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PROBLEMS OF STATICS OF TWO-COMPONENT
ELASTIC MIXTURES FOR A HALF-SPACE

L. GIORGASHVILI AND D. METREVELI

Abstract. In this paper we consider boundary value problems
of statics of two-component elastic mixtures for a half-space,
when limiting values of the tangential components of partial
displacement vectors and normal components of partial stress
vectors are given on the boundary. We consider also BV Ps,
when limiting values of normal components of partial displace-
ment vectors and tangent components of partial stress vectors
are given on the boundary. We develop a new approach which
is based on explicit forms of solutions of the Dirichlet and Neu-
mann boundary value problems for the Laplace equation for a
half-space.The uniqueness theorems are proved. Solutions are
represented in quadratures.
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1. INTRODUCTION

In the early 605 of the last century, C. Truesdell and R. Toupin for-
mulated in [25] the fundamental mechanical principles of a new model of
a deformable elastic medium with a complex inner structure and thereby
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laid the foundation for the continual theory of elastic mixtures. In subse-
quent years this theory was generalized and developed in different directions.
Based on kinematic and thermodynamic principles, theories were created for
two- and many-component mixtures such as fluid-fluid (Crochet and Naghdi
[9], Atkin [2],Green and Naghdi [13], [14], Green and Steel [12], and solid
body-solid body (Crochet and Naghdi [9], Atkin [2], Green and Steel [12],
Khoroshun and Soltanov [16], Hill [15]).

In the paper by Natrosvili, Jaghmaidze and Svanadze [20], static and
dynamic problems on the linear theory of a mixture of two isotropic elastic
components are investigated by the method of a potential and singular
integral equations. Atkin, Chadvick and Steel [3] and Knops and Steel [17]
deal with the uniqueness theorems for various linearized dynamic problems
of the theory of anizotropic mixtures.

The questions on the existence and uniqueness of weak solutions of mixed
static linear problems for mixtures of two nonhomogeneous anisotropic com-
ponents were considered by Aron [1] and Borrelli and Patria [6], in the for-
mer work, the problem was studied by the method of functional analysis,
while in the latter, by the variational method. In Khoroshun and Soltanov’s
monograph [16], along with theoretical questions, quite interesting concrete
problems of thermoelasticity were considered for two-component mixtures.

For a wider overview of the subject (half-space) area of applications we
refer to the references due to J. Barber [4], M. Basheleishvili, L. Bitsadze
[5], D. Burchuladze, M. Kharashvili, K. Skhvitaridze [7], E. Constantin,
N. Pavel [8], L.Giorgashvili, K. Skhvitaridze, M. Kharashvili [10], L. Gior-
gashvili, E. Elerdashvili, M. Kharashvili, K. Skhvitaridze [11], R. Kumar,
T. Chadha [18], H. Sherief, H.Saleh [21], B. Singh, R. Kumar [22], K. Skhvi-
taridze, M. Kharashvili [23].

In this paper we consider the boundary value problems III and IV of
statics of two-component elastic mixtures for a half-space. We develop a
new approach to the Dirichlet and Neumann BV P; for the Laplace equation
for a half-space. Solutions are presented in quadratures.

2. STATEMENT OF BOUNDARY VALUE PROBLEMS. UNIQUENEOUS
THEOREMS

In the three-dimensional linear theory of elastic two-component mixtures,
a system of homogeneous differential equations of statics is written in the
form [13]

a1 Au' + by graddv ' + cAu” + dgraddvu” =0,
cAv' + dgraddvu’ + asAu” + by graddvu’ = 0, (2.2)
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where v/ = (u},ub,us) ", v’ = (uf,u,uy)" are partial displacement vec-

tors, T is the transposition symbol, A is three-dimensional Laplace operator,
ap = p1 — As, b17u1+)\5+)\17;a az = pia — As,

/

b2:u2+A5+/\2+%a, c= pz+As, o =X3— A\,
_ P1 _
d—ﬂ3+/\3—)\5—?047 p = p1+p2,

p1, p2 are partial densities of the mixture; Ai, Ao, ..., A5, U1, Mo, U3 are
the elastic moduli characterizing the mechanical properties of the mixture,
which satisfy the conditions [20]

py >0, pape —p3 >0, As <0, /\1+3

2
2 2 2
)\1+*/,L1—&0/ )\2+7/,L2+p—10/ > )\34—7#3—&& .
3 p 3 p 3 P

From these inequalities it follows that [20]

d1 = ajaz — C2 > 0, d2 = (a1 + bl)(ag + bz) - (C+ d)2 > 0, (24)
ap >0, a;+b >0.

