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SETTING THE SCENE

SIGNATURE

@ Propositional letters: p,q,r, ..., po, p1, P2, ---

o Classical connectives: = and —

o Modal connective: [

e Typical abbreviations: Q¢ := -y, ¢ V) := ¢ — 1, and
e A= (g = )

v

TOPOLOGICAL INTERPRETATION

Given a space X:
o Letters = subsets of X

o Classical connectives = Boolean operations in (X)

@ Modal box = interior operator i of X;
hence, diamond = closure operator ¢ of X
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TOPOLOGICAL SEMANTICS AND S4

VALID MODAL FORMULAS

Call a formula ¢ valid in X provided it evaluates to X for any
interpretation of the letters; in symbols X I ¢.

Valid Formulas Corresponding Property
T & T iX=X
Up—p iACA

Op — OOp iA CiiA
O(pAq) < (OpAQq) i(ANB) =iANiB

Put Log(X) ={¢ | X IF ¢}

v

For any space X, Log(X) is a normal extension of S4
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RELATING TOPOLOGICAL AND KRIPKE SEMANTICS

GENERALIZING KRIPKE SEMANTICS FOR S4

o An S4-frameis § = (W, R) where R is a reflexive and
transitive relation on W

@ An R-upsetin § is U C W such that w € U and wRv imply
velU

@ The set of R-upsets forms the Alexandroff topology 7 on W

A REsuULT, A CONSEQUENCE, AND AN OBSERVATION
e For an S4-frame § = (W, R), § IF ¢ iff (W,7mr) IF ¢

o A logic extending S4 that is Kripke complete is topologically
complete

@ Such topological completeness is typically not for spaces
satisfying “nice” separation axioms; e.g. Tychonoff spaces
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SOME MOTIVATING COMPLETENESS REsuLTs 1.1

McKINSEY AND TARSKI 1944

For a separable crowded metrizable space X, Log(X) = S4

S4
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SOME MOTIVATING COMPLETENESS RESuLTS 1.2

RASIOWA AND SIKORSKI 1963

For a crowded metrizable space X, Log(X) = S4

S4



Background Trees with Limits Patch and Countable Arity o-Patch and Uncountable Arity ED spaces

SOME MOTIVATING COMPLETENESS REsuLTS 11

ABASHIDZE 1987 AND BLASS 1990 (INDEPENDENTLY)

For any ordinal space a > w¥, Log(a) = Grz

Grz:=S4+0(0(p —Op) > p) = p

Grz

e

sS4
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SOME MOTIVATING COMPLETENESS REsuLTs 111

ABASHIDZE 1987 (BEZHANISHVILI AND MORANDI 2010)

For an ordinal a such that w™ ! +1 < a < w", Log(a) = Grz,

bdi = O0p1 = pm

GI’Zl
l:)dn+1 = Q(Dpn+1 A _‘bdn) — Pn41
Grz, = Grz+bd, /
Grzo

Grzz

Grz

/

S4
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SOME MOTIVATING COMPLETENESS REsuLTSs IV

BEZHANISHVILI AND HARDING 2012

The logic of the Pelczynski compactification of w is S4.1

S4.1:=54+00p — OUp

Grzl
Grzs
Grzz
Grz
yd
S4.1
e

S4
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SOME MOTIVATING COMPLETENESS RESULTS V

BEZHANISHVILI, GABELAIA, AND LUCERO-BRYAN 2015

Metrizable spaces yield exactly these logics: S4, S4.1, Grz, or Grz,

Gr21
Grzs
Grzz
Grz
e
S4.1
e

sS4
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A SHORT INTERLUDE

QUESTION
What sort of Tychonoff space X has Log(X) not listed above?

AN OBVIOUS ANSWER

Non-metrizable spaces... (as a typical example)
Our focus: Extremally disconnected Tychonoff spaces

DEFINITION

A space X is extremally disconnected (ED) provided the closure of
each open set is open

X is ED iff X |- O0p — OOp
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SOME MOTIVATING COMPLETENESS REsuLTSs VI.1

BEZHANISHVILI AND HARDING 2012

Let X be an infinite ED Stone space.
If X is not weakly scattered, then Log(X) = S4.2

$4.2 :=S4 + O0p — OOp

Example: Gleason cover of [0,1], E([0, 1]) G/rzl
GFZQ
GI‘Z3
Grz
S4.2 -~
\ S4.1
e

S4
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SOME MOTIVATING COMPLETENESS REsuLTSs VI.2

BEZHANISHVILI AND HARDING 2012

Let X be an infinite ED Stone space.
If X is weakly scattered, then Log(X) = S4.1.2

54.1.2:=54 +0O0p < OUp G
. rz
Example: Cech-Stone compactification of w, Sw / !

