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Language and logics

pu=plLllo—o|Dig, i=12.

Normal modal logic.
Kn denotes the minimal normal modal logic with n modalities and K = Kj.
L; and L, — two modal logics with one modality O then the fusion of these

logics is defined as
Li*lo =Ky + L5 +L;

where L/ is the set of all formulas from L; where all O replaced by O,.



The product of Kripke frames

For two frames F; = (W1, Ry1) and F> = (Wa, R2)

F1 X F2 = (Wl X WQ,RT,R;), where (al,ag)Rf(bl,bz) = a1R1b1 &', az = b2
(al,az)R;(bl,lh) S ap = b1 & CL2R2b2

For two logics L1 and L,

L1 X |_2 = LOg({Fl X FQ‘Fl ': L1 & FQ ': Lz})

(Shehtman, 1978)
For two classes of frames §1 and 32
Log({F1 x F» | F1 € §1 & F» € §a}) 2 Log(F1) * Log(F2)+
+0102p <> O0102p + $102p — O2$1p.
Kx K=KxK+ 0O102p > 0:09p + $102p — OaGap
S4 x S4 =S4 %S4+ O0109p <> O0109p + $109p — O201p



The product of topological spaces

(van Benthem et al, 2005)

For two topological space X1 = (X1, 71) and X2 = (X2, 72)

X1 X X2 = (X1 x X2,71,73), where 71 has base {Uy x {z2} |U1 € 1 & x2 € X2}
75 has base {{z1} x Uz |z1 € X1 & Uz € 72}



The product of topological spaces
(van Benthem et al, 2005)
For two topological space X1 = (X1, 71) and X2 = (X2, 72)
X X X9 = (X1 X XQ,Tf,TQ*), where Tl* has base {Ul X {372} |U1 e & a2 € Xz}
TQ* has base {{561} x Us ‘CE1 c X1 & Us € T2}




The product of topological spaces

(van Benthem et al, 2005)

For two topological space X1 = (X1, 71) and X2 = (X2, 72)

X1 X X2 = (X1 x X2,71,73), where 71 has base {Uy x {z2} |U1 € 71 & x2 € X2}
75 has base {{z1} x Uz |z1 € X1 & Uz € 72}

For two logics Ly and L;

Ly x¢ Lo = Log({X1 x X2 | X1 E Ly & X2 = Lo}

S4 x; S4 = Log(Q x Q) = S4 %S4 (van Benthem et al, 2005)
Log(R x R) # S4 xS4 (Kremer, 20107)
Log(C x C) #S4 %54

d-logic of product of topological spaces was considered by L. Uridia (2011). He
proved
Log 4(Q x Q) = D4« D4

Generalization to neighborhood frames was done by K. Sano (2011).



Neighborhood frames

A (normal) neighborhood frame (or an n-frame) is a pair X = (X, 7), where
> X £
» 7:X 22" such that 7(z) is a filter on X;
7 — neighborhood function of X,
7(z) — neighborhoods of x.
Filter on X: nonempty F C 2% such that
NWUeF&UCV=VeF
2)U,VeF=UNV e F (filter base)
The neighborhood model (n-model) is a pair (X,V’), where X = (X, 7) is a
n-frame and V : PV — 2% is a valuation. Similar: neighborhood 2-frame
(n-2-frame) is (X, 71, 72) such that 7; is a neighborhood function on X for
each 1.
Validity in model:

M,z O < 3V en(z)Vy e V(IM,y E ).
MEy XE¢ XEL Log(C)={¢|X = ¢ for some X € C}

nV (L) = {X|X is an n-frame and X = L}



Connection with Kripke frames

Definition
Let F = (W, R) be a Kripke frame. We define neighborhood frame
N(F) = (W, ) as follows. For any w € W
T(w) ={U|R(w) CU CW}.
Lemma

Let F = (W, R) be a Kripke frame. Then

Log(N'(F)) = Log(F).