2
SH1L — %O/ > 07
(2.3)

The stress vector is written in the from [20]

.
ﬂamUz,ﬂWamU,ﬂ%wmw}

where
ﬂ%amU:<Wamw+ﬂ%a)
PP (3,n)U =T®(9,n)u' + T (8, n)u”

P2

TW (@, n)u' = 2uy — o )ndvu' + (1 + As)[n x rot '],

(?) : + ()\1
T@ (9, n)u" = 2us3 6;” (
!
-

p
01
—a)ndvu + (3 — As)[n x rot u”'],
p

0
T (9, n)u’ = 2#367“ + —O/)ndvu + (g — As)[n x rot u],
n p
(4) 7 ou” p / 1
T(0,n)u :2u2—+< —a)ndvu (12 + As)[n x rot u”],
on 0
n = (n1, n2, ng)'is a unit vector, ai Z n; 86 is a derivative with

=1
respect to the vector n, the symbol [a x b] denotes vector products of two
vectors in R3.

Denote by Q7 a half-space 3 > 0 and let 0f2 be the plane z3 = 0.
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Problem. Find, in the domain Q~, a regular solution U € C%(27) N
CY(Q7) of system (2.1)-(2.2) such that on the boundary 992 one of the
following boundary conditions is fulfilled:

e Problem (IIT)"

{n(z)-u'(2)}” = f3(2),
{PP(9,n)U(2) —n(z)(n(z) - (1)(3 nU(2))}" = F'(2),

" (2.5)
{n(z)-u"(2)}” = f5(2),
{PP(0,n)U(2) = n(2)(n(z) - PP 0,n)U(2)}” = F"(2), =€ 09,
e Problem (IV)~
{ (2 ) W(@,mU(2)} " = f3(2),
{v/(z 2)(n(z) u'(2))} =F'(2), (26)
{ () 2)(377& U(2)} =f3(2),
{u"(2) (n(z)-u"(2))} =F"(2), z€0Q,

in the neighborhood of a point at infinity the vect U (x) satisfies the following
conditions:

a) Uj(z) = O(lz|™"),  OwUj(z) = O(|z[72),
k=1,23 j=1,2,...,6, 23>0, |z|— oo,
b) Uj(x) = o(1),  &Uj(z) = o(lz[™"),
k=1,2, j=1,2,...,6, 23=0, |z| — oo,

2.7)

where F' = (f], f5, F5) T, F" = (f{', f, FINT, fL, f1, j=1,2,3, F}, FY

i i
are the function given on the boundary7 (z) is the internal normal unit
vector passing at a point z € 9Q in the domain Q~, x = (x1,z2,x3),

z = (21, 22,0).

Theorem 2.1. If problems (III)~ and (IV)™ have solutions, then these
solutions are unique.

Proof. The theorem will be proved if we show that the homogeneous prob-
lems (f; =0, f =0,j =1,2,3, F; =0, F; = 0) have only a trivial
solution.

Denote by Qg := Q™ NB(O, R), where B(O, R) is the ball with center at
the origin and radius R. Denote by 0€Q2r that part of the boundary of the
ball B(O, R) which lies of the domain z3 > 0, by S(O, R) the circle with
center at the origin of radius R which lies on the plane x3 = 0.
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We introduce the matrix differential operator M (9):
MWD©@) M® (3)]
M 6 = )
@310 Moo, ,
MO@) = [M@)] . 1=1,2,34,

3x3
M (9) = ar0;A + b1 035,
MY (9) = con; A + doyd;, 1 =2,3,

M (9) = asdi; A + 204,

47

where dy; is the Kronecker’s symbol 0; = % i=1,2,3 0= (01,02,05).

