Proceedings of A. Razmadze Mathematical Institute Vol. 142 (2006), 109–119

GENERALIZED COMMUTATORS OF MULTILINEAR SINGULAR INTEGRALS

JINGSHI XU

Abstract. The boundedness of generalized commutators of multilinear singular integrals in Lebesgue spaces is obtained.

îâäæñéâ. êŽöîëéöæ áŽéðçæùâĲñèæŽ éñèðæûîòæãæ ïæêàñèŽîñèæ æêðâàîŽèâĲæï àŽêäëàŽáëâĲñèæ çëéñðŽðëîâĲæï öâéëïŽäôãîñèë- ĲŽ èâĲâàæï ïæãîùââĲöæ.

1. Introduction

In recently years, multilinear singular integrals of Calderón-Zygmund type have attracted more attention. Many results obtained parallel the linear theory of classical Calderón-Zygmund operators. For details, one can see [2], [3], [4], [7] and [9]. Simultaneously, commutators of singular integral operators continue to attract many authors’ attention. See [1], [5], [6], [8], [10], [11] and the references therein. In fact, the multilinear commutator as a generalization of commutator was introduced by Perez and Trujillo-Gonzalez in [10] recently. In [11] Perez and Trujillo-Gonzalez obtained sharp weighted estimates for vector valued singular integral operators and commutators. Motivated by [9], we will consider the analog of [10] for the multilinear singular integrals.

Let T be a multilinear operator which was initially defined on the mfold product of Schwartz space S(R^n) and take their values into the space of tempered distributions S^′(R^n). We will assume that the distributional kernel on (R^n)^{m+1} of the operators coincides away from the diagonal y_0 =

This work was partially supported by Scientific Research Fund of Hunan Provincial Education Department (2006) and National Natural Science Foundation of China (Grant No. 60474070)

2000 Mathematics Subject Classification. Primary 42B20; Secondary 42B25. Key words and phrases. Multilinear singular integral, BMO function, commutator, maximal function.

y_1 = · · · = y_m in (R^n)^{m+1} with a function K so that

T ⃗f(x) = T (f_1, . . . , f_m)(x) = = ∫ (R^n)^m

K(x, y_1, · · · , y_m)f_1(y_1) . . . f_m(y_m)dy_1 . . . dy_m, (1.1)

whenever f_1, · · · , f_m are L^∞_C (R^n) and x /∈

⋂_m

j=1 supp f_j , where as usual, L^∞_C (R^n) denotes all L^∞(R^n) functions with compact support. Moreover, the kernel function K satisfies the standard estimates | |K(y_0, y_1, · · · , y_m) | | ≤ A

(_m∑

k,l=0

|y_k − y_l|

)_{−mn} , (1.2)

and, for some ϵ > 0, | |K(y_0, y_1, · · · , y_j , · · · , y_m) − K(y_0, y_1, . . . , y^′_j , . . . , y_m) | | ≤ ≤ A|y_j − y^′_j |^ϵ (_m∑

k,l=0

|y_k − y_l|

)_{mn+ϵ} , (1.3)

provided that 0 ≤ j ≤ m and |y_j − y^′_j | ≤^1_2 max_{0≤k≤m} |y_j − y_k|. Such kernels are called m-linear Calderón-zygmund kernels and the collection of such functions is denoted by m − CZK(A, ϵ) in [2].

For these operators, it is well known that a boundedness estimate T : L^{q1} × · · · × L^{qm} → L^q, for some 1 < q_1, · · · , q_m < ∞ and 1 q_1

+ · · · + 1 q_m = 1 q , (1.4)

implies the boundedness of the operator for all possible exponents in such range of values and a end-point estimate

T : L^{q1} × · · · × L^{qm} → L^{q,∞}

for 1 ≤ q_1, · · · , q_m < ∞ satisfying (1.4), where L^p and L^{p,∞} denote Lebesgue spaces and weak Lebesgue spaces for 0 < p < ∞ respectively. In particular, it holds that T : L^1 × · · · × L^1 → L^{1/m,∞},

which extends the classical results in the linear case T : L^1 → L^{1,∞}.

Let T be as in (1.2) with a m − CZK(A, ϵ) kernel. If T is bounded from L^{q1} × · · · × L^{qm} to L^q(μ) with 1 < q_1, . . . , q_m < ∞ and^1_{q1} + · · · +^1_{qm} =^1_q , then we say T is a m-CZO.

