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MULTIVARIATE HARDY-TYPE INEQUALITIES ON TIME
SCALES VIA SUPERQUADRACITY

O. O. FABELURIN AND J. A. OGUNTUASE

Abstract. A new Jensen inequality for multivariate superqua-
dratic functions is proved. The derived Jensen inequality is
then employed to obtain the general Hardy-type inequality for
superquadratic and subquadratic functions of several variables.
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1. INTRODUCTION

In 1920, Hardy [14] (see also [13]) proved that if p > 1 and {ax}}2, is a
sequence of nonnegative real numbers, then

g (i,éak)p : (zﬁl)pgaﬂ (1.1)

Furthermore, Hardy [14] announced (without proof) that if p > 1 and the
function f is nonnegative and integrable over the interval (0, z) then

O/Oo(ijf(t)dt)pdx < (ﬂ)pjfp(x)dx_ (1.2)

Inequality (1.2) was finally proved by Hardy [12] in 1925. Thus, inequality
(1.2)is usually referred to in the literature as the classical Hardy integral in-

P
equality while inequality (1.1) is its discrete analogue. The constant (p%)

on the right hand sides of both inequalities (1.1) and (1.2) is the best pos-
sible.
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In the last five decades, the Hardy inequality (1.2) has been extensively
studied and generalized. A lot of information as regards it applications,
alternative proofs, variants, generalizations and refinements abound in the
literature (see the books [13, 19, 20] and the references cited therein).

In particular, Krulié et al. [18] studied a more general class of Hardy-type
inequalities using convexity approach and obtained that

q

([uort @) < ( [uovsmann) s

Q1 Q2

holds for all nonnegative convex functions ¥ defined on a convex set I C
and for all measurable functions f : Qo — R such that f(Q2) C I, where

Apf(z) = — /k(x,t)f(t)d,ug(t), req

K(x) J
K(z) = /k(x,t)dug(t) >0, 2
and N . )
o(t) = Uu(x) ("}gg) dul(x)] " coo, te s,

2

Observe that by setting 3 = Qy = Ry = (0,00), dp1(x) = dz, dpi (y) =
dy7u(x) = %,k(x,y) = %XO<z<y(xay>7\II(m) = xp?f(y) = f(y%)yﬁ in
(1.3) yields inequality (1.2).

In his PhD thesis, Stefan Hilger [15] (see also [16, 17]) initiated the cal-
culus of time scales in order to create a theory that will unify discrete and
continuous analysis. This new concept has inspired researchers to study
Hardy inequalities on time scales. The first known work in this direction is
probably due to Rehék [24] who obtained Hardy integral inequality on time
scale. Indeed, he showed that

7 (U(x)l_a 7w)f(t)At>pA:c < <pf1>p/mfp(zmx,

where a > 0,p > 1 and f is a nonnegative function.
In 2001, Agarwal et al. [4] obtained the following Jensen’s inequality on
time scales
o

bla/bf(xm:c) < bia /btb(f(x))Ax.
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Anwar et al. [5] obtained the Jensen inequality for convex functions in
several variables on time scale. Also they deduced the Jensen functionals
and established some of its basic properties for multivariate convex functions
on an arbitrary time scale. Specifically, the following result is established.

Theorem 1.1. Let (Q1,%1, pa) and (Qa, X2, Aa) be two time scale mea-
sure spaces. Suppose that U C R™ is a closed convex set and ® € C(U,R)
is convexr. Moreover, let k : Q1 X Q5 — R be nonnegative such that k(x,.)
is Aa — integrable. Then

Jo, M Ja, Kz, y)2(fy)) Ay
CI)( Jo, & xyAy)‘ fg xyAy (14

holds for all functions f: Qo — U, where f;(y) are pa,-integrable for all
je{1,2,...,n}, and sz E(x, y)f(y)A(y) denotes the n-tuple

( [ e fiwsw. [kenhao..... [ k(x,mfn(ym(y)).