Due to (2.8), system (2.1)—(2.2) can be reduced to
M@@)U(x) =0,

where U = (u/,u”) 7.
For the domain Qp , we write the Green’s formula [20]

- / U(z)-T(0,n)U(x)ds—

219753

where [20]

- / (U} - {T(0,n)U (=)}~ ds — / BEU,U)dz, (2.9)
S(O,R) Qr

E(U,U) =(a; + b)(dvu')? + (ag + bo)(dvu)? +2(c + d) dvu’ dvu”+

3 , I\ 2 3 "
Ha Ouy, | 0u; 2 Quy,
+2Z< tom) to 2 (ot

(9£Ej kg1

k#j=1

3
ou),  Ou ou)  ouf
ti 3 (a%‘ +3Ik> (3%‘ +3Ik) -

ktj=1
sy (O ou 0wy
2 dz; Oz Oz Oz )

k,j=1

ou\?
J) n

Oy,

(2.10)

According to inequalities (2.3) and (2.4), we have E(U,U) > 0, x € Q.
Applying the boundary conditions of problems (III); and (IV),, we ob-

tain

{U(z)-T(a,n)U(z)}i -

+{n(z) ()} {n(z) Py, n)U(z)} +

{n(z) ()} {n(z)- PO@,mU )} +
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+{u(e) —n(@)n(z) ' (2)} x
y {p<1>(a mU() ~n()(n(z) - PO@0U() ) +

W) n() () )} x
{ﬂm@n)() () (n(:) - PO@.U) } =0

Using this equality in (2.9), we have
/EUde—i—/U ,n)U(z)ds = 0.
Teys

Passing to the limit on both sides of equality (2.10) as R — 400 and
taking into consideration the asymptotic representations (2.7), we obtain

/E(U, U)dx = 0. (2.11)
a

According to inequalities (2.3) and (2.4), from (2.10) it follows that
E(U,U) > 0. By virtue of this fact, (2.11) implies

E(U,U)=0, z€Q .
Hence, taking into account (2.10), we obtain
dvi/(z) =0, dvu”(z) =0,
due) ) dulla) | @)

_|_

=

ox; ox, ’ Oz Oz, =0
Ouiw) _ 0uslr) _ duila) | 0w (n) g
Ox; Oxy, Oz oz,

A solution of this system has the form

u(z)=[a x2]+V, ' (v)=[d x2]+V', 2

b

where a’,b’,b"” are the three-component constant vectors.
By asymptotic (2.7), we have ' =V =b" =0,1ie. U(x) =0, z €
Q. O
3. SOLUTION OF THE PrROBLEM (III)~

If in the boundary conditions (2.5) we assume that n(z) = (0,0,1), then
these boundary conditions can be rewritten as follows:

{us(2)}” = f3(2), {uz(2)}” = f(2),
oul(z)) 1 oull(z)) 9 (3.1)
(B9 e, (T2} <26, seon
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where
106 = g [ari0) - i) - an 2B 4 dag(u + ) 2B,
J J
of} 0
16 = - @) - i)+ 2l + ) 2 — 0, 2L,
J=12,

a1 = pape — p3 + (p2 — 1) Xs, o = papis — 43 — (2 — f11)As.
From equations (2.1) and (2.2), we have
Arotu'(z) =0, Arotu”’(z)=0, ze€Q . (3.2)
From the boundary conditions (3.1), we obtained

{rotd'(2)}; = £7(2), ot (2)}; = £P(2), j=12  (33)
0 7— ) iro U 7: (4)2 z
{ oot >}3— P { ot <>}3 19, zeon, (3.4)

where
O =8 e, 0= -2 o),
=B o, g0 -2 g0,
@, 3]%21( 2) 8f;)( ) ) = 3f(2;22)1(2) ) aféi(z).

- (3) -
[rotu J //8x3rf] j=12,
[rotu = // f(4 y, j=1,2
Oxs r
[rotu = f3)
3 27T 3 Y

[rotu(x)]g: 27r// f34) Jdy, r=|r—yl|
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from the above equalities, we obtain

[z x rotu’( j // 102 — 201 x261j f(g)( )dy+

+*// 3 Ozs % D) — 03 1 () dy, §=1,2,

2T r

[.13 % rotu”(x)]j _ i// Mf(ﬁl)( )dy

—// 0510 w) b 1)y, =12,

[m x rot u’( 3 // 8x3 2f13) (y) — x1f2(3) (y))dy»
(3.5)

[gc x rot u”’ // 2f14) (y) — 1 2(4)(y))dy.