Let ⃗b = (b_1, . . . , b_m) and b_j are BMO functions for 1 ≤ j ≤ m, and ⃗f = (f_1, . . . , f_m) for suitable functions f_1, . . . , f_m. We will consider the following type operators

[⃗b, T ] ⃗f(x) = ∑ σ (−1)^{|σ′|}b_σ(x)T b_σ′ ⃗f(x),

where σ denotes a subset of {1, 2, . . . , m}, σ^′ is the complement of σ in {1, 2, . . . , m}, |σ^′| denotes the number of elements of σ^′, b_σ(x) = ∏ j∈σ b_j (x), b_σ′ ⃗f = (g_1, . . . , g_m), when j ∈ σ^′, g_j = b_j f_j , otherwise g_j = f_j .

If f_1, · · · , f_m are L^∞_C (R^n) and x /∈

⋂_m

j=1 supp f_j , then we have

[⃗b, T ] ⃗f(x) = ∫ R^{nm} m∏ j=1 ( b_j (x) − b(y_j ) ) f_j (y_j )K(x, y_1, · · · , y_m) dy_1 · · · dy_m.

These operators can be thought as generalized commutators for multilinear operators. In this paper, for simplicity, we will restrict the case m = 2. Actually, we will consider

[b_1, b_2, T ](f_1, f_2)(x) = b_1(x)b_2(x)T (f_1, f_2)(x) − b_1(x)T (f_1, b_2f_2)(x)− − b_2(x)T (b_1f_1, f_2)(x) + T (b_1f_1, b_2f_2)(x).

Our main result is the following.

Theorem 1.1. Let^1_q =^1_{q1} +^1_{q2} , and 1 < q_i < ∞, and b_i ∈ BMO(R^n), for i = 1, 2. If T is a 2-CZO, then [b_1, b_2, T ] can be extended to a bounded operator from L^{q1} × L^{q2} into L^q.

One can easily see that our special case can be extended to general cases. The proof of Theorem 1.1 will be given in the following section. Finally, we point out that in the sequel C denotes constants, but it may be different at different places.

2. Proof of the result

The idea of the proof will use a variant of sharp maximal operator M^# of Fefferman and Stein [12]. This idea have already been exploited in [8], [9], [10] and [11]. First we recall some notation.

Let f be a function in L^1_{loc}(R^n), the sharp maximal function of f is defined by

M^#f(x) = sup_Q 1 |Q| ∫ Q |f(y) − f_Q| dy,

where the supremum is taking over all the cubes Q containing the point x, and as usual, f_Q denotes the average of f over Q, and |Q| denotes the Lebesgue measure of Q. If M^#f belongs to L^∞, then we say f is a BMO function and denote ‖M^#f‖_L∞ as BMO norm of f by ‖f‖_∗. For δ > 0 we denote by M^#_δ the operator

M^#_δ f = ( M^#(|f|^δ)

)_{1/δ} . (2.1)

Also as usual, we denote the standard Hardy-Littlewood maximal function by Mf. And similarly as above, for δ > 0 we will denote by M_δ the operator M_δ(f) = (M(|f|^δ ))^{1/δ} .

As the same as in [11], we will use the Fefferman-Stein’s inequalities as the following.

Let 0 < p, δ < ∞ and let ω be any A_∞ weight. Then there exists a constant C such that the inequality ∫ M_δ(f)(x)^pω(x) dx ≤ C ∫ M^#_δ (f)(x)^pω(x) dx (2.2)

holds for any function f for which the left hand side is finite.

Also, we need the following lemmas, Lemma 2.1 is well known.

Lemma 2.1. (i) Assume b ∈ BMO and M > 1. Then for every ball B(x; r), we have |b_B − b_{MB} | ≤ C ‖b‖_∗ log M;

(ii) (John-Nirenberg Lemma) Let 1 ≤ p < ∞ and B ⊂ R^n, then b ∈ BMO if and only if 1 μ(B) ∫ B |b − b_B |^p d(x) ≤ ‖b‖^p_∗.

