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Predicate modal language

Let Var be a countably infinite set of (individual) variables and PL™ = {P]* |i > 0} be a
fixed set of n-ary predicate letters (n > 0).
Elements of PL° are also called proposition letters.
An modal predicate formulas are defined inductively:

]
]
]
]
]

1 is a formula;

P? is a formula;

if £1,...,2x € Var then PF(t1,...,tx) is a formula;
if A and B are formulas then (A — B) is a formula;

if Aisa formula then OA is a formula;

if Aisaformula and x € Var then VzA is a formula.

All other connectives A, V,—, 3, are expressed as usual.
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Quantified modal logic

If L is a modal logic then QL is the minimal set of predicate modal formulas such that

@ QL includes all formulas from L where propositional variables replaced by
corresponding propositional letters (0-ary predicate letters).
o for a fixed 1-ary predicate letter P and a propositional letter ¢ QL includes formulas
> VzP(z) = P(y),
> V(¢ — P(z)) — (¢ —» VaP(x));
> Vz(P(z) = q) — (3zP(z) — q).
o QL is closed under Modus Ponens, necessitation, universal generalization rules, and
under MF n substitutions
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Barcan formula: BF =VzOP(z) — OV P(z).
Converse Barcan formula:  CBF = OVaxP(z) — VzOP(x).
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Predicate Kripke frames with expanding domains

A valuation £ on a predicate frame F is a function sending every predicate letter P.* to a
family of m-ary predicates on the domains:

§(P1:n) = (fu(PI:n))uGW7 where Eu(Plzn) g D:ﬁe

A (predicate) model is M = (F, &).

M, u fE L;

M, u = P! = £u(PY) is true;

M,u = P"(a1,...,am) = (a1, ... am) € &u(P™);
M,ul=A— B = M, u = A or M,u = B;
M, v =04 = Vv (uRv = M,v = A);
M, u = VzA(z) = Va € D, (M, u = A(a)) .

This definition is correct given that the language is enriched with constants from set
UuEW D,
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Predicate Kripke frames with expanding domains
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Constant domain

A predicate Kripke frame is with constant domain If all D,, are equal.
Lemma

IfF is a rooted frame then it has a constant domain iffF |= BF. J

So QK is not compete w.r.t. Kripke frames with constant domain.
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Neighborhood frames (for normal logics)

Definition

Let X be a nonempty set, then F C 2% is a filter on X if

Q X eF;

Q if Uy, Uy € F, then Uy NU; € F;

Q if Uy € F and Uy C Us, then Us € F.
It is usually required that @ ¢ F (F is a proper filter), but we will not require this in our
paper.

Definition

A (normal) neighborhood frame is X = (X, 7), where X # @ and 7: X — 22" st 7(z)
is a filter on X.

7 — the neighborhood function of X.

7(x) — the family of the neighborhoods of z.
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Predicate neighbourhood frames

Definition
A predicate neighborhood frame with constant domain is a couple X = (X, D*), such
that X is a neighborhood frame and D™ is a nonempty set.

A valuation £ on X is a function sending every predicate letter P;"* to a family of m-ary
predicates on D™:

E(Pr") = (&u(Pi"))uew, where & (FP") C (D*)™.

A neighborhood model on X is a pair M = (X &).

The truth of a closed formula in a model M at a point = € X is defined similar to Kripke
models, by induction on the length of the formula, and similarly we enrich our language
with constants from the set D*.

M,z £ L;

M,z = P? — £.(PY) is true;

M,z = P"(a1,-..,am) — (at,-..,am) € &(P™);

M,z =A— B = M,z &£ A or M,z = B;

M,z = 0;A = U ern(z)Vy e U M,y = A);
M, z = Vz A(z) = Va € D* (M, z = A(a)).
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Connection with products and expanding products

Kripke product with S5

predicate Kripke frames with constant domain

Gabbay and Shehtman, 1998

= O201p — O102p

= VaOP(z) — OVzP(z) (BF)

= O102p — O2001p

= OVaeP(z) — VeOP(z) (CBF)

expanding Kripke product with S5

predicate Kripke frames with expanding domains

Kurucz and Zakharyaschev, 2003

Hughes and Cresswell, 1996

F= O201p — O102p

W VzOP(z) — OVzP(x) (BF)

= O102p — O201p

= OVzP(z) — VaOP(z) (CBF)

topological product S4 x S5 | predicate topological semantics with constant domain