If in equations (2.1) and (2.2) we take into account the equality grad dv
u = Au + rot rot u, we get

(a1 + b1)Au/(x) + by rot rot ' (2) + (¢ + d) Au” () +
+drotrot u” (z) = 0,

(c+ d)Av/(z) + drotrot v/ (z) + (ag + be) Au” (z)+
+byrotrotu”(x) =0, z € Q™

(3.6)

On the other hand,
Alz x rotu/(z)] = 2rotrotu’(z), Alz x rotu”(z)] = 2rotrotu” (z),
therefore equations (3.6) will be as rewritten
Av'(z) =0, AV'(z)=0, 2€Q, (3.7)
where
v'(z) = 2(ay + b1)u' (z) + 2(c + d)u” (x) + by [z X rot v (z)]+
+d[z x rotu” ()],
v"(z) = 2(c+ d)u(z) + 2(az + ba)u” (z) + d[x x rot v’ (z)]+
+ba[x x rot u”’ (z)].
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If consider the boundary conditions (3.1),(3.3)-(3.4), we will get
(@) =f7(), {5} =£70), (3.9)
o} =106 {mia} =126, e
j=1,2, z€dQ,
where
$(2) =2(01 + b 5(2) + 20c+ D (2) + 21 [ S (2) + dfE0 (2)] -
2 [ f0E) + 4],
AO) =2(c+ ) f3(2) + 2az + b2) f5(2) + 21 |5V (2) + 0 S0 (2)] -
2 AP () + b2 £V (2)]
1) =2+ 0) [0 () + 20e + D) P (2) = bi(=1)7 |25 157 (2)-
A2 = =1y [z 40 - £20)], 5=1.2,
10) =2(c+ D) fV(2) + 2az + ba) [ (2) = d(-1) [25-5 15 ()~
25| = ba(=1)7 [z 5 150 () - £22)] L G =12

The Dirichlet problems (3.7),(3.9) and the Neumann problems(3.7),(3.10)
have the following solution

400
/ __L//ﬂl 5)
’U3($)— o7 8$3T 3 (y)dy7
+

= (3.11)
1 01
vy (2) = _%//87333; (6)(y)dy;
1 J:z: 1
= (3.12)
=5 [ 100 =12
From (3.8), we have
(&) = G/ (@) G @)+ e x ot (@) + G e x ot )],

u(x) = G (x) — V' (x) + (o [z x Tot v/ ()] + ¢7 [z x rotu” (x)],
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where
G = (a1 +b1)/2d2, (o= (az+0b2)/2d2, (3= (c+d)/2dy,
G = (d(c+d) —bi(az + b2)) /2d2, (5 = (b2(c+ d) — d(az + b)) /2d2,
G = (bi(c+d) —d(ar1 +b1)) 2d2, (7= (d(c+d) —ba(a1 +b1)) /2d>.

If we take into account equalities (3.5), (3.11)-(3.12) in (3.13), we get

K( y)d 14
27T/ (z,y)f(y)dy, (3.14)

where

KW (z,y) K3 (z,y) ) (»)
K(aj,y) - |:K(3) (os,y) K(4) (l,7y):|6><67 K (1'73/) - {Klj (x,y)}
p:17253747 f:(flvf”)T7 f/:(f{afévfé)—ra fl/:( {/7 é/’ Z;)I)T7
1 1

K (z,y) = (1 - 83)(1 - 83,) Lh (—azd1p + c(02p + d3p) — a10ap) 15—~

0?r a1 0% 1
- . _ n_=_ - /! T
Bpaxlaxj} +0a5(1 = i) { 9w xr N pxgaxlaxg 7‘]

01 01
—di3(1 — 533‘)5;333%; — 01303 {(51;) +0ap) 77— Drar
J

)
3x3

02 1]
//
T35 5 ) pP= 1a273747
P03 r
1
B = o (@243 — cQya), 1=1,3,
1
B = dy (a1Gi43 — cQy2), 1=2,4,
1
) = o (a2 = d1)Gsa — (1 +d1)G43], 1=1,3,
o =8+ (- 1)l§1 0o, 1=1,2,
1
1
= a (1 = d1)Gr2 — (a2 + d1)Cts], 1= 2,4,
of =Bl — (fl)l% 0y, =34
1

Here we have used the identites

2egina Jf 2 o -1
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0 10f;(y .
// S O i v ayj // axlazjaxg iy, g =12

Calculating the stress vector T'(9,n)U(x) by (3.14), we get

T(0,n) // x,y) f(y)dy, (3.15)

where

LY (z,y) L®(z,y)
L(I7y) - |:L(3)((E,y) L(4)($7y):| 6><6’