Q2 Q2 Qo2

Donchev et al. [10] employed the above result to derive the follow-
ing Hardy-type inequality involving multivariate convex functions on time
scales:

Theorem 1.2. If K : Q1 — R is defined by K (x fgz (z,y)Ay < o,
xz €y and ¢ : Q1 — R is such that

w(y) :ZQ/ (W) Az, y €y,

1

then

l (5 Q/ Hef)an)as < [u)edndr (9

Qo
holds for all Aa-integrable functions f: Qo — R™ such that f(s) C U.
Recently, Abramovich et al. [2] introduced the concept of superquadratic
functions in one variable as a generalization of the class of convex functions.

In particular, they define the one variable superquadratic and subquadratic
functions as follows:

Definition 1.3 ([2], Definition 2.1). A function ® : [0,00) — R is said
to be superquadratic provided that for all z > 0 there exists a constant
C, € R such that

(y) — (z) - Coly —2) —2(ly—zf) = 0
for all y > 0. ® is subquadratic if —® is superquadratic.
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Instead of using convex functions if we use superquadratic functions, then
some similar refined Hardy-type inequalities can be derived. The first result
in this direction can be found in [21] (see also [22] for the multidimensional
analogue). Furthermore, Abramovich et al. [3] obtained a generalization of
this concept for superquadratic functions in several variables.

Barié et al. [6] obtained a one variable Jensen’s inequality on an arbitrary
time scales T using superquadracity argument. In particular, the following
result was derived and proved:

Let a,b € T and f : [a,blpr — [0,00) is rd-continuous and @ : [0,00) — R
is continuous and superquadratic. Then

o [ rar) <

<L /b 2o - 2|7 - 2 /b roar)]as. o)

In a recent paper, Oguntuase and Persson [23] obtained some new Hardy-
type inequalities on time scales using the concept of superquadratic func-
tions. In particular the following result is obtained:

Theorem 1.4. Let (Q1,%1,pua,) and (Qo, X0, ua,) be two time scale
measure spaces with positive o-finite measures and let v : Q1 — R and
k: Q1 xQy = R be nonnegative functions such that k(x,.) is pua,-integrable
for x € Qq. Furthermore suppose that K : Q1 — R is defined by

K(z) = /k(w,y)Aug(y) >0, z €y
Q2

o= | (W) Apn() < o0, y € Ds.

z)
(951

and

If @ : [a,00) = R (a > 0) is a nonnegative superquadratic function,then the
inequality

/ () (A f () A () +

Q

+ [ [u@ S5 (1560) = At @) A @) aty) <

Qo

< [ v@)e(f @), (L.7)

Q2
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holds for all nonnegative pna,-integrable function f : Qo — R, and for
Apf : Q1 = R defined by,

AM@%=?%y/M%wﬂwAm@%x€QL
Q2

If ® is subquadratic, then the inequality sign in (1.7) is reversed.

Motivated by the above results, our main aim in this paper is to establish
a new Jensen inequality for multivariate superquadratic functions and then
employed it to derive the general Hardy-type inequalities for multivariate
superquadratic functions involving a more general kernel on an arbitrary
time scales.

The paper is organized as follows: In Section 2 we recall some basic
notions, definitions and results on multivariate superquadratic functions on
time scales. In Section 3 we prove our results and give some remarks.

2. PRELIMINARIES, DEFINITIONS AND SOME BASIC RESULTS

First, we recall that a time scale (or measure chain) T is an arbitrary
nonempty closed subset of the real line R with the topology of the subspace
R. Examples of time scales are the real numbers R and the discrete time
scale Z. Since time scale T may or may not be connected, we need the
concept of jump operators. Let ¢ € T, we define the forward jump operator
c:T —T by

o(t)=inf{seT:s>t}
and the backward jump operator by
p(t) =inf{s € T:s < t}.

