy|y′|λ.

In the work of V. M. Evtukhov and N. G. Drik [3] some results on asymptotic behavior of solutions
of such equations have been obtained.

Exponential nonlinearities form a special class of rapidly varying nonlinearities. The consider-
ation of the last ones is necessary for some models. Such consideration needs the establishment of
the next class of functions.

The function φ : [s,+∞[→ ]0,+∞[ (s > 0) is called a rapidly varying [1] function of the order
+∞ as z → ∞ if this function is measurable and the following condition is true

lim
z→∞

φ(λz)

φ(z)
=


0, if 0 < λ < 1,

1, if λ = 1,

∞, if λ > 1.

The function φ is called a rapidly varying function of the order −∞ as z → ∞ if this function is
measurable and

lim
z→∞

φ(λz)

φ(z)
=


−∞, if 0 < λ < 1,

1, if λ = 1,

0, if λ > 1.

The function φ(z) is called a rapidly varying function in zero if φ(1z ) is a rapidly varying function
of the order +∞.

An exponential function is a special case of such functions. The differential equation

y′′ = α0p(t)φ(y)

with a rapidly varying function φ, was investigated in the work of V. M. Evtuhov and V. M. Khar-
kov [4]. But in the mentioned work the introduced class of solutions of the equation depends on
the function φ. This is not convenient for practice.

The more general class of equations of the mentioned type is established in this work. It is a
natural generalization of previous investigations.

Let us consider the differential equation

y′′ = α0p(t)φ0(y)φ1(y
′), (1)
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In this equation α0 is −1 or +1, p : [a, ω[→ ]0,+∞[ (−∞ < a < ω ≤ +∞) is a continuous function,
φi : ∆Yi → ]0,+∞[ (i ∈ {0, 1}) also are continuous functions, Yi ∈ {0,±∞}, the intervals ∆Yi ,
i ∈ {0, 1} may be of the form [y0i , Yi[

1, or of the form ]Yi, y
0
i ].

Furthermore, we assume that the function φ1 is a regularly varying function as z → Y1 (z ∈ ∆Y1)
of the order σ1, and the function φ0 is twice continuously differentiable and satisfies the following
limit relations

lim
z→Y0
z∈∆Y0

φ0(z) ∈ {0,+∞}, lim
z→Y0
z∈∆Y0

φ0(z)φ
′′
0(z)

(φ′
0(z))

2
= 1.

It can be proved that φ0 is a rapidly varying function as z → Y0 (z ∈ ∆Y0).
We introduce the following notations and definitions.

πω(t) =

{
t, if ω = +∞,

t− ω, if ω < +∞,

θ1(z) = φ1(z)|z|−σ1 ,

I(t) = |λ0 − 1|
1

1−σ1

t∫
B0

ω

∣∣∣πω(τ)p(τ)θ1(|πω(τ)| 1
λ0−1 sign y01

)∣∣∣ 1
1−σ1 dτ,

B0
ω =



b, if

ω∫
b

∣∣∣πω(τ)p(τ)θ1(|πω(τ)| 1
λ0−1 sign y01

)∣∣∣ 1
1−σ1 dτ = +∞,

ω, if

ω∫
b

∣∣∣πω(τ)p(τ)θ1(|πω(τ)| 1
λ0−1 sign y01

)∣∣∣ 1
1−σ1 dτ < +∞,

I1(t) =

t∫
B1

ω

λ0I(τ)

(λ0 − 1)πω(τ)
dτ, B1

ω =



b, if

ω∫
b

λ0I(τ)

(λ0 − 1)πω(τ)
dτ = +∞,

ω, if

ω∫
b

λ0|I(τ)|
(λ0 − 1)πω(τ)

dτ < +∞

Φ0(z) =

z∫
A0

ω

1

|φ0(y)|
1

1−σ1

dy, A0
ω =



y00, if

Y0∫
y00

1

|φ0(y)|
1

1−σ1

dy = +∞,

Y0, if

Y0∫
y00

1

|φ0(y)|
1

1−σ1

dy < +∞,

Φ1(z) =

z∫
A1

ω

Φ0(τ)

τ
dτ, A1

ω =



y00, if

Y0∫
y00

Φ0(τ)

τ
dτ = +∞,

Y0, if

Y0∫
y00

|Φ0(τ)|
τ

dτ < +∞.

1If Yi = +∞ (Yi = −∞), we suppose that y0
i > 0 (y0

i < 0).
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The inferior limits of the integrals are chosen in such a way that the corresponding integrals
tend either to 0 or to ∞.

The solution y of the equation (1) is called Pω(Y0, Y1, λ0)-solution if

y(i) : [t0, ω[→ ∆Yi (t0 ≥ a), lim
t↑ω

y(i)(t) = Yi (i = 0, 1), lim
t↑ω

(y′(t))2

y′′(t) y(t)
= λ0.

Let Y ∈ {0,∞}, ∆Y is some one-sided neighborhood of Y . The differentiable function L :
∆Y → ]0;+∞[ is said to be a normalized slowly varying function as z → Y (z ∈ ∆Y ) if

lim
z→Y1
z∈∆Yi

zL′(z)

L(z)
= 0.

We say that a slowly varying function θ : ∆Y → ]0;+∞[ as z → Y (z ∈ ∆Y ) satisfies the
condition S if for any continuous differentiable normalized slowly varying as z → Y (z ∈ ∆Y )
function L : ∆Yi → ]0;+∞[ the following relation takes place

θ(zL(z)) = θ(z)(1 + o(1)) as z → Y (z ∈ ∆Y ).

The next theorem contains necessary and sufficient conditions of existence of Pω(Y0, Y1, λ0)-
solutions of the equation (1), and the asymptotic representations for these solutions and their
derivatives of the first order as t ↑ ω.

Theorem. Let σ1 ̸= 1, the function φ1 satisfy the condition S, and the following limit relation be
true

lim
z→Y0
z∈∆Y0

(
Φ′

1(z)
Φ1(z)

)′′(
Φ′

1(z)
Φ1(z)

)

((
Φ′

1(z)
Φ1(z)

)′)2
= γ0, γ0 ∈ R \ {1, 0}.

The following conditions are necessary for the existence of the Pω(Y0, Y1, λ0)-solutions of the
equation (1), where λ0 ∈ R \ {0, 1},

πω(t)y
0
1y

0
0λ0(λ0 − 1) > 0; πω(t)y

0
1α0(λ0 − 1) > 0, y01 · lim

t↑ω
|πω(t)|

1
λ0−1 = Y1,

lim
t↑ω

Φ−1
1 (I1(t)) = Y0,

lim
t↑ω

πω(t)I
′
1(t)

I1(t)
= ∞, lim

t↑ω

I ′1(t)πω(t)

Φ′
1(Φ

−1
1 (I1(t)))Φ

−1
1 (I1(t))

=
λ0

λ0 − 1
.

These conditions are also sufficient for the existence of the Pω(Y0, Y1, λ0)-solutions of the equation
(1) if

I(t)I1(t)λ0(σ1 − 1) > 0 as t ∈ [a;ω[

and the function
|πω(t)|

1− (2−γ0)λ0
(1−γ0)(λ0−1) I′1(t)
I1(t)

is a normalized slowly varying function as t ↑ ω.

Moreover, for each such solution the following asymptotic representations take place as t ↑ ω:

Φ1(y(t)) = I1(t)[1 + o(1)],
y′(t)Φ′

1(y(t))

Φ1(y(t))
=

I ′1(t)

I1(t)
[1 + o(1)].
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