G rzo

GI‘Z3
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SOME MOTIVATING COMPLETENESS REsuLTs VI.3

BEZHANISHVILI AND HARDING 2012

Note regarding the two previous results: require set theoretic
axioms beyond ZFC (control cardinality of MAD families)

Grz;
GFZQ
GI‘Z3
yd
S4.1.2 -
- Grz
S4.2 -
\ S4.1
yd
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To COME...

ViAa A UNIFIED APPROACH TO TOPOLOGIZING TREES

We realize many previous results regarding both metrizable and
non-metrizable spaces for the highlighted logics

Grzy

Grzo

Grzs

Grz
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To COME...

VIA A UNIFIED APPROACH TO TOPOLOGIZING TREES

Within ZFC, extend to ED Tychonoff spaces yielding analogous
results for the highlighted logics (but not for E([0, 1]) or Sfw)

Grz;
GFZQ
GI‘Z3
yd
S4.1.2 -
- Grz
S4.2 -
\ S4.1
yd
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To COME...

ViAa A UNIFIED APPROACH TO TOPOLOGIZING TREES

Further extend to yield new completeness results with respect to
Tychonoff spaces regarding the highlighted logics

Grz.2:= 542 +0(0(p — Op) — p) = p Grz.2; = Grz;

Grz.2, := Grz.2 + bd,
Grz.227
e
Grz.23 \

/ \ /GFZQ

92.2 P Grzs
S4.1.2 \
- Grz
S4.2 -~
\ S4.1
pd
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FORMALIZATION

DEFINITION

@ k nonzero cardinal (when infinite viewed as initial ordinal)

@ A sequenceink: 0 :a — Kk fora < w

o finite of length o when o < w
e infinite when o = w

o The initial segment order on L, := {0 | o a sequence in k}:
o << iff a(n) = ¢(n) for all n € Dom(c) < Dom(s)

o The k-ary tree with limits is (L, <)
Note: the infinite sequences are the “limits” (also the leafs)




Q>
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A PICTURE OF (L, <) AND KEY PLAYERS: T/
SEQUENCES OF LENGTH < n

1T
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A PicTURE OF (L,,<) AND KEY PLAYERS: T/
SEQUENCES OF LENGTH < n




Q>



Q>
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A PICTURE OF (L,, <) AND KEY PLAYERS: LY
ALL INFINITE SEQUENCES
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SOME TOPOLOGIES ON L,

o fo:={sel,|o<g}
o 7<—the Alexandroff topology of (L, <)

e (Ly,7<)is To and compact, but not Tychonoff
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SOME TOPOLOGIES ON L,

o . = {fo | o is finite}
o 7 is the topology generated by .¥

o (Lk,7) is a (non-Tychonoff) spectral space (sober & coherent)

o Compact opens are finite unions of elements in .
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SOME TOPOLOGIES ON L,

o = {10 | o is finite}
@ A is the Boolean algebra generated by .%

o 77 is the topology generated by % (patch topology of 7)

o (L., 7%) is a Stone space (compact, T, and zero-dimensional)
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SOME TOPOLOGIES ON L,

o . = {fo | o is finite}
e o/ is the Boolean o-algebra generated by .

e 7" is the topology generated by .7 (o-patch topology of 7)
o (Ly,7*) is Tychonoff and (. Un € 7" when each U, € 7*

new

N
N4




(for uncountable arity K> w)

7% (for countable arity: xk < w)

«O» «Fr « =>»

« =

DA
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OBSERVATIONS ABOUT (L, 77)

Patch and Countable Arity

o-Patch and Uncountable Arity ED spaces

A basis for (L, 7%) consists of sets of the form 1o \ U, 10;
where n € w, o is finite, and each o; is a child of o (finitely many)

V)

Lw

K
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OBSERVATIONS ABOUT (L, 77)

A basis for (L, 7%) consists of sets of the form 1o \ U, 10;
where n € w, o is finite, and each o; is a child of o (finitely many)

V)

L% crowded subspace when k > 2

T@dense in (L., 77%)
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OBSERVATIONS ABOUT (L, 77)

A basis for (L, 7%) consists of sets of the form 1o \ U, 10;
where n € w, o is finite, and each o; is a child of o (finitely many)

V)

L‘,: closed subset when x < w

T.? isolated points when xk < w
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OBSERVATIONS ABOUT (L, 77)

A basis for (L, 7%) consists of sets of the form 1o \ U, 10;
where n € w, o is finite, and each o; is a child of o (finitely many)