LO@,y) = [L@y)] . 1=123.4,

91 * 1
L) (@) :(1_5k3>(1—63j>{ Ot 0 = M s }
1
05 (1= Oks)owra gt
o 1 * 1
+ 0x3(1 — d35) {(W +771)87j;_ TS B 0 7"}

Asd 0% 1 021
+ k303 |:< 5 BCZ ) + 511‘363 T} , 1=1,2,3,4,

m = 2(M1ﬁl/ + MSBZ/+2)7 l =1,2, M= 2(u3ﬁl72 + /J/Qﬁl/)a l= 3747
6[ - 2(M1ﬁlﬁ + u3ﬁll£|»2>7 l= 17 27 61 = 2(/’[/361//72 + /1/26;/)’ l= 374a
M = 161 + (di — a2)dar + (d1 — 1)d31 + 2dar,
Cl/ = 61[ +54l - 62[ - 53l7 l= 1727374a

ds = pips — ,u%, d1; is the Kronecker symbol.

Assume that the functions fj(z2), f/'(z) € C%*(99Q), f3(2),f{(z) €
Ch2(09Q), 7 = 1,2, 0 < a < 1, then by straightforward verification we
establish that the vector U(z) represented in the form (3.14) is a solution of
system (2.1)-(2.2) in the domain Q~. If in the functions {P(l)(ﬁ, n)U(x)}] ,
l,7=1,2 from (3.15) and in the functions u}(z), uj (z) from (3.14) we pass
to the limit as x — z € 9Q (x5 — 0) and take into account [19], [24]

il—% ﬂ// 8173 r =—f(2), ze€099Q, (3.16)

we obtain that the vector U(z) represented in the form (3.14) satisfies the
boundary conditions (2.5).
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If the boundary vector-function satisfies the conditions

A
< —5—, |f 1,2,
|f](z)|< 1+|Z|2’ |f_7( )|< 1+|Z|27 .7
|f’(z)|<i |f”(z)|<i 2z €09, A=const >0
3 1+|Z|, 3 1+|Z|7 ’ )

then the vector U(x) represented by formula (3.14) is a regular solution of
problem (III)~ which satisfies the following decay conditions at infinity

wi(z),uf(x) = O (|| In|z]), j=1,2,

uy(@), ug(x) = O (ja] ™),
Oty (x), Opuf () = O (|2 72), j=1,2,
Opus(x), Opus (z) = O (|ac|_2 In |;p|) . k=1,2,3.

4. SOLUTION OF THE PROBLEM (IV)~

If in the boundary conditions (2.6) we assume that n(z) = (0,0,1)7, then
these boundary conditions can be rewritten as follows:

{wj(2)}" = fi), {uj(x)} =f(), i=12
us(2) ] 1 uy(z) ]~ 9 (4.1)
(B e, {2 P, seom,

where

D) = ;km+Mﬁm (e g (e) -t (244 HED)
o) | OILe)
0z 622 )} ’
Jr

P (z) = di [( b)) fL(2) — (e + d) fi(2) + /Q(af{z(f) N 8f§(z)> B

2

o) | 0f4(2)

o 1 2

@2 < 821 + 822 ’

oy = dy — 21 (az + ba) + 2us(c+ d),

of = 2u3(ag + ba) — 2pu2(c+d),
oy = 2ps(ay +b1) — 2u1(c+ d),
= da — 2u2(a1 + b1) + 2u3(c + d).
From equations (2.1) and (2.2), we have
Advd/ () =0, Advu'(z)=0, 2€Q. (4.2)

From the boundary conditions (4.1), we obtained

{avd/ ()} = £2(2), {dvu’(2)} = fi9(2), 2 €09, (4.3)
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where

50(2) = ;2 [(az 4 b2) f3(2) — (c+ d) f3 (2)+
= o) (L L 2B oy (21, OR)]

(s (2L 2]

821 82’2
The Dirichlet problems (4.2)-(4.3) have the following solution

dv/( // (3) y)dy, =€,
8x3 r

4) _
dvu/ (x) = //8x3rf3 y)dy, €N,

where r = /(21 — y1)? + (22 — y2)? + 23.
If the equalities

A(zdvd/(z)) = 2graddvd/(z), A(zdvu’(x)) =2graddvu”(z),

are taken into eccount in equations (2.1)-(2.2), then they will be rewritten
as follows:

Av'(z) =0, AV'(z)=0, 2€Q, (4.5)
where
V' (z) = 2a1u/ (z) + 2cu”’ () + bz dva/ (z) + dz dvu(z),
1 !/ " ! " (4.6)
v (x) = 2¢cu’ (x) + 2a9u” () + dz dvu’ (z) + box dvu'' ().
By projecting vectorial equality (4.5) on the Oz; -axis, we get
Avi(z) =0, Avj(z)=0, j=12, z€Q. (4.7)

On the other hand, bearing in mind the boundary conditions (4.1) and
(4.3) , we find that

(i)} = £20), (V@) =£1%0), j=12, z€0Q, (48)
where
FP(2) = 201 f§(2) + 2¢f] () + b1z £ (2) + dzs £57(2),
FO(2) = 2f)(2) + 20 (2) + dz; 157 (2) + bazy 57 (2).
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The solution of the Dirichlet problems (4.7)-(4.8) has the form

// Dy)dy, j=12 reQ,
31737"

(4.9)
// ydy, =12 xz€Q.
dxs T 7’
By projecting vectorial equality (4.5) on the Oz3 -axis, we have
Avi(z) =0, Avf(z)=0, z€Q". (4.10)

In view of the boundary conditions (4.1) and (4.3), we get

{8?3}_: ©) (), {81;;3}‘: O(2), zeo9, (4.11)

where
37 (2) =20 50 () + 207 () + 01 £ () + s (2),
37(2) = 268 (2) 202 /7 () + A () + 0o 57 (2),
The solution of the Neumann problem (4.10) and (4.11) has the form

— 79 (y)d 0
’U3I 2’]T// y,IE

(4.12)
_ (5)
vy (z) = ~9x // y)dy, € Q™
From (4.6), we have
o' (z) = 22 [aov! (z) — cv”(z) + (cd — azby)z dvu/(z)+
1
+ (cby — das)z dvu’(z)],
+ 12 2) ()] (4.13)
u'(x) = A [a1v” (z) — e’ (z) + (cby — day)z dvu/(z)+
1
+ (cd — arbg)z dvu” (z)].
Taking into account equalities (4.4), (4.9), (4.12) in (4.13),we get
17
Ule) = 5= [ [ Reao)sws (414)
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where

= KW (z,y) K?(z,y)
3x3’

K = |2 -
@) K®(z,y) KW (z,y)
p=1234, f= 1" F=ULm5mT =0T,

] . KO (y) = K (@,y)]

- 1 03
K" (2,y) =(1 — &i3)(1 — 0s;) [(51p + dap) 51]‘87%; + Ulpaxlaxjaxi +
01
+ 935 (1 — 513)772;;9038731;4‘

01 9% 1
o1 = 05) ("SP%T *’7“’”53@35.@9@37«) *
J J

1 01
013034 - —_— =1,2,3,4
+ 01303, <n4pr+n2px3ax3r)7 p ) 2,9, 4,
Tp :61611) + 611621) + ﬂé(si’)p + ﬂ§/54p7
2p :ﬁéélp + ﬁ§/52p + ﬁzli(s?)p - 1/1/64p7

Oé/ a//
N3p = — (b’i + d;) d1p + (d; - i’) Sap+
O/ a//
() o (G e ) o
as +b c+d
Nap = 2 2 - 5 op— | —— + By d2p—
d2 d2
d +b
_(cte + B 3p + “ LIS Y Oap,
dg d2

B ! [(cd — azb1)(d2 — o) + (cba — das)ah],

' 7 2d,d,
1
Bé = [(Cd — agbl)(az + bg) — (Cb2 — dCLQ)(C + d)},
2d,ds
1
1 “o2id, [(cd — agby)ay + (cbe — daz)(ds — a)],
1
é’ :2d1d2 [(Cbg — da2)(a1 + bl) — (Cd - agbl)(0+ d)},
1
34 = [(cby — day)(dz — af) + (cd — a1ba) oy ],
1
BA/L = [(Cbl — dal)(ag + bg) — (Cd — albz)(c + d)},
2d1ds

1
B =5 [(cby — dar)af + (ed — arby)(dz — af)],
142
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1
BZ = [(Cbl — dCLl)(C + d) - (Cd — a1b2>(a1 + blﬂ,
2dyds
0k; is the Kronecker symbol.
Calculating the stress vector T'(9,n)U (x) by (4.14),we get