Lemma 2.2. Suppose b_1 and b_2 belong to L^∞. Let [b_1, b_2, T ] be as in (1.6) and let 0 < δ < τ < 1/2 and 1 < p_1 < q_1, 1 < p_2 < q_2. Then there exists a constant C > 0, such that

M^#_δ [b_1, b_2, T ](f_1, f_2)(x) ≤ C [ ‖b_1‖_∗‖b_2‖_∗M_τ (T (f_1, f_2))(x)+ + ‖b_1‖_∗M_τ ([b_2, T ](f_1, f_2))(x) + ‖b_2‖_∗M_τ ([b_1, T ](f_1, f_2))(x)+

+ ‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x) ] , (2.3)

for any functions f_1, f_2 belong to L^∞_c (R^n) and for every x ∈ R^n, where [b_1, T ](f_1, f_2))(x) = b_1(x)T (f_1, f_2)(x)−T (b_1f_1, f_2)(x) and [b_2, T ](f_1, f_2))(x) = b_2(x)T (f_1, f_2)(x) − T (f_1, b_2f_2)(x), where the constant C independent of f_1 and f_2.

Remark 1. For the m-linear case, the result of Lemma 2.2 is still true if 0 < δ < τ < 1/m.

Proof. For fixed x ∈ R^n and a cube Q containing x. As it is well known, to obtain (2.3) it suffices to prove ( 1 |Q| ∫ Q | ||[b_1, b_2, T ](f_1, f_2)(z)|^δ − |c_Q|^δ | |dz )_{1/δ} ≤ ≤ C [ ‖b_1‖_∗‖b_2‖_∗M_τ (T (f_1, f_2))(x) + ‖b_1‖_∗M_τ ([b_2, T ](f_1, f_2))(x)+

+ ‖b_2‖_∗M_τ ([b_1, T ](f_1, f_2))(x) + ‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x) ] , (2.4) for some constant c_Q to be determined. Using ||α|^r − |β|^r| ≤ |α − β|^r, o <

r < 1, we only need to prove that ( 1 |Q| ∫ Q | |[b_1, b_2, T ](f_1, f_2)(z) − c_Q | |^δdz

)_{1/δ} ≤ ≤ C [ ‖b_1‖_∗‖b_2‖_∗M_τ (T (f_1, f_2))(x) + ‖b_1‖_∗M_τ ([b_2, T ](f_1, f_2))(x)+

+ ‖b_2‖_∗M_τ ([b_1, T ](f_1, f_2))(x)‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x) ] . (2.5)

Let Q^∗ be the cube with same center as Q and side-length 2 √ n times the

side-length of Q. Split f_j = f^0_j + f^∞_j , for j = 1, 2, where f^0_j = f_j χ_{2Q},

f^∞_j = f_j − f^0_j . Put c_Q = T (f^∞_1 , f^∞_2 )(x). Set λ_i = (b_i)_{2Q}, i = 1, · · · , m. | |[b_1, b_2, T ](f_1, f_2)(z) − c_Q | | = | | | ∫ R^{2n}

(b_1(z) − b_1(y_1))(b_2(z)−

− b_2(y_2))K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 − c_Q | | | | = = | | | ∫ R^{2n}

(b_1(z) − λ_1 + λ_1 − b_1(y_1))(b_2(z) − λ_2 + λ_2 − b_2(y_2))×

× K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 − c_Q | | | | = = | | |(b^1(z) − λ^1)(b^2(z) − λ^2)T (f^1, f^2)(z)−

− (b_1(z) − λ_1) ∫ R^{2n}

(b_2(y_2) − λ_2)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2−

− (b_2(z) − λ_2) ∫ R^{2n}

(b_1(y_1) − λ_1)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2+

+ ∫ R^{2n}

(b_1(y_1)−λ_1)(b_2(y_2 − λ_2)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 −c_Q | | | |= = | | |(b_1(z) − λ_1)(b_2(z) − λ_2)T (f_1, f_2)(z) − (b_1(z) − λ_1)× × ∫ R^{2n}

(b_2(y_2) − b_2(z) + b_2(z) − λ_2)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2−

− (b_2(z) − λ_2)× × ∫ R^{2n}

(b_1(y_1) − b_1(z) + b_1(z) − λ_1)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2+

+ ∫ R^{2n}

(b_1(y_1) − λ_1)(b_2(y_2 − λ_2)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 − c_Q | | | | ≤ ≤ | − (b_1(z) − λ_1)(b_2(z) − λ_2)T (f_1, f_2)(z) | + + | | | |(b^1(z) − λ^1) ∫ R^{2n}

