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MODAL LANGUAGE AND INTERPRETATION

A TOPOLOGICAL INTERPRETATION (IN SPACE X)

Variable: p ‘'is' A . Subset

Negation: — ‘is' X— : Complement
Disjunction: VvV ‘is' U : Union

Diamond: ¢ ‘is’ ¢ : Closure




Introduction Tools and Techniques
©00000 00000000000

Main Results

0000000000000 00O0O000O000000000

MODAL LANGUAGE AND INTERPRETATION

A TOPOLOGICAL INTERPRETATION (IN SPACE X)

Variable : p
Negation : -
Disjunction :  V
Diamond : ¢

g
‘is

is
‘is

A : Subset

X— . Complement
u : Union

C : Closure

Conclusions
000000000000

4

S4 AND KURATOWSKI CLOSURE

OlpVq) < OpVOgq
Ol < L

p— Op
O0p — Op

c(AUB)=cAUcB
cd =09
ACcA
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HISTORICAL DEVELOPMENT

THEOREM (MCKINSEY AND TARSKI 1944)

The logic of all topological spaces is S4.
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HISTORICAL DEVELOPMENT

THEOREM (MCKINSEY AND TARSKI 1944)
The logic of all topological spaces is S4.

THEOREM (MCKINSEY AND TARSKI 1944)

The logic of any separable dense-in-itself metric space is S4.

COROLLARIES

Log(R) = S4,
Log(Q) = S4, and
Log(C) = S4.
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STRENGTHENING M&T’s RESULTS

THEOREM (RASIOWA AND SIKORSKI 1963)

The logic of any dense-in-itself metric space is S4.
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The logic of any dense-in-itself metric space is S4.

SPECIAL CASE (BEZHANISHVILI AND HARDING 2011)

Characterized the logics of metric Stone spaces.
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STRENGTHENING M&T’S RESULTS

THEOREM (RASIOWA AND SIKORSKI 1963)

The logic of any dense-in-itself metric space is S4.

SPECIAL CASE (BEZHANISHVILI AND HARDING 2011)

Characterized the logics of metric Stone spaces.

Characterize the logic of each metric space.

APPROACH

Not Scattered
Weakly Scattered <

X< Scattered
Not Weakly Scattered
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STRENGTHENING M&T’S RESULTS

THEOREM (RASIOWA AND SIKORSKI 1963)

The logic of any dense-in-itself metric space is S4.

SPECIAL CASE (BEZHANISHVILI AND HARDING 2011)

Characterized the logics of metric Stone spaces.

Characterize the logic of each metric space.

APPROACH

Weakly Scattered < Infinite Rank
X< Scattered<

Finite Rank
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SOME DEFINITIONS

REcCALL

@ x € X isolated: {x} is open
iso(X): set of isolated points in X




Introduction Tools and Techniques Main Results Conclusions
[eYeloleleY ) 00000000000 0000000000000000000000000000 000000000000

SOME DEFINITIONS

REcCALL

@ x € X isolated: {x} is open
iso(X): set of isolated points in X

@ X dense-in-itself (dii): iso(X) = @
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SOME DEFINITIONS

REcCALL

@ x € X isolated: {x} is open
iso(X): set of isolated points in X

@ X dense-in-itself (dii): iso(X) = @
@ X is scattered: iso(Y) # & for every subspace Y(# @) of X
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SOME DEFINITIONS

REcCALL

@ x € X isolated: {x} is open
iso(X): set of isolated points in X

@ X dense-in-itself (dii): iso(X) = @
@ X is scattered: iso(Y) # & for every subspace Y(# @) of X
@ X is weakly scattered: c(isoX) = X
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MAIN ToOOLS: FRAMES

Q@ Frame§=(W,R): W#Zand RC W x W
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© S4-Frame §: R is reflexive and transitive
© Rooted §: dre W, Vw € W, rRw

FINITE MODEL PROPERTY (FMP)

Logic L has FMP: for any nontheorem ¢ of L, there is a finite
frame § for L refuting .
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MAIN ToOOLS: FRAMES

S4-FRAME
Q@ Frame§=(W,R): W#Zand RC W x W
© S4-Frame §: R is reflexive and transitive
© Rooted §: dre W, Vw € W, rRw

FINITE MODEL PROPERTY (FMP)

Logic L has FMP: for any nontheorem ¢ of L, there is a finite
frame § for L refuting .

All the logics at play herein have the FMP!

