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Let Ag € BVioe(I; R™™), fo € BVioo(I;R™), ¢g € R™ and ty € I, where I C R is an arbitrary
interval non-degenerated in the point. Consider the Cauchy problem

dl‘(t) = dAo(t) . x(t) + dfo(t), x(to) = Cp. (1)

Let xo be the unique solution of problem (1).
Along with the Cauchy problem (1) consider the sequence of the Cauchy problems

dx(t) = dAk(t> . x(t) + dfk(t), x(tk) = cg (k =1,2,... ), (1k)

where Ay € BV (I;R™™) (K =1,2,...), fx € BVioe([;R") (k=1,2,...),tp € [ (k=1,2,...)
and ¢ € R" (k=1,2,...).

To a considerable extent, the interest to the theory of generalized ordinary differential equations
has been stimulated also by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from the unified viewpoint.

In [2-4] the sufficient conditions are given for problem (1) to have a unique solution xj for
sufficiently large k& and

lim ||z — zol|s = 0. (2)
k——+o0

In the present paper, the necessary and sufficient conditions are established for the sequence
of the Cauchy problems (1;) (k= 1,2,...) to have the above-mentioned property. Obtained here
results are based on the concept given in [8] and they differ from the analogous ones given in [3].

Moreover, we consider the question of relationship between the Lyapunov stability of system
given in (1) and the well-possedness of the Cauchy problem (1). Presented below results are more
general than analogous ones obtained in [4].

The following notations and definitions will be used.

R =] — oo, +o0[, Ry = [0, +o0].

R™™ is the space of all real nxm-matrices X = (v;5); ;2; with the norm || X|| = nax Zznjl |45
O,.xm 1s the zero n x m matrix.

I, is an identity n x n matrix.

\l;(X) is the sum of total variations of the components z;; (i = 1,...,m; j = 1,...,m) of the

a
b
matrix-function X : [a,b] — R™*"™; %(X) = -V (X).
a

X(t—) and X(t+) are, respectively, the left and the right limits of X at the point ¢ € I;
1 X(t)=X(t) — X(t—), do2 X (t) = X (t+) — X ().

BV(I;R™ ™) is the space of all bounded variation matrix-functions X : I — R™"™ with the
norm || X||s = sup{|| X (¢)|| : t € I}.

BVioe(I; R™ ™) is the set of all matrix-functions X : I — R™ " for which the restriction on
[a, b] belong to BV ([a, b]; R™*™) for every closed interval [a,b] C I.
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6’100([ ;R™) is the set of all vector-functions = : I — R™ which are absolutely continuous on
every closed interval [a, b] from I.

L(I;R™™) is the set of all matrix-functions X : I — R™™ whose components are Lebesgue-
integrable;

Lo (I; R™™) is the set of matrix-functions X : I — R™*™ whose components are Lebesgue
integrable on every closed interval from I.

We introduce the operators. If X € BV;.(I,R™>*™) and Y : I — R™ ™ then we put

t

XY (£) - X(to)Y (to) — / 4X(7) - Y (7),

to

B(X,Y)(t)

I(X,Y)(t) = / d(X (1) + B(X,Y) (1)) - X 7).

If X € BV(I;R™"), det(, + (—1)7d; X (t)) # 0 for t € I (j =1,2), and Y € BV([a, b] ; R"™*™),
then A(X,Y)(t0) = Onxm,
AX,Y)(t) =Y () = Y(to)+
+ Y dX(1) (In—diX (1) Y (7)) = > deX (1) (In + do X (7)) doY (7).

to<T<t to<t<t

A vector-function z € BV ,.(1; R™) is said to be a solution of the generalized differential system
given in (1) if

x(t) —x(s) = /dAo(T) ~x(T) + fo(t) — fo(s) for s <t; s,tel,

s

where integral is understand in the Kurzweil sense [9)].
Without loss of generality, we assume that either ¢ < tg (k=1,2,...)ortx =tg (k=1,2,...)
or ty > to (k: 1,2,...).