V)

Ly dense subset when k > w

T.¥ crowded subspace when x > w
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OBSERVATIONS ABOUT (L, 77)

A basis for (L, 7%) consists of sets of the form 1o \ U, 10;
where n € w, o is finite, and each o; is a child of o (finitely many)

V)

w
LKZ
(L., 7%) is metrizable
when x is countable
(second-countable and regular)

T
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OBSERVATIONS ABOUT (L, 77)

A basis for (L, 7%) consists of sets of the form 1o \ U, 10;
where n € w, o is finite, and each o; is a child of o (finitely many)

V)

Ly
(Lx, %) is not metrizable

when & is uncountable
(not first-countable)

T




(Ll,T#) w4l

(O <Fr <=»

<=

Q>



(Ll,T#) w4l

Log(L1,T#) — Grz

(O <Fr <=»

<=

Q>



(L, )~ w+1

Log(Ly, ") = Grzz

Subspaces LY, T}, and T{ are discrete

«O>» «F»r « >

« =

DA



(L]_,T#) ~w-+1
Log(L1,7") = Grza

Subspaces LY, T}, and T{ are discrete
Log(Ly) = Log(T3’) = Log(T{) = Grzy

«O>» «Fr «=)r» « =)




L% ~ C (Brouwer's Theorem)

«O» «F»r « =

Er <

»

DA



“ ~ C (Brouwer's Theorem)
Log(L¥) =S4

«O» «Fr « =>»

<

DA
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2<kK<w

L% ~ C (Brouwer’s Theorem)
Log(L¥) = S4

Subspaces T and T, are discrete
Log(T¥) = Log(T)) = Grz;
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2<kK<w

“ ~ C (Brouwer's Theorem)
Log(L¥) = S4

Subspaces T and T, are discrete
Log(T¥) = Log(T)) = Grz;

(L., 7") is homeomorphic to the
Pelczynsky compactification of w
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2<kK<w

L% ~ C (Brouwer’s Theorem)
Log(L¥) = S4

Subspaces T and T, are discrete
Log(T¥) = Log(T)) = Grz;

(L., 7") is homeomorphic to the
Pelczynsky compactification of w
Log(Lyx, 7%) = S4.1



subspaces L, L, and T2 are crowded

«0O)» «F»

it
-

DA



subspaces L, L, and T2 are crowded

Log(Lw) = Log(Ly) = Log(T) = 54

«O» «Fr « =>»

« =

DA



<O <Fr o«

Q>
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K =w AND T/

w+1l w+1 w+1

w+1




<E>»

Q>
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K =w AND T/

THEOREM

o T/mw'+1
o Log(T)) = Grzpyq for n >0

e Log (@nzo TJ}) = Nn>0 Grznt1 = Grz

REMARK

This merely a new perspective of some known results...
Moving to the ED setting requires leaving the metric setting...
To do so, our current machinery requires an increase in cardinality )

| \
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OBSERVATIONS ABOUT (L, 7%)

A basis for (L, 7*) consists of sets of the form 1o\ |J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U
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OBSERVATIONS ABOUT (L, 7%)

A basis for (L, T*) consists of sets of the form 1o \ (J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U

L% isolated points of (L., 7")
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OBSERVATIONS ABOUT (L, 7%)

A basis for (L, T*) consists of sets of the form 1o \ (J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U

T2 isolated points when k < w
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OBSERVATIONS ABOUT (L, 7%)

A basis for (L, T*) consists of sets of the form 1o \ (J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U

w
LH
(L, 7*) is discrete when k < w

Te
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OBSERVATIONS ABOUT (L, 7*) FOR Kk > w

A basis for (L, 7*) consists of sets of the form 1o\ |J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U

L% dense subset

T2 crowded Lindel6ff subspace
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OBSERVATIONS ABOUT (L, 7*) FOR Kk > w

A basis for (L, 7*) consists of sets of the form 1o\ |J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U

w
LH
(L, 7*) is a non-scattered

weakly scattered
non-Lindell6ff P-space
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OBSERVATIONS ABOUT (L, 7*) FOR Kk > w

A basis for (L, 7*) consists of sets of the form 1o\ |J;c,, To; where
n € w, o is finite, and each o; is a child of o (countably many)

U

Ly
T2 is a crowded Lindelloff P-space

Te
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* W
Logaics oF (L., 7") AND T¢

THEOREM

o Log(T¥)=54
o Log(L.,7*) =54.1

V.