EXAMPLE: S4 AND Op A Og — O(p A q)

q p
\O/pA 0q., ~O(p A q)
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MAIN TooLs: TRUTH PRESERVING OPERATIONS

TRUTH PRESERVING OPERATIONS

Open Subspace: Y C X and Y open in X
Interior Image: f : X — Y interior (continuous and open) and onto
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ANOTHER EXAMPLE

MAPPING LEMMA (RASIOWA AND SIKORSKI 1963)

Any finite rooted S4-frame is an interior image of any dii metric
space.
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MAPPING LEMMA (RASIOWA AND SIKORSKI 1963)

Any finite rooted S4-frame is an interior image of any dii metric
space.
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CANTOR-BENDIXON DECOMPOSITION

THE CB THEOREM

Let X be a space.
There are subspaces S and D of X such that
S is scattered, D is dii, X =SUD, and SN D = 2.
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CANTOR-BENDIXON DECOMPOSITION

THE CB THEOREM

Let X be a space.
There are subspaces S and D of X such that
S is scattered, D is dii, X =SUD, and SN D = 2.

Xo = iso(X)

X1 = iSO(dX)

Xo = iso(d?X)

Xo = iso(d“ X)
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QUASITREES, TREES AND TOP THIN QUASITREES

QUASITREES (QTREE)

Q@ qgtree § = (W, R): rooted S4-frame satisfying
Yu,v € R~Y(w) either uRv or vRu
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QUASITREES (QTREE)

Q@ qgtree § = (W, R): rooted S4-frame satisfying
Yu,v € R~Y(w) either uRv or vRu

@ Tree T = (W, R): antisymmetric qtree
@ Height of finite tree ¥: greatest cardinality of a chain in ¥




Introduction Tools and Techniques Main Results Conclusions
000000 00000000e00 0000000000000000000000000000 000000000000

QUASITREES, TREES AND TOP THIN QUASITREES

QUASITREES (QTREE)

Q@ qgtree § = (W, R): rooted S4-frame satisfying
Yu,v € R~Y(w) either uRv or vRu

@ Tree T = (W, R): antisymmetric qtree

@ Height of finite tree ¥: greatest cardinality of a chain in ¥

Topr THIN QUASITREES (TT-QTREES)

tt-qtree §: Built from finite qtree & by adding a ‘new top’ to each
maximal cluster; denote & by §~




Introduction Tools and Techniques Main Results Conclusions
000000 00000000080 0000000000000000000000000000 000000000000

THE LOGICS OF INTEREST

Loaics

S4
S4.1 = S4+00p — 00p
S4.Grz = S4+grz=S4+00(p—UOp) = p)—p
S4.Grz, = S4.Grz+bd,
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THE LOGICS OF INTEREST

Loaics

S4
S4.1 = S4+00p — 00p
S4.Grz = S4+grz=S4+00(p—UOp) = p)—p
S4.Grz, = S4.Grz+bd,

ForMULAS

bd; = OUp1 — p1
l3dn—i—1 - O(Dpn—i—l A _‘bdn) — Pn+1
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QTREES FOR LOGICS OF INTEREST AND MAIN
REsuLT

(KNOWN) LEMMA

@ S4 is the logic of finite rooted qtrees.

@ S4.1 is the logic of tt-gtrees.

@ S4.Grz is the modal logic of finite trees.

@ S4.Grz, is the modal logic of finite trees of height < n.




Introduction Tools and Techniques Main Results Conclusions
000000 0000000000e 0000000000000000000000000000 000000000000

QTREES FOR LOGICS OF INTEREST AND MAIN
REsuLT

(KNOWN) LEMMA

@ S4 is the logic of finite rooted qtrees.

@ S4.1 is the logic of tt-gtrees.

@ S4.Grz is the modal logic of finite trees.

@ S4.Grz, is the modal logic of finite trees of height < n.

THEOREM: MAIN RESULT (BRIEF VERSION)

The modal logics of metric spaces form the chain

S4.Grz; D S4.Grz; D S4.Grzz3 D --- S4.Grz D S4.1 D SA4.
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Non-Weakly Scattered Metric Spaces

CASE 1

S4 is the logic of any non-weakly scattered metric space X.
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©: nontheorem of S4
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©: nontheorem of S4
Finite rooted qtree §: § F ¢
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CASE 1

S4 is the logic of any non-weakly scattered metric space X.

PROOF SKETCH

Y = X — c(iso(X)) is nonempty open dii subspace of X.
©: nontheorem of S4

Finite rooted qtree §: § F ¢

§ is interior image of Y
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S4 is the logic of any non-weakly scattered metric space X.

PROOF SKETCH

Y = X — c(iso(X)) is nonempty open dii subspace of X.
©: nontheorem of S4

Finite rooted qtree §: § F ¢

§ is interior image of Y

YHop
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Non-Weakly Scattered Metric Spaces

CASE 1

S4 is the logic of any non-weakly scattered metric space X.