Definition 1. We say that the sequence (Ag, fr;tx) (kK =1,2,...) belongs to the set S(Aq, fo;0)
if for every ¢y € R™ and a sequence ¢ € R" (k= 1,2,...) satisfying the condition

li = 3
k—1>I-Poo Ck €0, ( )

problem (1;) has a unique solution zj for any sufficient large k£ and condition (2) holds.

Theorem 1. Let Ay, € BV(L,R™™) (k=0,1,...), fi € BV(LR?) (k=0,1,...), to € I and the
sequence of points t, € I (k=1,2,...) be such that

det (I, + (—1)d;jAo(t)) #0 for t €I, (—1)/(t—tg) <0 and for @
t=to if j €{1,2} issuch that (—1)(tp —to) >0 (k=1,2,...),
kll}r_{loo tr = to. (5)
Then
(A, fiste)) 12y € S(Ao, foi to) (6)
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if and only if there exists a sequence of matriz-functions Hy € BV(I;R™™) (k = 0,1,...) such
that

inf {| det(Ho(t))|: t €1} >0, (7)
kll)gloo Hy.(tr) = Ho(to), (8)
Jm || Hy — Holls =0, (9)
Jim_sup {|[(Z(Hx, A)(0) ~ Z(Ho, A0) ()| (1+] ¥ (Z(Hx, A0)]) } = 0 (10)
and
) gglmig?{!\<z<ﬂk, fi)(t) = Z(Ho, fo)(®)| (L4 | ¥ (Z(Hi A))]) } = 0. (11)

Definition 2. The Cauchy problem (1) is called well-possed if condition (6) holds for every sequence
(Ag, fr;te) (k=1,2,...) and ¢ (k= 1,2,...) for which there exists a sequence Hy, (k =0,1,...)
such that conditions (4), (5) and (7)—(11) hold.

The statements of Theorem 1 mean that the Cauchy problem (1) is well-possed.

Definition 3. The Cauchy problem (1) is called weakly well-possed if condition (6) holds for every
sequence (Ag, fr;tr) (B = 1,2,...) and t; (kK = 1,2,...) for which there exists a sequence Hy
(k=0,1,...) such that conditions (4), (5), (7)—(9) and

lim (HI(HkaAk) — Z(Ho, Ao)||, + ||Z(Hk, f1) —I(Ho,fo)Hs) =0
k—4o00
hold.
Consider now the Lyapunov stability question on the set I = [0, +oo[.

Definition 4. A solution z( of the system given in (1) is called uniformly stable if for every ¢ > 0
there exists a positive number d = §(g) such that an arbitrary solution z of system (1), satisfying
the inequality

[z(to) — zo(to)|| <6 (12)

for some ty € Ry, admits the estimate ||x(t) — zo(t)|| < § for ¢ > ¢o.
Definition 5. Let £ : Ry — R, be a nondecreasing function such that tligl E(t) = +o00. A
— 00

solution xg of the system given in (1) is called &-exponentially asymptotically stable if there exists
a positive number 7 such that for every € > 0 there exists a positive number § = §(¢) such that an
arbitrary solution z of system (1), satisfying inequality (12) for some ty € R, admits the estimate

let) — zo(®)] < exp (— n(E(t) — E(to))) for ¢ > to.
Note that the exponentially asymptotic stability (see [3]) is a particular case of the £&-exponentially
asymptotic stability if we assume £(t) = t.

Definition 6. The system given in (1) is called stable in one or another sense if every its solution
is stable in the same sense.

Definition 7. The matrix-function Ay is called stable in one or another sense if the system dz(t) =
dAp(t) - z(t) is stable in the same sense.