(b_2(z) − b_2(y_2))K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 | | | |+ + | | |(b_2(z)−λ_2) ∫ R^{2n}

(b_1(z)−b_1(y_1))K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 | | |+

+ | | | ∫ R^{2n}

(b_1(y_1)−λ_1)(b_2(y_2 −λ_2)K(z, y_1, y_2)f_1(y_1)f_2(y_2)dy_1dy_2 −c_Q | | |= = I(z) + II(z) + III(z) + IV (z), ( 1 |Q| ∫ Q |[b_1, b_2, T ](f_1, f_2)(z) − c_Q|^δ dz

)_{1/δ} ≤ C ( 1 |Q| ∫ Q I(z)^δ dz

)_{1/δ} +

+ C ( 1 |Q| ∫ Q II(z)^δ dz

)_{1/δ} + C ( 1 |Q| ∫ Q III(z)^δdz

)_{1/δ} +

+ C ( 1 |Q| ∫ Q IV (z)^δ dz

)_{1/δ} = C(I + II + III + IV ). (2.6)

Now we start to estimate first term I. By Hölder’s inequality and Lemma 2.1, we obtain ( 1 |Q| ∫ Q |I(z)|^δdz

)_{1/δ} ≤ ( 1 |Q| ∫ Q |b_1(z) − λ_1|^{τ1} dz

)_{1/τ1} ×

× ( 1 |Q| ∫ Q |b_2(z) − λ_2|^{τ2} dz

)_{1/τ2} ( 1 |Q| ∫ Q |T (f_1, f_2)|^τ dz

) 1_τ ≤ ≤ C‖b_1‖_∗‖b_2‖_∗M_q (T (f_1, f_2))(x). (2.7)

Where τ_1 > 1, τ_2 > 1, such that 1/τ + 1/τ_1 + 1/τ_2 = 1/δ.

Then, we turn to estimate term II. We have ( 1 |Q| ∫ Q |II(z)|^δdz

)_{1/δ} ≤ ( 1 |Q| ∫ Q |b_1(z) − λ_1|^sdz

)_{1/s} ×

× ( 1 |Q| ∫ Q |[b_2, T ](f_1, f_2)|^τ dz

)_{1/τ}

≤ C‖b_1‖_∗M_τ ([b_2, T ](f_1, f_2))(x), (2.8) where s > 1 such that 1/τ + 1/s = 1/δ. Similarly, we have ( 1 |Q| ∫ Q |III(z)|^δdz

)_{1/δ} ≤ ( 1 |Q| ∫ Q |b_2(z) − λ_2|^sdz

)_{1/s} ×

× ( 1 |Q| ∫ Q |[b_1, T ](f_1, f_2)|^τ dz

)_{1/τ} ≤ C‖b_2‖_∗M_τ ([b_1, T ](f_1, f_2))(x). (2.9)

Finally, we estimate IV. To do this, we write

|IV (z)|≤ | | | ∫ R^{2n}

(b_1(y_1)−λ_1)(b_2(y_2)−λ_2)K(z, y_1, y_2)f^0_1 (y_1)f^0_2 (y_2)dy_1dy_2 | | |+

+ | | | ∫ R^{2n}

(b_1(y_1) − λ_1)(b_2(y_2) − λ_2)K(z, y_1, y_2)f^0_1 (y_1)f^∞_2 (y_2)dy_1dy_2 | | |+ + | | | | ∫ R^{2n}

(b_1(y_1) − λ_1)(b_2(y_2) − λ_2)K(z, y_1, y_2)f^∞_1 (y_1)f^0_2 (y_2)dy_1dy_2 | | | |+ + | | | ∫ R^{2n}

(b_1(y_1)−λ_1)(b_2(y_2)−λ_2)K(z, y_1, y_2)f^∞_1 (y_1)f^∞_2 (y_2)dy_1dy_2 −c_Q | | | = = IV_1(z) + IV_2(z) + IV_3(z) + IV_4(z).