If o(t) > t, we say that t is right-scattered and if p(t) < ¢t we say that ¢
is left-scattered. The points that are right-scattered and left-scattered at
time are called isolated. If o(t) = t then ¢ is said to be right-dense, and if
p(t) =t then t is said to be left-dense. The points that are simultaneously
right-dense and left-dense are called dense. The mapping p : T — [0, 00)
defined by
u(t) = o(t) — t

is called the graininess function. If T has a left-scattered maximum M, then
define T* = T\ {M}; otherwise T* = T. Let f : T — R be a function. Then
we define the function f7 : T = R by fo(¢t) = f(o(t)) for all t € T. Also,
for a function f: T — R, the delta derivative is defined by

fA(t) = fa(s) — f(t)

s—t,o(s)F#t O'(S) —1
A function f: T — R is called rd-continuous provided it is continuous at all
right-dense points in T and its left-sided limits exists (finite) at all left-dense
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points in T. We refer to the books ([8, 9]) for more details on the calculus
of time scales. Note that we have

b b
o(t)=t, u(t)=0, fA=f, /f(t)At = /f(t)dt, when T = R,

b b—1
o) = t+ L) =1, f2 = Af, [ f0A =Y f(0), when T2,
a t=a

In the sequel, we let n € N, we define n-dimensional time scale by the

Cartesian product of given time scales T;,i € {1,...,n}, as Q" = {x =
(x1,29,...,2,) : x; € T;yi € {1,...,n}}. Clearly, Q" equipped with the
usual inner product (-,-) and the norm || - || defined by

n
<Xa Y> = Z TiYi
=1

n 1/2
Ixll= (z )
=1

respectively is a complete metric space with distance defined as follows

and

d(X7Y) :|| X=-Yy H7Xay S Qn

Furthermore, for a,b € Q", [a, b) means the set [a1,b1) X [az,b2) X -+ X
[an,b,) and we write a < b if componentwise a; < b;, i = 1,2,...,n.
Moreover, we define the subsets K,, and K7 € R" as

K, =[0,00)" = {x € R":a<x}

and
Kl =(0,00)" ={xeR":a<x},

where a > 0.

We refer to [10] for the construction of Lebesgue measure and Lebesgue
A-integrals on Q" and also to [8, 9, 11] for theory of measure spaces and
measurable functions on time scales.

Now we recall some essentials about partial derivatives on time scales.
For given time scales T;,i € {1,2,...,n}, let o;, p; and A; denote the
jump operator, the backward operator, and the delta differential opera-
tor, respectively. Let f be a real-valued function on Q™. At point x =
{z1,29,...,2,} € Q" we say that f has a “A; partial derivative” A; f(x)
(with respect to x1) if for each € > 0 there exists a neighborhood Uy, of x4
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such that
|f(o1(x1), @2, . 2n) — f(s' 2, 20)—
—A1f(x)(o1(21) — 81| < e(o1(z1) — V)

for all s' € U,,. Generally, we say that f has a A; partial derivative A; f(x)
(with respect to x;) if for each € > 0, there exists a neighborhood Uy; of ;
such that

\f(xl,xg,...,Uj(xj),...,xn)—f(xl,acg,...,sj,...,xn)—
—Ajf(x)(0j(x;) = 87)| < eoj(x;) — )
for all s7 € Uy;-

Definition 2.1. ([3], Definition 1). A function ¢ : K,, — R is said to
be superquadratic if for every x € K, there exists a vector ¢(x) € R" such
that

Py) = o(x)+(c(x),y —x) +¢(ly —x|) (2.1)
holds for all y € K,,. ¢ is said to be strictly superquadratic if (2.1) is strict
for all x #y.

Furthermore, we say that ¢ is subquadratic if —¢ is superquadratic.
For example, the function

n 1/p
o) = ~lixll, =~ (Sat) . xe £
i=1
is superquadratic for p > 1. We refer to [3] for more examples of su-
perquadratic functions.
Moreover, in this paper, for a given function ¢ : X C Q" — R, we use
the notation
Ag(x) = (A19(x), A2 (%), ..., Apd(x))
to denote A - gradient of ¢ at a point x € X, where A;¢p(x) denotes the
Aj-partial derivative of ¢ with respect to j:th variable at a point x.