PROOF SKETCH

Soundness:
@ S4 C Log(TY) always
e S4.1 C Log(Ly,7*) because (Lx, ") is weakly scattered

N
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* W
Logaics oF (L., 7") AND T¢

THEOREM

o Log(T¥)=54
o Log(L.,7*) =54.1

V.

PROOF SKETCH

Completeness:

e Each ‘good’ S4-frame is an interior image of T

@ Each ‘good’ S4.1-frame is an interior image of (L., 7*)

N

‘good’ S4-frame

=~
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* W
Logaics oF (L., 7") AND T¢

THEOREM

o Log(T¥)=54
o Log(L.,7*) =54.1

V.

PROOF SKETCH

Completeness:

e Each ‘good’ S4-frame is an interior image of T

@ Each ‘good’ S4.1-frame is an interior image of (L., 7*)

N

‘good’ S4-frame ‘good’ S4.1-frame

S LS
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* W
Logaics oF (L., 7") AND T¢

THEOREM

o Log(T¥)=54
o Log(L.,7*) =54.1

V.

PROOF SKETCH

Completeness:

o Example via picture: defining interior surjection f : L, — §

@ Restriction of f : T — § \ max(§) is interior surjection

N




(Lo 7)

‘good’ S4.1-frame

«<O>» «Fr «=>»

«=>»

Q>



(Lo 7)

‘good’ S4.1-frame

«<O>» «Fr «=>»

«=>»

Q>



(Lo 7)

‘good’ S4.1-frame

«<O>» «Fr «=>»

«=>»

Q>



(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

Q>



(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

Q>



(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

Q>



(L)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

o



repeat

(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

Q>



repeat

(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

Q>



KokAAKkAA

repeat

(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

o



Jokch A okd A - Ak koAokkok

repeat

(Lo 7)

‘good’ S4.1-frame

«O» «Fr «=>»

«=>

o
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EXAMPLE VIA PICTURE

FokAAKAAA " AR AAAAAKAAAAAAAAAAAAAAAAAAA

repeat

repeat

(Le,7) ‘good’ S4.1-frame

ED spaces
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LINDELOFFICATION

View (uncountable) x as a discrete space
The one-point Lindelldffication of k is kU {oco} with open subsets:

@ each subset of K
@ any subset containing oo whose complement is countable

OBSERVATIONS

@ Analogue of one-point compactification of a discrete space:
‘countable’ replaces ‘finite’
e T!is homeomorphic to the one-point Lindelloffication of &

o T s obtained via appropriately gluing the roots/limit
points of x copies of T} to the leaves/isolated points of T,

(similar to patch-setting where T/ ~ w" + 1)
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SCATTERED SUBSPACES OF (L, 7")

o T is a scattered Lindelloff P-space of modal dimension n

@ Any finite tree of depth < n+ 1 is an interior image of T

T! finite tree of depth 2
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SCATTERED SUBSPACES OF (L, 7")

T is a scattered Lindelloff P-space of modal dimension n
Any finite tree of depth < n+ 1 is an interior image of T,
Log(T)7) = Grzpq1

Log (B,e, T7) = Grz

(]

T finite tree of depth 2
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MoVING BEYOND S4, S4.1, Grz, AND Grz,

OBSERVATIONS

@ We have not yet realized any new logics...

@ But we have realized the logics arising from metrizable spaces
as also arising from non-metrizable spaces...

@ How do we move to the ED setting?

Appropriately embed T (or T7) into an ED space
A dense subspace of an ED space is ED
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PICKING UP S4.1.2, Grz.2, AND Grz.2, (n > 2)

Dow AND VAN MILL 1982 (WITHIN ZFC)

Any P-space of weight x can be embedded into 3(2")

NOTE

T? is a crowded P-space of weight k

Identify T
with ¢(TY)

Set X = ((T¥)U2F = T¥ U2~
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PICKING UP S4.1.2, Grz.2, AND Grz.2, (n > 2)

Dow AND VAN MILL 1982 (WITHIN ZFC)

Any P-space of weight x can be embedded into 3(2")

NOTE

T? is a crowded P-space of weight k

............................................................. 2h
************ Identify T
T . 7
iz . with «(T7)

Set X¥ = (T¥)U2% = T®U2% and X" = ,(TM)U2F = TTU 2~
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PICKING UP $4.1.2, Grz.2, AND Grz.2, (n > 2)

‘GooD’ S4.1.2-FRAMES

Obtained by adding unique maximal point to a ‘good’ S4-frame

/‘\
S The

‘good’ S4-frame ‘good’ S4.1.2-frame

<

A MAPPING THEOREM

Every ‘good’ S4.1.2-frame is an interior image of X%
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PICKING UP $4.1.2, Grz.2, AND Grz.2, (n > 2)