Bounded morphism for n-frames

Definition
Let X = (X,71,...) and Y = (Y, 01, ...) be n-frames. Then function
f: X — Y is a bounded morphism if

1. f is surjective;
2. forany z € X and U € 7i(z) f(U) € o:(f(z));

3. forany z € X and V € o;(f(x)) there exists U € 7;(z), such that
fo)cv.

In notation f: X — ).

Lemma
If f:X— Y then Log(Y) C Log(%).



Product of n-frames

Definition
Let X1 = (X1,71) and X2 = (X2, 72) be two n-frames. Then the product of
these n-frames is an n-2-frame defined as follows
X1 x X9 = (X1 X XQ,T{,Té),
T1(z1,22) ={U C X1 x Xo |IV(V € 1i(x1) &V x {z2} CU)},
Té(xl,mg) = {U C X1 x Xo | HV(V S T2($2) & {l‘l} xV C U)}

Definition
For two unimodal logics L1 and Lo, such that nV (L) # @. We define
n-product of them as follows

L X, Lo = LOg({%1 X Xo |3€1 c nV(Ll) & X € TLV(LQ)})
Lemma
Ly x Lo C Ly Xy, Lo for any two unimodal logics L1 and L.

Theorem (AK, 2012)
Let Ly and L, be from the set {D,T,D4,S4} then

Ly X, Lo = L1 * Lo.



n-product of logics

It is not the case for logic K!

Lemma
For any two n-frames X1 and X2

.%1 X .%2 ): DlL — DQDlJ_.

Proof.

X1 X X, (2,y) EO1L <= @ €Ti(z,y) <
gemn(r) < Yy € X2 (T ET(r,y)) =
Vy/ € Xo (}:1 X }:2,($,y/) ': DlL) = X; X Xo, (.T,y) ': O,0, L.

Hence, X1 X X9 ': 0,1 — 0,0 1.



n-product of logics

It is not the case for logic K!

Lemma
For any two n-frames X1 and X2

.%1 X XQ ): DlL — DQDlJ_.

And even more, for any closed O1-free formula ¢ and any closed Os-free

formula 1
X1 x X2 | ¢ — 019, X1 X X2 F ¢ — D2

Proof.

Since v does not contain neither Oz, nor variables, its value does not depend
on the second coordinate. Let F' = X1 x ¥2. So F, (z,y) |E v, then
Vy'(F, (z,y') E ). hence, F, (z,y) = D21



n-product of logics

Lemma
For any two n-frames X1 and X2

X1 x X9 )Z 01 — 0,07 L.

And even more, for any closed O, -free formula ¢ and any closed O-free
formula 1
%1)(%2':(;5*)\:‘1(;5, x1><./£2':’lﬂ*>\:|2’(/).

Definition
For two unimodal logics L1 and Lz, we define

(L1,L2) = L1 % Lo + A, where
A ={¢p— 0s¢|¢ is closed and Oy-free}U{ty — 019 | ¢ is closed and O;-free} .

Lemma
For any two normal modal logics L1 and Lo (L1, L2) C L1 X, Lo.

Note that if <>T € LiNLs then L1 x Lo ': A.



Goal

Theorem
K xn K = (K, K).
Plan:
1. Find proper Kripke frames for (K, K).

2. Construct n-frames for which there is a bounded morphism to the proper
frames.



Weak product of frames

Fy = F° and F» = FY° — Kripke frames with roots z¢ and yo. A path in the
product Fy x F5 is a sequence of the following type

(xoayo)sl(xlayl)sz R Sn(fn:yn)»

where S; € {RI, R} and for any i <n (zi—1,yi-1)Si(zi, y:) holds.
P(F1 x F) — the set of all paths in F} X F;.
for any two paths a, 8 € P(Fy x F>)

aRB <= = aR!(a,b)
aRyB <= B = aRj(a,b)

The following Kripke frame is the weak product of Fy and F5

<F17F2> = (P(Fl X F2)7R/17R/2)



Weak product of frames

Lemma
For any two Kripke frames F1 and F» (Fi1, F») |= A.

Theorem
Logic (K, K) is complete w.r.t. weak products of Kripke frames, and even more,
w.r.t. weak products of trees.