The following lemma shows that nonnegative superquadratic functions
are indeed convex functions.

Lemma 2.2 ([3], Lemma 1). Let ¢ be a superquadratic function and
c(x) = (c1(x), ca(X), . .., cnX) be as in Definition 2.1. Then
(1) ¢(0) <0 and ¢;(0) <0 forall j € {1,2,...,n}.
(2) If $(0) = 0 and Ap(0) = 0, then c;(x) = A;p(x) whenever A;p(x)
exists for some index j € {1,2,....,n} at x € K,,.
(3) If > 0, then ¢ is convex and ¢(0) =0 and Ap(0) = 0.

The following Fubini’s theorem on time scale in [7] will be needed in the
proof of our results in Section 3:
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Lemma 2.3. Let (Q, M, up) and (A, L, AA), be two finite dimensional
time scale measures spaces. If f : Q x A — §R is a pa X Aa-integrable

functwns and deﬁne the function ¢(y fQ z,y)Ax for ae. y €A
and p(z) = [, f(z,y)Ay fora.e z € Q then ¢ is Aa—integrable on A,
1S WA - mtegmble on Q and
[ e [ 1@wan= [y [ fepas (22)
Q A A Q

3. MULTIVARIATE HARDY-TYPE INEQUALITIES FOR SUPERQUADRATIC
FuNcTIONS ON TIME SCALES

Let fy) = (f1(y), f2(y),..., fn(y)) be n-tuple of functions such that
fi(y) are pa,-integrable for all j € {1,2,...,n}. Then [, f(y)Aus(y)
denotes the n-tuple

(/fl )Apa(y /f2 JAp2(y /fn JAp2(y )

That is, A— integral acts on each component of f(y). Then, we present our
first result on Jensen inequality for functions of several variables on time
scale as follows:

Theorem 3.1. Let (Q, 31, ua,) and (A, Xo, ua,) be two time scale mea-
sure spaces with a o finite measures. Suppose that U C R" is a closed
convez set and ® € C(U,R) is superquadratic and f(A) C U. Moreover, let
d : K, = R be continuous and superquadratic, k : Qx A — R be nonnegative
such that k(z, ) is pa,—integrable. Then the inequality

(fA y)Apua(y )) <

fA z,y A,U'Q( )

/fA (z yAuz )(q)(f(y))_q)(‘f(y)—Akf(w)l))Auz(y) (3.1)

holds for all functions f: A — K,,. If ® is subquadratic, then the inequality
(3.1) is reversed.

Proof. Suppose that k(z,y) and f;(y) are pa,-integrable. Then, for each
fixed z € 2, the functions

K(z) = / k(e 1) Apa(y),

A

Apfi(x) = ﬁ / k(e 9) 5 (y) Aua(y) for all j € {12, .0},
A
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and

Aif(z) := (A f1(2), Ak f2(2), . .., Ap fa(T)) (3.3)
are well defined. By Definition 2.1, there exists an n-tuple constant C =
(C1,C4,. .., C},) such that

C (Apf(x)) := (C1(Arf(2)), Co(Akf(2)), ..., Cn(Arf(x)))
and that
O(y) > ©(Apf(z)) + (C(Axf(2)), y — Arf(2)) + O(ly — Apf(2)]),  (34)
since Arf(x) € K,. Replace y by f(y) in inequality (3.4) and then we have

B(H(y)) — B(If(y) — Auf(x)]) — B(AL()) > (C(A()), Ky) — ARE()) =
= 3" CHA@) (f5(y) — At (a) (35)

By using the continuity of ®, we have that ®ofis Aus(y)— integrable. Thus,
by multiplying inequality (3.5) by k(x,y) and integrating with respect to
Apsg(y) over the set A yields

/ B, ) (D(8() ~ () — Arf(x)])) Aps (y) — H(Axf(2)) / Bz, ) Aua(y) >

A A
n

> Z@(Akf@)( [re ) - Akfj<w>>Au2<y>).
A

Finally, by using (3.2) and (3.3) we find that

/k z,Y) O(|f(y) — Arf(x )D)Au2(y)—¢(z4kf($))/k(w7y)Aug(y)2

>

o / B y)(Fiy Akfj(x))Am(y)) _
A

HM: HM: HM:

> (At (
c, <Akf<x>>( [ Ko 5w - A [ k(w,y)Auz(y)> -
j=1 A A
=St [ k) £ ) Aualy) — K(2)Acf; (@) ) =
p k <A/ Yy y)apz2(y k )
=S et [ bt an) - [ e sodnm) -
j=1 A A

M:

O (Arf(2))(0) = 0.

