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Many applied problems leads to the following nonlinear system

p
or =X () v
%zfa(Va,;Z)’ a=1,...,p, (2)

where f, are given functions. If p = 2 and

fa (Va, ngC) =—Vo+ ga (Va gz;), 0 <9 < 9galéa) <Go, a=1,2, (3)

where g, are given sufficiently smooth functions and vy, Gy are constants, the system (1)—(3)
describes the vein formation in meristematic tissues of young leaves [1]. Investigations for one-
dimensional analog of model (1)-(3) are carried out in [2]. The large theoretical and practical
importance of the investigation and construction of approximate solutions of the boundary value
problems for systems (1)—(3) is pointed out in the above-mentioned works [1, 2]. In the direction
of biological modeling it is necessary to note work [3], where many mathematical models of similar
diffusion processes are also presented and discussed.

There are some effective algorithms for solving the multi-dimensional problems (see, for example,
[4] and references therein). These algorithms mainly belong to the methods of splitting-up or sum
approximation according to their approximate properties. Some schemes of the variable directions
are constructed and studied in [5] and in a number of other works by this author too. Some
questions of construction and investigation of the discrete analogs for systems of the type (1)—(3)
are discussed in [6-9] and in a number of other works as well.

Let us consider the following two-dimensional initial-boundary value problem:

ou 6( 8U) 8( 8U)’

Dt 9z \ ' oxy) " Oxg \ % Oxg
Vo oUu B
ﬁ——Va-f-ga(Va%), Oé—].,2, (5)
U(x,0) = Up(z), Val(x,0)="Vuo(x), 1€Q, a=1,2, (6)
U(z,t) =0, (x,t) € 0Q x[0,T]. (7)

Here z = (z1,22), 2 = (0,1) x (0,1), 09 is the boundary of the domain €, 7" is some fixed positive
number, Uy, Va0, go are given sufficiently smooth functions, such that

Vao(x) > 50, xTr e ﬁ, (8)
Y < ga(éa) < Go,  |g0(&)| < G1, & €R, a=1,2, (9)

where dg, Y9, Go, G1 are some positive constants.
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Suppose that all necessary consistence conditions are satisfied and there exists a sufficiently
smooth solution of the problem (4) - (7). It should be noted that the uniqueness of a solution of
the problem (4)—(7) is studied in [6].

Under the conditions (8), (9) from (5), (6) in Q = Q x [0, T] we have

8o < Va(z,t) < Ag, a=1,2, (10)
where Ay is a positive constant. Using (5), (9), (10) we get the estimates
MV

ot

Here and below C is a positive constant.
Introduce on @ the grids Wy, = Wy X Wr, Wahr = Wah X W, @ = 1,2, where

<C, (n,t)eqQ, a=1,2.

Ty = {xil,-Q = (irh1,izha), ig = 0,..., Mg, Mghg =1, B = 1,2},
Tip = {acim = ((i1 — 1/2)hy,isha), i1 = 1,..., My, i =0, ... ,M2},
Dop, = {mim = (i1hy, iz — 1/2)hs), i1 = 0,..., M, in=1,... ,MQ},
wp=QNWx, Yh=wp\wh, wp=wpUy, wr= {tj:jT, j=0,...,N, NT:T}.

Here h,, is the space step in direction z, and 7 is the time step on [0, 7.
Define the following inner products and the norms for the discrete functions y and z given on &y,

My—1 Ms—1 My Mo—1
(y,Z) = Z Z yil’izzhizhthu (ya Z]l - Z Z yilizzi1i2h1h27
i1=1 12=1 11=1 i2=1
Mi—1 Ms
1/2 1/2
s = D Y wnazwehihs, lyll = @)% ol = @l Iyl = (v,
i1=1 ia=1

The inner products and the norms on @, are defined in a similar way.

Using known notations let us correspond to the problem (4)—(7) the difference scheme of the
type of variable directions:

uye = (0117, )ay + (V2U23y)zys U2t = (V117 )ay + (Volz, )as) (11)

Vat = —Va + Ja(Valaz, ) (12)

U (z,0) = Up(z), x €wp, val(z,0) = Vaolz), = € Wan, (13)

ug(z,t) =0, (x,t) €y Xwy, a=1,2. (14)

In (11), (12) the discrete functions uj, ug are defined on @y, and v, on Wypr.

Theorem 1. If the differential problem (4)—(7) has the sufficiently smooth solution U, Vi, Va,
then there exist 7o > 0 such that for all T < 1y the scheme (11)—(14) is absolutely stable with respect
to initial data and the following estimates hold

2 2
iz, [T + |luoz,]|3 < SCT{H(VloUOﬁ)le + |00z, )13 + ||(VaoUozs)as ||~ + ||U0§2]|%}7
0<C§Ua(.%‘,t) <C, (l‘,t) € Wahr, @ =1,2.

Theorem 2. If the differential problem (4)—(7) has the sufficiently smooth solution U, Vi, Vs,
then the solution of the scheme (11)—(14) converges to the exact solution of problem (4)—(7) as
7 — 0, hy — 0, hg — 0, and the following inequality holds

217011 + llz2m) |2 + |s1]l1 + [|s2]l2 < C(7 + hT + h3).

59



Here 2o = uq — U, sq = vq — Vi, @ = 1,2. The statements analogous to Theorems 1 and 2 are

true for multi-dimensional (1)—(3) case as well.

On each segment Ay = [k7,(k+ 1)7], k =1,2,..., N for the system (1)—(3) with (6), (7) type

initial-boundary conditions let us consider the following averaged model of sum approximation:

ouk 0 [, Ouf ok i L Ouk

i 1 — A 3 , 1 — _qh Z A (4 , 15
o 8%’2-(28301-) ot o+ 0i(v] 81‘) (15)
uic =0 uf =1 0, u?(a:,O) = UU(‘T)? U?(‘Tvo) = V@()(.%'), (16)
uf(m,tk) = uk_l(x,tk), Uf(m,tk) = Uf_l(a:, t), (17)

p p
uF(a,t) = mauf (@), >0, > mi=1 (18)

i=1 i=1

Theorem 3. If the differential problem has the sufficiently smooth solution, then the solution

of the averaged model (15)—(18) converges to the exact solution as T — 0 and the following estimate

holds

@) = U@+ [k 0) - vitw)|| = 0.
=1

Numerous numerical computations are carried out for two-dimensional biological problem (4)—

(7) using (11)—(14) and (15)—(18) models. Numerical experiments agree with theoretical researches.
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