Theorem 2. Let Ay € BVoo(Ry; R™™ ™) and fo € BVioe(R4; R™) be such that

li V(g\}(t).A Ag, A d i V(S\}(t)A A =0

Jim sup Vo A(Ag, Ao) < +oo and  lim Y A(Ao, fo) =0,

where v(&)(t) = sup{T > t: &(7) < &(t) + 1}. Then &-exponentially asymptotically stability of Ao
guarantees the well-possedness of problem (1) on Ry.
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Theorem 3. Let Ay € BVoo(R4;R™ ™) and fo € BV(R4;R™). Then uniformly stability of Ay
guarantees the weakly well-possedness of problem (1) on R..

We realize the above-given results for the Cauchy problem for ordinary differential systems.

Given here results are more general than obtained in [1,5-8].

Let Py € Lijp.(I,R™*™) and qo € Ljo.(I,R™). Let xg € éloc(l; R™) be the unique solution of the
Cauchy problem

Cfl—f =Po(t)x + qo(t), =(to) = co. (13)
Consider the sequence of the Cauchy problems
%‘t” = Ptz + (), alte) =cx (h=1,2,...). (13)
The system (13;) is the particular case of system (1j) if we assume that Ag(t) f Pr(T
to
and fi(t) f qr(7) dr for every k € {0,1,...}. Therefore, the results given below immediately

follow from the analogous ones presented above.

Definition 8. We say that the sequence (Pg, qr,tx) (kK = 1,2,...) belongs to the set S(Py, qo,to)
if condition (2) holds for every ¢g € R"™ and ¢ € R™ (k = 1,2,...) satisfying the condition (3),
where zj, is the unique solution problem (13).

Theorem 4. Let P, € L(I,R™™) (k=0,1,...), g € L(I;R™) (k=0,1,...), and the sequence of
points t, € I (k=1,2,...) satisfy condition (5). Then

((Pes ks t)) 12 € S(Po, o, to) (14)

if and only if there exists a sequence of matriz-functions Hy € 5’([(1, b; R™™™) (k= 0,1,...) such

that conditions (7)~(9),
lim sup{H / (Pi(r) = Py ar (1+] / rrP:<r>udT)}:o (15)

k—+o0 ey
and

kggloostleu[){H/ (g (T 7)) dT <1+‘/H7’k HdT>} =0 (16)
hold, where

Py(t) = (Hi(t) + Hi(r) () H ' (), ai(t) = (Hy(t) + Hi(7)ar(t)) Hy ' (2).

Definition 9. The Cauchy problem (13) is called well-possed if condition (14) holds for every
sequence (Pg,qr, tr) (K = 1,2,...) and t; (k = 1,2,...) for which there exists a sequence Hj
(k=0,1,...) such that conditions (7)-(9), (15) and (16) hold, where P} and ¢} are matrix- and
vector-functions defined in Theorem 4.

Definition 10. The Cauchy problem (1) is called weakly well-possed if condition (14) holds for
every sequences (Pg,qx,tr) (k= 1,2,...) and tx (k = 1,2,...) for which there exists a sequence

Hy (k=0,1,...) such that conditions (7)-(9) and
H/ (T 6(7)) dr } =0

t
1 Pi(r) —Pi( d
s | [ it - mico)
to

hold, where P; and ¢; are the matrix- and vector-functions defined in Theorem 4.
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Theorem 5. Let Py € Lipe(Ry,R™ ™) and qo € Lioe(R4,R™) be such that

v(&)(t) v(€)()
lim sup / |Po(T)|| dT < 400 and t_lgfl / llgo(T)|| dT =0,

t——+o00
t t

where v(&)(t) = sup{T >t : (1) < &(t) + 1}. Then &-exponentially asymptotically stability of Py

guarantees the well-possedness of problem (13) on R..

Theorem 6. Let Py € Lijpe(R4,R™ ™) and qo € L(R4+,R™). Then uniformly stability of Py guar-

antees the weakly well-possedness of problem (13) on R...
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