PROOF SKETCH

Y = X — c(iso(X)) is nonempty open dii subspace of X.
©: nontheorem of S4

Finite rooted qtree §: § F ¢

§ is interior image of Y

YHop
S4 = Log(Y) 2 Log(X) 2 S4.




Introduction Tools and Techniques Main Results Conclusions
000000 00000000000 O®00000000000000000000000000 000000000000

Scattered Metric Spaces

CASE II: STRONGLY ZERO-DIMENSIONAL

TELGARSKI’S THEOREM

Each Scattered metric space is strongly zero-dimensional.
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CASE II: STRONGLY ZERO-DIMENSIONAL

TELGARSKI’'S THEOREM

Each Scattered metric space is strongly zero-dimensional.

Two USEFUL LEMMAS

Q If F1,..., F, are nonempty pairwise disjoint closed subsets of
a strongly zero-dimensional normal space X, then there are
pairwise disjoint clopen subsets Ui, ..., U, of X such that
FFCUand X =U;U---U U,.
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© For any discrete subset A of a metric space X, there is a
disjoint family of balls {B;, : a € A}.
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Scattered Metric Spaces

CASE II: STRONGLY ZERO-DIMENSIONAL

TELGARSKI’S THEOREM
Each Scattered metric space is strongly zero-dimensional.

Two USEFUL LEMMAS

Q If F1,..., F, are nonempty pairwise disjoint closed subsets of
a strongly zero-dimensional normal space X, then there are
pairwise disjoint clopen subsets Ui, ..., U, of X such that
FFCUand X =U;U---U U,.

© For any discrete subset A of a metric space X, there is a
disjoint family of balls {B;, : a € A}.

DEFINITION

Strongly zero-dimensional X: completely regular space such that
every finite cover of X consisting of cozero-sets has a finite
pairwise disjoint open refinement
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Scattered Metric Spaces

CASE II: THE MAPPING

A MAPPING LEMMA

new,
T: finite tree, height at most n+ 1,
X: scattered metric space;
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Scattered Metric Spaces

CASE II: THE MAPPING

A MAPPING LEMMA

ne€w,

T finite tree, height at most n+ 1,

X: scattered metric space;

If X, # @ then there is an onto interior map f : XoU---UX, = %
such that f(x) is the root of T for each x € X,,.
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Scattered Metric Spaces

CASE II: THE MAPPING

A MAPPING LEMMA

ne€w,

T finite tree, height at most n+ 1,

X: scattered metric space;

If X, # @ then there is an onto interior map f : XoU---UX, = %
such that f(x) is the root of T for each x € X,,.

By induction on n € w

Illustrated by pictures
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Scattered Metric Spaces

CASE II: THE MAPPING-INDUCTIVE CASE

Xo

X1

Xni1 \/
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Scattered Metric Spaces

CASE II: THE MAPPING-INDUCTIVE CASE

Xo

X1

X C1
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Scattered Metric Spaces

CASE II: THE MAPPING-INDUCTIVE CASE

F1

Xo

X1

X C1

Xn+1 g CF,'
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Scattered Metric Spaces

CASE II: THE MAPPING-INDUCTIVE CASE

R CU

Xo

X1

X C1

XoU---UX,=UrU---U U



Scattered Metric Spaces

CASE II: THE MAPPING—INDUCTIVE CASE

Uy

DA
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CASE II: THE MAPPING-INDUCTIVE CASE

Xo

X1
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Xn+1
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CASE II: THE MAPPING-INDUCTIVE CASE
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Scattered Metric Spaces

CASE II: INFINITE RANK

THEOREM

S4.Grz is the logic of ...
@ all scattered spaces. (Esakia 1981)
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Finite tree ¥ of height n(>1): T ¢

T is interior image of Xp U --- U X,_1: XoU---UX,_1 F @
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@ any ordinal @ > w*. (Abashidze 1987 /Blass 1990)

S4.Grz is the logic of any scattered metric space X of infinite rank.
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©: nontheorem of S4.Grz
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T is interior image of Xp U --- U X,_1: XoU---UX,_1 F @
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Scattered Metric Spaces

CAsE II: FINITE RANK

In any scattered space X and any n € w, the interpretation of
bd, 1 contains Xp U --- U X,.
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CASE II: FINITE RANK

In any scattered space X and any n € w, the interpretation of
bd, 1 contains Xp U --- U X,.

S4.Grz,, is the logic of any scattered metric space X of rank n € w.