‘GooD’ S4.1.2-FRAMES

Obtained by adding unique maximal point to a ‘good’ S4-frame

/‘\
S The

‘good’ S4-frame ‘good’ S4.1.2-frame

<

A MAPPING THEOREM

Every ‘good’ S4.1.2-frame is an interior image of X%
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PICKING UP $4.1.2, Grz.2, AND Grz.2, (n > 2)

X is a non-scattered weakly scattered ED space

PROOF SKETCH

Weakly scattered: the isolated points of X%, namely 2%, are dense
ED: XY is dense in 3 (2") since 2% C X

Log(XY) =S4.1.2

PROOF SKETCH

Soundness: X is weakly scattered and ED
Completeness: follows from the previous mapping theorem
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PICKING UP S4.1.2, Grz.2, AND Grz.2, (n > 2)

‘Goobn’ Grz.2,-FRAMES

Add a maximal point to a finite tree § of depth < n—1

/‘\
] Foe

‘good’ Grz.2,-frame

v

A MAPPING THEOREM

Every ‘good’ Grz.2,-frame is an interior image of X2




Background Trees with Limits Patch and Countable Arity o-Patch and Uncountable Arity ED spaces

PICKING UP S4.1.2, Grz.2, AND Grz.2, (n > 2)

X2 is a scattered ED space of modal dimension n — 1

PARTIAL IDEA OF PROOF

Adding a dense ‘layer’ of isolated points to T2 preserves
scattered and increases modal dimension by one;
i.e. mdim(X"72?) = mdim(7"2) + 1

PROOF SKETCH

Soundness: follows from first theorem above
Completeness: follows from the previous mapping theorem
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PICKING UP S4.1.2, Grz.2, AND Grz.2, (n > 2)

Log (B pew X7) = Npew Grz.2n42 = Grz.2

QUESTION
How do we obtain S4.27

BALCAR AND FRANEK 1982 (WITHIN ZFC)

For infinite compact ED spaces X and Y
o if weight of Y < weight of X, then Y embeds into X

@ X contains a homeomorphic copy of itself as a nowhere dense
subspace
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PickiNG up S4.2

@ The Gleason cover E := E ([O, 1]22H> is an infinite compact

o /3(2%) is an infinite compact ED-space of weight 22"

ED-space of weight 22"

o-Patch and Uncountable Arity

ED spaces

E

E1 =~ E nowhere dense
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PickiNG up S4.2

@ The Gleason cover E := E ([O, 1]22H> is an infinite compact

Patch and Countable Arity

ED-space of weight 22"

o /3(2%) is an infinite compact ED-space of weight 22"

o-Patch and Uncountable Arity

ED spaces

E

E;

p(27)\ 2~

2&
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PickiNG up S4.2

@ The Gleason cover E := E ([O, 1]22H> is an infinite compact

Patch and Countable Arity

ED-space of weight 22"

o /3(2%) is an infinite compact ED-space of weight 22"

o-Patch and Uncountable Arity

ED spaces

E

E;

2&
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PickiNG up S4.2

o /3(2%) is an infinite compact ED-space of weight 22"
@ The Gleason cover E := E ([O, 1]22H> is an infinite compact
ED-space of weight 22"

E

E;

Set X, = TY U(E\ E1)
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PickiNG up S4.2

OBSERVATIONS

e E\ E; is open and dense in E
o X, isdensein E
e X, is ED

T2 is closed and nowhere dense in Xj

E \ E; is n-resolvable for any n > 2
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PickiNG up S4.2

‘GoOD’ S4.2-FRAMES

Obtained by adding finite maximal cluster to a ‘good’ S4-frame

/D\
S S®0O

‘good’ S4-frame ‘good’ S4.2-frame

v

A MAPPING THEOREM

Every ‘good’ S4.2-frame is an interior image of X

[ E\E | /LD\
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PickiNG up S4.2

‘GoOD’ S4.2-FRAMES

Obtained by adding finite maximal cluster to a ‘good’ S4-frame

/D\
S S®0O

‘good’ S4-frame ‘good’ S4.2-frame

v

A MAPPING THEOREM

Every ‘good’ S4.2-frame is an interior image of X

\ E\ E 4—/»©\
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PickiNG up S4.2

Log(X,) = S4.2

Soundness: X, is ED
Completeness: mapping theorem

| A

RECAP
The logics S4.2, S4.1.2, Grz.2, and Grz.2, (n > 2) arise from
Tychonoff ED spaces built within ZFC
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Organizers and Audience

Questions ...
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