By using Kolmogorov’s inequality to the term T ((b_1 −λ_1)f^0_1 , (b_2 −λ_2)f^0_2 )(z), the boundedness of T, Lemma 2.1, and Hölder’s inequality, we have ( 1 |Q| ∫ Q IV_1(z)^δdz

)_{1/δ} ≤C ‖ ‖T ((b_1 −λ_1)f^0_1 , (b_2 −λ_2)f^0_2 )(z) ‖ ‖_{L1/2,∞}(_{Q, |dx||Q|} ) ≤

≤ C 1 |Q| ∫ Q |b_1(z) − λ_1|f_1(z)|dz 1 |Q| ∫ Q |(b_2(z) − λ_2)f_2(z)|dz ≤

≤ C ( 1 |Q^∗| ∫ Q^∗

|b_1(z) − λ_1|^{p′1} dz

)_{1/p}′_1 ( 1 |Q^∗| ∫ Q^∗

|f_1(z)|^{p1} dz

)_{1/p1} ×

× ( 1 |Q^∗| ∫ Q^∗

|b_2(z) − λ_2|^{p′2} dz

)_{1/p}′_2 ( 1 |Q^∗| ∫ Q^∗

|f_2(z)|^{p2} dz

)_{1/p2} ≤ ≤ C‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x). (2.10)

For term IV_2, using (1.2) and Lemma 2.1, we have ( 1 |Q| ∫ Q IV_2(z)^δ dz

)_{1/δ} ≤

≤C 1 |Q| ∫ Q | | | | ∫ Q^∗ ∫ R^n

A|(b_1(y_1)−λ_1)f^0_1 (y_1)||(b_2(y_2)−λ_2)f^∞_2 (y_2)| (|x−y_1|+|x−y_2|)^{2n} dy_1dy_2 | | | |dz ≤

≤C 1 |Q| ∫ Q ∫ Q^∗

|(b_1(y_1)−λ_1)f^0_1 (y_1)|dy_1 ∫ R^n\Q^∗

|(b_2(y_2)−λ_2)f^∞_2 (y_2)| |x−y_2|^{2n} dy_2dz ≤

≤ C ( 1 |Q^∗| ∫ Q^∗

|b_1(y_1)−λ_1|^{p′1} dy_1

)_{1/p}′_1 ( 1 |Q^∗| ∫ Q^∗

|f_1(y_1)|^{p1} dy_1

)_{1/p1} ×

× ( |Q^∗| ∫ R^n\Q^∗

|(b_2(y_2) − λ_2)f_2(y_2)| |x − y_2|^{2n} dy_2 ) ≤

≤ C‖b_1‖_∗M_{p1} f_1(x) ∞∑ k=1 2^{−k} 1 |2^kQ^∗| ∫ 2^k Q^∗

|b_2(y_2) − λ_2| |f_2(y_2)|dy_2 ≤

≤ C‖b_1‖_∗M_{p1} f_1(x) ∞∑ k=1 ( 1 |2^kQ^∗| ∫ 2^k Q^∗

|b_2(y_2) − λ_2|^{p′2} dy_1

)_{1/p}′_2 ×

× ( 1 |2^kQ^∗| ∫ 2^k Q^∗

|f_2(y_2)|^{p2} dy

)_{1/p2} ≤

≤ C‖b_1‖_∗M_{p1} f_1(x) ∞∑ k=1 2^{−k}k‖b‖_∗M_{p2} f_2(x) ≤

≤ C‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x). (2.11)

Similarly, for term IV_3, we have ( 1 |Q| ∫ Q IV_3(z)^δ dz

)_{1/δ}

≤ C‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x). (2.12)

Finally, for term IV_4, using (1.3) and Lemma 2.1, we obtain ( 1 |Q| ∫ Q IV_4(z)^δ dz

)_{1/δ} ≤ 1 |Q| ∫ Q | |T ((b_1(y_1)−λ_1)f^∞_1 (y_1), (b_2(y_2)−λ_2)×

×f^∞_2 (y_2))(z)−T ((b_1(y_1)−λ_1)f^∞_1 (y_1), (b_2(y_2)−λ_2)f^∞_2 (y_2))(x) | dz ≤ ≤ 1 |Q| ∫ Q ∫ R^{2n}\(Q^∗)^2

|K(z, y_1, y_2) − K(x, y_1, y_2)|×

× | | | 2∏ i=1 (b_i(y_i) − λ_i)f^∞_i (y_i)dy_1dy_2 | | |dz ≤

≤ C 1 |Q| ∫ Q ∫ R^{2n}\(Q^∗)^2

A|x − z|^ϵ (|x − y_1| + |x − y_2|)^{2n+ϵ} ×

× | | | 2∏ i=1 (b_i(y_i) − λ_i)f^∞_i (y_i)dy_1dy_2 | | |dz ≤ ≤ C 1 |Q| ∫ Q ∫ R^n\Q^∗