Kremer, 2011

Rasiowa and Sikorski, 1963

;'é O20:p — O102p

W VeOP(z) — OVzP(z) (BF)

= O102p — O201p

E OvVzP(z) — VzOP(z) (CBF)
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Connection with products and expanding products

Kripke product with S5 predicate Kripke frames with constant domain
Gabbay and Shehtman, 1998
= O20:p — O102p = VazOP(z) — OV P(x) (BF)
= O1O2p — O201p = OVzP(z) — VzOP(x) (CBF)
expanding Kripke product with S5 | predicate Kripke frames with expanding domains
Kurucz and Zakharyaschev, 2003 Hughes and Cresswell, 1996
P O201p — O102p W VeOP(z) — OVzP(z) (BF)
= O102p — O201p 'Z DVCL’P(:U) — V.’BI:IP(CU) (CBF)
neighborhood product with S5 | predicate neighborhood frames with constant domain
K,2014
F= O201p — O102p I#VQZI:IP(:U) — DV:L'P(x) (BF)
= O1O2p — O201p E OVzP(x) — VzOP(z) (CBF)
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Known completeness results

comiz2 = O102p — O102p
comg1 = O201p — O201p
chr = $10zp — O201p

products of Kripke frames

If L1 and L2 are Horn modal logics then Ly X Ly = Ly * Lo + comia + comai + chr
(Gabbay, Shehtman'1998)

expanding products of Kripke frames products of n-frames

If L is a one-way Horn modal logic and S5 If L1 is a one-way Horn modal logic and L2
is a Horn modal logic then is a Horn modal logic then

[L,S5]%% = L S5 + com1z + chr. Ly X S5 =Ly * Lo + comiz + chr.
(Kurucz and Zakharyaschev'2003) (K'2014)

Andrey Kudinov (Institute for Information Tr Quantified modal logic in n-frames July 4, 2018 10/ 15



expanding products of Kripke frames

If L is a one-way Horn modal logic and S5
is a Horn modal logic then

[L,S5]%% = L S5 + comiz + chr.
(Kurucz and Zakharyaschev'2003)

Predicate modal logics

Kripke frames with expanding domains

If L is a one-way Horn modal logic then
QL is complete w.r.t. Kripke frames with
expanding domains.

products of n-frames

If L is a one-way Horn modal logic then
L X, S5 =L % S5 + com2 + chr.
(K'2014)

n-frames with constant domain

If L is a one-way Horn modal logic then

QL is complete w.r.t. n-frames with
constant domain.
(K'2018)
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Theorem (Arl6 Costa and Pacuit'2006)

Logic QK is strongly complete w.r.t. n-frames with constant domain.

The proof is using the canonical neighborhood model.

Theorem

If L is a one-way Horn modal logic then QL is complete w.r.t. n-frames with constant
domain.

The is using completeness w.r.t. Kripke frames with expanding domains.

Plan.

@ Given a Kripke frame F we construct a “well organized” Kripke frame F' = (F’, D),
such that F/ — F F” is a continuum-branching tree-like frame and D’ = F'8R* (set
of words in the alphabet R).

o We construct an n-frame A, (F’). As the constant domain we take R*. And
construct a p-morphism X — F’, where X = (N, (F’),R*).
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p-morphism

Definition

Let X = (X, 7, D*) be a neighbourhood frame with constant domain and F' = (W, R, D)
be a Kripke frame with expanding domain, D = |J, oy, Dw- A p-morphism from X to F
is a couple of functions (o, 1), such that:

Q yo: (X,7) » N(W,R);

Q ©1 = (v1z)zex is a family of surjective functions indexed by points in X:
P12 : D™ = Doy (a);

Q Vd e D*Vz € X U € 7(z) Vy1, y2 € U(p1y, (d) = ©14,(d)).
Notation: (o, 1) : X - F. We write X — F if there exists a p-morphism from X to F.

v
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Corollaries for the topological semantics with constant domain

Theorem (Rasiowa and Sikorski'1963)

Logic QS4 is complete with respect to topological spaces.

Theorem (Kremer'2014)

Logic QS4 is complete with respect to the set of rational numbers Q.

Theorem

Logics QK4 and QD4 are complete with respect to Ty and dence-in-itself Tq topological
spaces respectively.

Theorem

Logic QD4 is complete with respect to the set of rational numbers Q (with derivational
modality).
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