<.
Il
—
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That is
1
O N CRDLAe >X
/ B, y) (O(E()) — B(Ey) — Auf(@)]) Apa(y) =
/ s (B() = 8(8) — () Ay,
which by (3.2)-(3.3), means that (3.1) holds. O

Remark 3.2. In Theorem 3.1, let ® be nonnegative and convex and re-
place the time scale measure Aps(y) by the Lebesgue scale measure Ay,
then inequality (3.1) reads

(W) :

: A/ W (®(f(y)) — ®(If(y) — Acf(x)) Ay.  (3.6)

Clearly inequality (3.6) is a refinement of inequality (1.4).
Remark 3.3. In Theorem 3.1 if we set n = 1, k(z,y) = 1, A = [a, b)t then

we obtain
b
(0] L/f( Ay | <
b—a Y) Ay | <

<L /b (e -o([rw - ;2 /b rwai]) )an )

Observe that inequality (3.7) coincides with inequality (1.6) obtained by
Barié et al. [6].

Next, we present our new multivariate Hardy-type inequality on time
scale as follows:

Theorem 3.4. Let (0,31, ua,) and (A, X1, ua,) be two time scale mea-
sure spaces with positive o-finite measures and let ( : Q@ — R and k :
Q x A = R be nonnegative such that k(z,.) is a pa,-integrable function.
Furthermore, suppose that K : Q0 — R is defined by

K(x):= /k(x,y)Aug(y) >0, z €
A
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/C )< oo, y€EA.

Ifo: K, > Risa contmuous and superquadratic function, then the in-
equality

and

/ C(@)® (Auf(2)) Ap (2)+
((x
+ A/ / W@ﬂf(y) — Af(@)]) Apua () Apa(y) <

< [ e dn) (3.8)
A
holds for all nonnegative integrable functions f: A — R and for Apf: A —
R defined by

Apf(z) = ﬁ / ke, )E(y) Apialy), @ € O
A

If @ is subquadratic, then the inequality sign in (3.8) is reversed.

Proof. By applying the Jensen’s inequality (3.1) we find that

/ C(a ) A () =
- / <<x>q>(m / k(x,wf(ymuz(y))ml(x) <

/ (o £(y)) Apis (y) A (1)

- / (@) <I>(‘f(y) - [HE RN ) Ay ).
Q A

Hence, by (2.2) we obtain that

/C ) A (z) <
/ /C x)Apz(y)—
_A/! W‘I’(‘f@) - Kix)A/k(w‘,y)f(y)Auz(y)DAm(m)Am(y) -
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— [ () sl

A
- / / W@Qf@)—(Akf)(;v)|)Au1($)Aﬂ2(y)~
A Q

The proof of the case in which ® is subquadratic is similar the only difference
is that the sign of inequalities are reversed and so the proof is complete. [

Remark 3.5. In Theorem 3.4, if we let ® to be nonnegative and con-
vex and if we replace the time scale measures pa,(y) and pa,(z) by the
Lebesgue scale measures Ay and Ax respectively, then inequality (3.8)
yields

J @y acs [ [EEED 0 1) - ata)) Aajay <
Q A Q

< / n()®(E(y))Ay. (3.9)
A

Observe that inequality (3.9) gives a refinement of inequality (1.5) obtained
by Donchev et al. [10].

Remark 3.6. The case n = 1 in Theorem 3.4 coincides with Theorem 1.4
obtained by Oguntuase and Persson in [23].
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