X =XoU---UX,_1 Fbd,: by above Lemma
X E grz: by Lemma on previous slide

©: nontheorem of S4.Grz,

Finite tree T of height < n: TH ¢

% is interior image of X
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING

A MAPPING LEMMA

Any tt-qtree § is an interior image of any weakly scattered
non-scattered metric space X.
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CASE III: THE MAPPING

A MAPPING LEMMA

Any tt-qtree § is an interior image of any weakly scattered
non-scattered metric space X.

| A\

KEY IDEA OF PROOF
X=SUD:;
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CASE III: THE MAPPING

A MAPPING LEMMA

Any tt-qtree § is an interior image of any weakly scattered
non-scattered metric space X.

| A\

KEY IDEA OF PROOF
X=SUD:;

§~ =35 — max(J);
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING

A MAPPING LEMMA

Any tt-qtree § is an interior image of any weakly scattered
non-scattered metric space X.

| A\

KEY IDEA OF PROOF

X=SUD:;
§~ =35 — max(J);
Jdg:D— 3§ ;

Extend g to f : X — § such that f(S) = max(F).
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING

A MAPPING LEMMA

Any tt-qtree § is an interior image of any weakly scattered
non-scattered metric space X.

KEY IDEA OF PROOF

| A\

X=SUD:;
§~ =35 — max(J);
Jdg:D— 3§ ;

Extend g to f : X — § such that f(S) = max(F).
Proceed by induction on the height of §.
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE

5

F

D;closedin’ Y =X—F
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE

5

/ \ s / \
JUn\ U

F

D; C U; openin Y
cy U; pairwise disjoint
SNcyU;closed in S
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE

S Sy

F

Si clopen partition of S
cyS; = S;UD;
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE

5
S
s 2 s T L]

81

gi: the restriction of g to D;
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE

f

51 e Sk i

f; the extension of g; given by inductive hypothesis
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Weakly Scattered Non-Scattered Metric Spaces

CASE III: THE MAPPING—INDUCTIVE CASE

S Sy

f is defined by ‘the colors'’
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Weakly Scattered Non-Scattered Metric Spaces

CAsk 111

S4.1 is the logic of all weakly scattered spaces.
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S4.1 is the logic of all weakly scattered spaces.

S4.1 is the logic any weakly scattered non-scattered metric space
X.
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Weakly Scattered Non-Scattered Metric Spaces

CAsk 111

S4.1 is the logic of all weakly scattered spaces.

THEOREM

S4.1 is the logic any weakly scattered non-scattered metric space
X.

PROOF SKETCH

X E S4.1: by above Lemma

8




Introduction Tools and Techniques Main Results Conclusions
000000 00000000000 000000000000000000000000000e 000000000000

Weakly Scattered Non-Scattered Metric Spaces

CAsk 111

S4.1 is the logic of all weakly scattered spaces.

THEOREM
S4.1 is the logic any weakly scattered non-scattered metric space

|><

PROOF SKETCH

X E S4.1: by above Lemma
®: nontheorem of S4.1
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S4.1 is the logic of all weakly scattered spaces.

THEOREM
S4.1 is the logic any weakly scattered non-scattered metric space

PROOF SKETCH
X E S4.1: by above Lemma
®: nontheorem of S4.1

tt-qtree §: §H ¢
$ is interior image of X
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Weakly Scattered Non-Scattered Metric Spaces

CAsk 111

S4.1 is the logic of all weakly scattered spaces.

THEOREM
S4.1 is the logic any weakly scattered non-scattered metric space

|><

PROOF SKETCH

X E S4.1: by above Lemma
®: nontheorem of S4.1
tt-qtree §: §H ¢

$ is interior image of X
X7
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MobDAL LoGics OF METRIC SPACES

THEOREM: MAIN RESULT (FULL VERSION)

Let X be a (nonempty) metric space.
@ If X is not weakly scattered, then Log(X) = S4.

@ If X is weakly scattered but not scattered, then
Log(X) = S4.1.
@ If X is scattered and has infinite rank, then Log(X) = S4.Grz.

© If X is scattered and has rank n € w — {0}, then
Log(X) = S4.Grz,,.




Introduction Tools and Techniques Main Results Conclusions
000000 00000000000 0000000000000000000000000000 0®0000000000

MAIN RESULT: PICTURE

Metric Spaces

Non-weakly Weakly scattered spaces
scattered
spaces
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MAIN RESULT: PICTURE

S4.Grz; O S4.Grz, D S4.Grz3 D --- S4.Grz D S4.1 D S4

Metric Spaces

Non-weakly Weakly scattered spaces
scattered
spaces Scattered spaces
Rank =1
S4.Gr21
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S4.Grz; D S4.Grzp D S4.Grz3 D --- S4.Grz D S4.1 D S4

Metric Spaces

Non-weakly Weakly scattered spaces
scattered
spaces Scattered spaces
Rank <2
= S4.Grz,
Rank =1
an S4.Grz;
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THE END

We are happy to distribute a pre-published version of the paper
containing complete details on the results presented today, please
inquire!
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... for your attention!
And
... to the organizers!
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