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REGULAR ELEMENTS OF THE SEMIGROUP Bx (D)
DEFINED BY SEMILATTICES OF THE CLASS X¥,(X,38)
AND THEIR CALCULATION FORMULAS

YA. DIASAMIDZE AND A. BAKURIDZE

ABstrACT. The paper gives a full description of regular elements
of the semigroup Bx (D), which are defined by semilattices of
the class 4(X, 8). Formulas are derived, by means of which the
number of regular elements of the semigroup is calculated when
X is a finite set.

9bogdg. LEHsB0sTo Logmopss sefg@omo Xa(X,8) gaslols
2590m05bgdsms D bsbygs®@dglg@gsom gsblsbwgdgmo Bx (D)

bobg3o0xa9Rgo0l Mgagmamgmo gegdgbBgdo. Lologmo X
Lodmsgmol YgdmbgggsBo dmygsbogos 53 bobggsdxagaol @g-

3O Y0 gagdgbBgdol MomEgbmdol womgmol gm®dgmgdo.

Let X be an arbitrary nonempty set, D be an X-semilattice of unions,
i.e. a nonempty set of subsets of the set X that is closed with respect to the
set-theoretic operations of unification of elements from D, f be an arbitrary
mapping from X into D. To each such a mapping f there correspondes a
binary relation ay on the set X that satisfies the condition

ap = |J ({z} x f(@)).

zeX

The set of all such ay is denoted by Bx (D). It is easy to prove that
Bx (D) is a semigroup with respect to the operation of multiplication of
binary relations, which is called a complete semigroup of binary relations
defined by an X-semilattice of unions D.

We denote @ by an empty binary relation or empty subset of the set
X. The condition (z,y) € a will be written in the form zay. Further let
r,ye X, YCX,aeBx(D),TeD,@#D CD,D=UDandteD.
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Then by symbols we denote the following sets:
ya:{xGX\yax}, Ya= U ya,
yey
2¥={V | v cx}, x"=2%\{a},
V(D,a) ={Ya|Y € D},
Dyp={T"eD |TCT}, Dp={T"eD |T CT},
D; = {Z’ eD |te Z'}7 (D', T)=U(D"\ D}).

By symbol A(D, D’) we mean an exact lower bound of the set D’ in the
semilattice D.

Let X and X¥4(X,8) be respectively an arbitrary nonempty set and the
class of X-semilattices of unions, where each element is isomorphic to some
X-semilattice of unions D = {Z7, Zg, Z5, Z4, Z3, Z2, Z1, D} that satisfies the
conditions

Z7CZ4CZ1C137 Z7CZ§C21CD, Z7CZ§CZ3CD,
W\ Zy # DB, Zo\Z1# @, Z1\Zs# D, Z3\ Z1 # D,
ZQ\Z37£®7 Z3\ZQ7é®a Z4\Z57é®7 Z5\Z47£®7
Zy\Ze # D, Ze\Zs # 9D, Zs\Zs #+ 9D, Ze\Z5 # D, (1)

Z1UZy=21UZ5 =D,
ZoUZs=Z4UZy = Z4 U Zy = Z5 U Zyg = Zs U Zs = D,
ZyUZs=2Z4UZg=2Z5UZg = Z;.

An X-semilattice that satisfies conditions (1) is shown in Figure 1.

FIGURE 1

We call an element « taken from the semigroup Bx (D) a regular element
of the semigroup By (D) if in Bx (D) there exists an element 5 such that
aofoa=a (see [2] and [12]).

Let us give some definitions.

Definition 1. We say that a complete X-semilattice of unions D is an
XI-semilattice of unions if it satisfies the following two conditions:
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(a) A(D,D;) € D for any t € D;

(b) Z = tUZ A(D, Dy) for any nonempty element Z of D.
€

The following lemma is well know (see [11, Lemma 2.2]).
Lemma 1. Let D = {Z7, Zg, Zs, Z4. Z3, Zo. Z1, D} € $4(X,8). Then
subsets of the following form

(1) {27}, {Zs}. {25}, {Zu}, {25}, {2}, {Z1}, {D} (see Diagram 1 in
Figure 2);

(2) {Z77Z6} {Z7, 24}, {Z7,Z3} {Z7,2,}, {Z7,D} {Z67Z3} {Ze,Z1}
{ZG,D} {Zs,Z,}, {Zs,D}, {Z4, 21}, {Z4, D}, {Z3,D}, {Zs, D},
{Z1, D} (see Diagram 2 in Figure 2);

(3) {Z7,Z6,D}, {Z77247D}7 {Z77Z37D}: {Z'TaZlv-Du}; {Z57217-@}7
{Z7aZ67Zu3}7 {Z77267Z1}7 {Z7>Z47Z1}; {Z67Z33D}7 {ZG7Z17D}7
{Z4,71,D} (see Diagram 3 in Figure 2);