A|x − z|^{ϵ1} |x − y_1|^{n+ϵ1}

|b_1(y_1) − λ_1||f^∞_1 (y_1)|dy_1×

× ∫ R^n\Q^∗

A|x − z|^{ϵ2} |x − y_2|^{n+ϵ2}

|b_2(y_2) − λ_2||f^∞_2 (y_2)|dy_2dz ≤

≤ C 1 |Q| ∫ Q ∞∑ k=1 ∫ 2^{k+1}Q^∗\2^k Q^∗

(2R)^{ϵ1} (2^kR)^{n+ϵ1}

|b_1(y_1) − λ_1|f^∞_1 (y_1)|dy_1×

× ∞∑ k=1 ∫ 2^{k+1}Q^∗\2^k Q^∗

(2R)^{ϵ2} (2^kR)^{n+ϵ2}

|b_2(y_2) − λ_2|f^∞_2 (y_2)|dy_2dz ≤

≤ C (_∞ ∑ k=1 (2R)^{ϵ1} (2^kR)^{n+ϵ1} ( ∫ 2^{k+1}Q^∗

|b_1(y_1) − λ_1)|^{p′1} dy_1

)_{1/p}′_1 ×

× ( ∫ 2^{k+1}Q^∗

f^∞_1 (y_1)|^{p1} dy_1

)_{1/p1} ) ×

× (_∞ ∑ k=1 (2R)^{ϵ2} (2^kR)^{n+ϵ2} ( ∫ 2^{k+1}Q^∗

|b_2(y_2) − λ_2)|^{p′2} dy_1

)_{1/p}′_2 ×

× ( ∫ 2^{k+1}Q^∗

f^∞_2 (y_2)|^{p2} dy_2

)_{1/p2} ) ≤

≤ C (_∞ ∑ k=1 (2R)^{ϵ1} (2^kR)^{n+ϵ1} ( ∫ 2^{k+1}Q^∗

|b_1(y_1) − b_{1,k} + b_{1,k} − λ_1)|^{p′1} dy_1

)_{1/p}′_1 ×

× ( ∫ 2^{k+1}Q^∗

|f^∞_1 (y_1)|^{p1} dy_1

)_{1/p1} ) ×

× (_∞ ∑ k=1 (2R)^{ϵ2} (2^kR)^{n+ϵ2} ( ∫ 2^{k+1}Q^∗

|b_2(y_2) − b_{2,k} + b_{2,k} − λ_2)|^{p′2} dy_2

)_{1/p}′_2 ×

× ( ∫ 2^{k+1}Q^∗

|f^∞_2 (y_2)|^{p2} dy_2

)_{1/p2} ) ≤

≤ C ∞∑ k=1 2^{−kϵ1} (k + 1)‖b_1‖_∗M_{p1} f_1(x) ∞∑ k=1 2^{−kϵ2} (k + 1)‖b_2‖_∗M_{p2} f_2(x) ≤

≤ C‖b_1‖_∗‖b_2‖_∗M_{p1} f_1(x)M_{p2} f_2(x), (2.13)

where ϵ_j > 0, b_{j,k} =^1_{2k+1 Q∗} ∫ 2^{k+1}Q∗ bj (x)dx, for j = 1, 2, and ϵ1 + ϵ2 = ϵ.

So, adding (2.7) to (2.13) into (2.6), we obtain (2.5). This completes the proof of Lemma 2.2. □

The proof of Theorem 1.1. First, let us suppose that b_1 and b_2 are L^∞ functions and f_1, f_2 belong to L^∞_c (R^n). As a similar argument as in [10, page 686], we obtain that ∫ R^n |[b1, b2, T ]f(x)|

q dx is finite. Thus ∫ R^n |Mδ [b1, b2, T ]f(x)|

q dx is also finite. Since τ < 1/2 < q, 1 < p_1 < q_1, and 1 < p_2 < q_2, by Lemma 2.2 and (2.2), we have ‖ ‖[b_1, b_2, T ]f ‖ ‖_{Lq} ≤ ‖ ‖M_δ[b_1, b_2, T ]f ‖ ‖_{Lq} ≤ C ‖ ‖([b_1, b_2, T ]f)^#_δ ‖ ‖_{Lq} ≤ ≤ C [ ‖b_1‖_∗‖b_2‖_∗‖M_τ (T (f_1, f_2))‖_Lq + ‖b_1‖_∗‖M_τ ([b_2, T ](f_1, f_2))‖_Lq +