“+o0
0.0V (@) =5 [ [ L) sy,

TR (@y) DO (2,y) o

L0 (ey) = [LFwy)] . p=1.234,
3

X3
2

(4.15)

~ 0% 1
ng) (x,y) = (1 — dg3)(1 — d35) {alékj&r%r + (@181 + B + (1 + Xs)nsi+

2 1 , , 3
;+2(M151 +u3Bsy)x

+ (3 — As)m33) 02,07,
J

+ 035 (1—0r3) {(alﬁ§+cﬁ£+(#1+/\5)ﬁ41 + (13— X5 )743)

0% 1
2 / / =
+2(p1 85 + p3fy)ws 912075 T} +
, , o 1
+ Ok (1 — 035)2(pa By + H353)$37a%8mg .

01 9% 1
+ Ok303; {69@,7« +2(mB5 + ”35‘1)x38x§r] :

2

38$k8xj8$3 r

01
==+
T T

-~ 02 1
L) (2,y) = (1 — 6ks)(1 — 03;) [cékjaxgr + (a1By + By + (u1 + As)ms2+

0= N )t) e 20y B s L
Hs 5/7134 Oxp0x; T HaPy T HaPs Baxkamjﬁxgr

/ 0 1
+ 035 (1—0p3) {(alﬂé’cﬂé + (w1 + )\5)7742+(/l3*)\5)7744)7k;+

0% 1
) " _ " +
+2(p1 89 Ms@;)wgaxkaxgr] +
o 1

+ 0k3(1 — 035)2(u1 By + psfy)xs 0,00
21

+ Ok3ds;2(n1 By — usBy)zs e
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. 0% 1
Ll(ci) (:1;7:1/) = (1 — 5k3)(1 — 63]‘) |:C6kjal‘§’l" + (Cﬁi + a?/Bil’, + (/1’3 - )‘5)7731+

0% 1 o3 1

+ (p2 + )\5)7733)m; + 2(usfBy + p2f3)xs
J

afﬂkal’jafﬂg ;

91
+ 83 (1—0p3) l:(cﬁé+a2ﬂzlx+(/~b3_)‘5)n41+('u2+>\5)n43)35%7’+

, , 0% 1
+2(us By + p2fy)w +

3 x0T
+ k3 (1 — 035)2(us By + M25§)$3783 l-f—
6.%381’% T
+ 0k303;2(ps 5 + 2By xs > 1
ox3r’

~ 0% 1
LY (2,y) = (1=04s) (1—g;) [%ax + (B + 0285 + (s = As)sat

0% 1 o3 1

+ (2 + As)n34) o0 T + 2(psfBy + p2f3)xs
J

al'ka.’[jal'g ;

0 1
+ 03, (1—0x3) [(Cﬂg—azﬁff"'(w - )\5)7]42‘1‘(/12"')\5)7744)37“;4-

2
+2(usBy — Mzﬁff)x:sa;zaxgi] +
2 1
s dz;022 T
02 1}

01
+ 5k353j |:8xdr + 2(.“3/85/ - ,UQ/BZ)x?)(,TT%;

+ 0k3(1 — 035)2(u3fy + p2fs) +

Assume that the functions fj(z), f/(z) € C»*(8Q), f3(z), fi(2) €
C%*(09), 7 = 1,2, 0 < a < 1, then by the straightforward verification we
establish that the vector U(x) represented in the form (4.14) is a solution
of system (2.1)-(2.2) in the domain Q~. If in the functions u/(x), u(x),
PU(D,n)U(x), j = 1,2 from (4.14)-(4.15) we pass to the limit as  — z €
00 (z3 — 0) and take into account (3.16), we obtain that the vector U(z)
represented in the form (4.14) satisfies the boundary conditions (2.6).

If the boundary vector-function satisfies the conditions

A A
! 11
! A 11 A
’f](z)| <W, |fj (z)|< z € 0f), A = const >0,

1+ |22’
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then the vector U(x) represented by formula (4.14) is a regular solution of
problem (IV)~ which satisfies the following decay conditions at infinity

10.

11.

12.

13.

14.

15.

uj (), uf(x) =0 (l«|71), j=1,2,

uy (@), us(x) =0 (Ja| ' nfz]),
Oy (x), O (x) =0 (||~ nlz])
Opus(z), Opuly (z) =0 (|z|7%), j=1,2, k=1,2,3.
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