(4) {Z73Z67Z3a[)}7 {Z77Z67Z17D}7 {Z7,Z4,Zl,b} (‘966 Dz’agmm 4 in
Figure 2);

(5) {Z7;ZG7Z47Z1}; {Z7,Z47Z3,D}, {Z67Z37Z17b}7 {Z73Z35217D}
(see Diagram 5 in Figure 2);

(6) {Z7,Zs, Zs, Zy, D} (see Diagram 6 in Figure 2);

(7) {Zz, Zs, Zs, Zy, D} (see Diagram T in Figure 2);

(8) {Zz,Zs, Z4, Zs, Z1, DY} (see Diagram 8 in Figure 2),
ezhaust all XI-subsemilattices of the semilattice D.

According to the proof of Lemma 1, the diagrams of XI-semilattices will
have the form of one of the diagrams given in Figure 2.

11414

FIGURE 2

°
1

Now assume that D € ¥4(X,8). We introduce the following notation:
) Q1 ={T}, where T € D;

2) Q2 ={T,T'}, where T, 7" € D and T C T";

3) Qg ={T,7,7"}, where T, 7", 7" € Dand T C T' C T";
)

(1
(
(
(4) Qs ={Z:;,T,T', D}, where T,T' € D and Z; CT C T’ C D;
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(5) Qs = {T,1",2,T' U Z}, where T,T',Z € D, T ¢ T', T C Z,
T'\Z+#@,and Z\T' # ;

(6) Qo ={Z7,Zs, 24,21, D};

(1) Q7 ={Z1,Zs, 23,21, D};

(8) Qs = {Zr, Zs, %4, Z3, 21, D}.

Definition 2. The one-to-one mapping ¢ between the complete X-se-
milattices of unions D’ and D” is called a complete isomorphism if the
condition

p(UD1) = ] o1
T’eD;
is fulfilled for each nonempty subset D; of the semilattice D’ (see [4, Defi-
nition 6.3.2] or [5, Definition 6.3.2]).

Definition 3. Let a be some binary relation of the semigroup Bx (D).
We say that the complete isomorphism ¢ between the complete semilattices
of unions ) and D’ is a complete a-isomorphism if

(a) @=V(D,a);
(b) (@) = @ for @ € V(D,a) and p(T)a =T for any T € V (D, «)
(see [4, Definition 6.3.3] or [5, Definition 6.3.2]).

Definition 4. Let the symbol ¥4 ;(X, D) denote a set of all XI-subsemi-
lattices of the semilattice D.

Let further, D', D" € ¥4 (X, D) and 9x1 C £5(X, D) xE4(X, D). It is
assumed that D'dx1 D" if and only if there exist some complete isomorphism
© between the semilatices D’ and D”. One can easily verify that the binary
relation ¥x; is an equivalence relation on the set ¥4 (X, D).

Let the by symbol Q;¥x; denote the ¥xi-class of equivalence ¥y of the
set X4 (X, D), whore every element is isomorphic to the X-semilattice Q;.

Remark, that

Quixt = {{Z1}{Zs} A Zs} {Zu} {Za} A 22} A 21} AD} },

Q20x1 = {{Z% Z},{Z7, 23}, %7, Z3},{ %7, Z1},{ %+, D},
{Zs, Zs}:{Zs, Z1},{Zs, D}, {Z5, Z1},{Z5, D},
{21, 21}{Z4. D}, {Z3, D}, {22, D} {21, D}

Q7Vx1 = {{Z% Zg, Z3, Zlyb}}v

QsVx1 = {{Z% A A AR D}}
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Assume that D’ € Q;0x1 and denote by the symbol R(D’) the set of all
regular elements « of the semigroup Bx (D), for which the semilattices D’
and @; are mutually a-isomorphic and V(D,a) = D" and

R@Q)= |J RO
D'eQqivx1
(see [4, definition 6.3.5] or [5, definition 6.3.5]).
Let « € Bx(D), T eV(D,a) and Y2 ={z € X | za=T}.