+ ‖b_2‖_∗‖M_τ ([b_1, T ](f_1, f_2))‖_Lq + ‖b_1‖_∗‖b_2‖_∗‖M_{p1} f_1M_{p2} f_2‖_Lq ] ≤ ≤ C‖b_1‖_∗‖b_2‖_∗‖f_1‖_Lq1 ‖f_2‖_Lq2 ,

where we used Proposition 3.1 in [9], which implies that there exists a constant C independent of f_1 and f_2 such that ([b_2, T ](f_1, f_2))‖_Lq ≤ C‖b_2‖_∗‖f_1‖_Lq1 ‖f_2‖_Lq2 , and ([b_2, T ](f_1, f_2))‖_Lq ≤ C‖b_2‖_∗‖f_1‖_Lq1 ‖f_2‖_Lq2 .

Again as the argument as in [10, page 687], let b_1 and b_2 are BMO functions, there exists a constant C independent of f_1 and f_2 such that ‖ [b_1, b_2, T ]f ‖ L^q ≤ C‖b1‖∗‖b2‖∗‖f1‖L^{q1} ‖f2‖L^{q2}

holds for all f_1, f_2 ∈ L^∞_C .

Since L^∞_C is dense in L^p for 1 < p < ∞, thus we can extend [b_1, b_2, T ] to the whole space L^{q1} × L^{q2} . This finishes the proof of Theorem 1.1.

Acknowledgements

The author would like to thank the referee for his/her very carefully reading and many valuable remarks which improve the presentation of the paper.

References

1. X. Duong and L. Yan, On commutators of fractional integrals. Proc. Amer. Math.

Soc. 132(2004), No. 12, 3549–3557.

2. L. Grafakos, R. Torres, Multilinear Calderyn-Zygmund theory. Adv. Math.

165(2002), No. 1, 124–164.

3. L. Grafakos, R. Torres, On multilinear singular integrals of Calderyn-Zygmund type.

Proceedings of the 6th International Conference on Harmonic Analysis and Partial Differential Equations (El Escorial, 2000). Publ. Mat. 2002, Vol. Extra, 57–91.

4. L. Grafakos, R. Torres, Maximal operator and weighted norm inequalities for multilinear singular integrals. Indiana Univ. Math. J. 51(2002), No. 5, 1261–1276.

5. G. Hu, Y. Meng, D. Yang, Multilinear commutators of singular integrals with non doubling measures. Integral Equations Operator Theory 51(2005), No. 2, 235–255.

6. G. Hu, Y. Meng, D. Yang, Multilinear commutators for fractional integrals in nonhomogeneous spaces. Publ. Mat. 48(2004), No. 2, 335–367.

7. C. Kenig and E. Stein, Multilinear estimates and fractional integration. Math. Res.

Lett. 6(1999), No. 1, 1–15.

8. C. Pereź, Endpoint estimates for commutators of singular integral operators. J.

Funct. Anal. 128(1995), No. 1, 163–185.

9. C. Pereź, R. Torres, Sharp maximal function estimates for multilinear singular integrals. Harmonic analysis at Mount Holyoke (South Hadley, MA, 2001), 323–331, Contemp. Math., 320, Amer. Math. Soc., Providence, RI, 2003.

10. C. Pereź, R. Trujillo-Gonzalez, Sharp weighted estimates for multilinear commutators. J. London Math. Soc. (2) 65(2002), No. 3, 672–692.

11. C. Pereź, R. Trujillo-Gonzalez, Sharp weighted estimates for vector-valued singular integral operators and commutators. Tohoku Math. J. (2) 55(2003), No. 1, 109–129.

12. E. Stein, Harmonic Analysis, Princeton University Press. Princeton, NJ, 1993.

(Received 15.07.2006)

Author’s address:

Department of Mathematics Hunan Normal University Changsha, 410081, China