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U (X ) ⊩ A iff ⊢ A for all A ∈ L(X).
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If W covers k, then k ⊩ A → B iff
W ⊩ A → B and

k ⊩ A implies k ⊩ B.



Ghilardi (1999)

A formula is projective iff its
corresponding upset has all covers.



Bezhanishvili and de Jongh (2012)

An upset has all covers iff it is the
image of the universal model under

a definable map.
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If W covers k, then k ⊩ A → B iff
W ⊩ A → B and

k ⊩ A implies k ⊩ B.



Say that W adequately covers k w.r.t. Σ when:
▶ k ≤ w for all w ∈ W;
▶ k ⊩ A → B iff W ⊩ A → B and k ⊩ A implies
k ⊩ B for all A → B ∈ Σ.



An upset V ⊆ U (X ) is definable when there is a
formula defV ∈ L(X ) such that:

k ⊩ defV iff k ∈ V for all k ∈ U (X ).



Theorem
Let U ⊆ U (X ) be adequately covered w.r.t. Σ. There
exists a definable, monotone map f : U (X ) → U such
that f ↾ U = idU and for all A ∈ Σ:

(u ◦ f ),

k ⊩ A iff

u,

f (k ) ⊩ A for all k ∈ U (X ).
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Corollary

In the above, there is a substitution σ such that:

⊢ σ(A) iff U ⊩ A for all A ∈ Σ.

Proof.
Take σ(x) := def f−1 {k ∈ U | u, k ⊩ x}. See:

⊢ σ(A) iff u,U (X ) ⊩ σ(A) iff (u ◦ f ) ⊩ A.

The laer is equivalent to U ⊩ A when A ∈ Σ. ■
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Theorem
Let Σ ⊆ L(X ) be an finite adequate set and let
v : U (X ) → P (Y ) be a valuation. There exists a
U ⊆ U (X+ Σ) such that:

1. U ⊩ A iff v ⊩ A for all A ∈ Σ;

2. U is adequately covered w.r.t. Σ;

3. for all k, l ∈ U have k ≤ l iff
k ⊩ A implies l ⊩ A for all A ∈ Σ.



Theorem
Admissibility is decidable.

Proof.
Remark that A B iff u ⊩ A implies u ⊩ B for all
U ⊆ 2Σ with u : U → P (X ) defined by u(k) = k ∩ x
that are adequately covered w.r.t.
Σ = Sub{A,B}. ■
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