Paths with stops

Definition

F = (W, R) — frame with root ag, 0 ¢ W we define a path with stops as a
tuple apas ... an, so that a; € W U{0} and after eliminating zeros each point is
related to the next one by relation R. We also consider infinite paths with stops
that end with infinitely many zeros. We call these sequences pseudo-infinite
paths (with stops). Let W, be the set of all pseudo-infinite paths in W.
Define fr : W, — W in the following way: for o = apai ...an0%, an # 0, we
put

fr(a) = an.

st(a) =min{N |Vk > N(ar =0)};
alk =ai1...ax;

UF(a) = {8 € Wy |alm = Blm & fr(a)Rifr(8), where m = max(k, st(a))}.

Lemma
UF(a) C U™ () whenever k > m for any i € {1,2}.



Example




Example

ap 01)00670”



Example

a[]()bOOejO‘”



Example

ao0b00e;0



Example

a00b00e 0%



Example

ao0b00e;0%
a00b00e;0%



Example

ao0b00e;0%

ap b ej



Example

ao0b00e;0%

aobej



Example

a = ap0b00e;0”
fr(a)=3j



No(F)

Definition
Sets U, (a) form a filter base. So we can define
7(a) — the filter with base {U,(a)|n € N};
No(F) = (W, 7) —is a dense n-frame based on F.



No(F)

Definition
Sets U, (a) form a filter base. So we can define
7(a) — the filter with base {U,(a)|n € N};
No(F) = (W, 7) —is a dense n-frame based on F.

Frame AN, (F) is dense in a sense that the intersection of all neighborhoods of a
point is empty. So, there are no minimal neighborhoods unlike N'(F).



No(F)

Definition
Sets U, (a) form a filter base. So we can define

7(a) — the filter with base {U,(a)|n € N};
No(F) = (W, 7) —is a dense n-frame based on F.

Frame AN, (F) is dense in a sense that the intersection of all neighborhoods of a
point is empty. So, there are no minimal neighborhoods unlike N'(F).

Lemma
Let F = (W, R) be a Kripke frame with root aq, then

7 No(F) - N(F).



No(F)

Definition
Sets U, (a) form a filter base. So we can define

7(a) — the filter with base {U,(a)|n € N};
No(F) = (W, 7) —is a dense n-frame based on F.

Frame AN, (F) is dense in a sense that the intersection of all neighborhoods of a
point is empty. So, there are no minimal neighborhoods unlike N'(F).

Lemma
Let F = (W, R) be a Kripke frame with root aq, then

7 No(F) - N(F).

Corollary
For any frame F' Log(N.,(F)) C Log(N(F)) = Log(F).



Completeness theorem

Logic K is complete w.r.t. trees.

Lemma
For any two trees Fy and F»

No(Fr) X No(Fo) = N((F1, F2)).



Completeness theorem

Logic K is complete w.r.t. trees.
Lemma

For any two trees Fy and F»

No(Fr) X No(Fo) = N((F1, F2)).

Kxn, K= (| Log(X1xX3)C
X1,X2enV(K)

(| Log(Nu(Fi) x Nu(F)) C

F1,F5—trees

(| Log((F1, F2)) € (K,K) C K x, K.

F7,Fo—trees

N

N



Completeness theorem

Logic K is complete w.r.t. trees.
Lemma

For any two trees Fy and F»

No(Fr) X No(Fo) = N((F1, F2)).

Kxn, K= (| Log(X1xX3)C
X1,X2enV(K)

(| Log(Nu(Fi) x Nu(F)) C

F1,F5—trees

(| Log((F1, F2)) € (K,K) C K x, K.

F7,Fo—trees

N

N

Theorem
K xn K = (K, K).



Future work

Conjecture
K4 x,, K4 = (K4, Ka).



Future work

Conjecture
K4 x,, K4 = (K4, Ka).

Question: What conditions of logics L1 and Lo are sufficient for

L1 xn Lz = <L17|-2>-



Thank you!
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