Theorem 1. Let D = {Z7, Zg, Zs, Zu, Zg,ZQ,Zl,ﬁ} € 34(X,8). Then a
binary relation « from the semigroup Bx (D) whose quasinormal represen-
tation has the forma= |J (Y xT) will be a regular element of this

TeV(D,a
semigroup if and only if ther(e ex)z'sts a complete ¢ a-isomorphism from the
semilattice V(D,«) to some subsemilattice D' of the semilattice D which
satisfies one of the following conditions:
(a) a =X x T, for some element T € D;
(b) a= YPAxT)JU(YEXT') forsomeT, T' € D, T CT', Y, Y5 ¢ {2}
and Y 2 o(T), Yi, N o(T') # @;
(¢) a= Y2 xTYUYE xT)J(YR xT") for some T,T', T" € D, T C
T CcT", YR YR YR € {2} and Y2 D o(T), YRAUYFR D (1),
Yrne(T) # @, Y N(T") # 75
(d) o = (Y& x Z) U (Y x T) U (Y& x T') U (Y x D) for some
T,T" €D, Z; CT CT C D, Y& V£, Y8, Y & {2} and Y& D
p(Z7), YUY 2 9(T), Y7 UYp UYy 2 o(T'), Yi Ne(T) # &,
YR ne(T) # 2, Y§* 0 (D) # 2;
() a= Y xT)UYp xTYUYZ x Z2)J(Yf,, x (T"UZ)) for some
T.T'.Z2eD, TCT,TCZ T\Z#2, Z\T' 2, Y2, Y8 YS &
{2} and YE UYS 2 o(T'), Y2 UYE 2 ¢(2), YN (T') # 2,
Y No(Z) #9;
(f) o = (Y2 X Z)U(YE X Zg)U(Y % Z4)U(Y % Z1)U(YE % D) for some
VP YE Y Y € {2} and Y7 UYS 2 ¢(Ze), Y7 UYS 2 o(Za),
Y§* N p(Zs) # @, Y N o(Za) # 2, Y N (D) # 2;
(8) o = (Y x Z2) U (V¢ X Zg) U (VS X Z3) U (YE X Z1) U (Y§ x D) for
some Y2, Y&, Y Y™ € {0} and YAUYS D p(Zs), YUY UYY O
o(Z3), Y7 UYS UY 2 o(Z), Y§* N(Ze) # D, Y5 Np(Zs) # 2,
Yi*N(Z) # 2;
(h) a = (Y x Z7) U (Y§ x Zs) U (Y x Zy) U (Y x Zs) U (V> x
Z)) U (YE x D) for some Y, YO, Y, Ve € {@} and Y2 D o(Z7),
Y UYE D w(Ze), Y UYR 2 ¢lZy), YUY UYE 2 ¢lZs),
Y& N o(Zs) # @, Y N o(Za) # 2, Y3 N o(Zs) # 2.
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Proof. In this case, from Lemma 2.2 (see [11]) it follows that diagrams
1-8 given in Figure 2 (see [11]) exhaust all diagrams of XI-subsemilattices
of the semilattices D. A quasinormal representation of regular elements of
the semigroup Bx (D), which are defined by these XI-semilattices, may have
one of the forms listed above. Then the validity of the theorem immediately

follows from Theorems 13.1.1, 13.3.1 and 13.9.1 (see [4] or [5]). O
Lemma 2. If |Q(Q)| = mqg, then the following propositions are valid:

(a) |R(@))] =1
(b) [R(Qa)] = mo - (2T — 1) - 2PX\T",
(c) |R(Qs)| = mg - (27Tl — 1) . 3IT"\T'I — oIT"\T'ly. gIX\T "I
(d) |R(Qu)|=mq-(2T\Z711).(3IT \TI2IT \T1. (4l D\T'|_gID\T"1y.4| X\ DI
(e) |R(Qs)| =2-myg- (2T\Zl —1). (2A2\T'I _ 1) . 4IX\(T"L2)I,
(f) |R(Q6)|:g.mo.(Q\Za\Z4I_1).(2\24\76|_1).(5\D\71|_4If7\71|).5|X\E\;
(g) |R(Q7)| =2-mg- (Q\Ze\Zﬂ — 1).2|(Zsﬂ21)\Za\ . (3\Za\le _2|Zs\21\).

.(3\71\23| — 2\71\23|) . 5|X\b\;
() |R(Qs)| = mg - (2!%3\Zal — 1) . (21Z6\Za] _ 1) . (3[Z\Z:| _ 9[Z5\Zul).
.gIX\DI

Proof. The propositions (a), (b), (¢) and (d) immediately follow from The-
orem 13.1.2, while the propositions (e), (f), (g) and (h) follow from Corol-
laries 13.3.4, 13.3.5, 13.3.6 and 13.3.7 (see [4] or [5]). O

1. Lemma 3. Let D = {Z7, Zg, Zs, Z4, Z3, Zo, Z1, D} € 4(X,8). If X
is a finite set, then

[R*(Q1)] =

Proof. According to the definition of the semilattice D we have

I RNV ARVARVANVARVARTIES
Assume that
D} ={Z7}, Dy={Zs}, Ds={Zs}, Dy={Z},
Dy ={Z}, Dy={Z}, D;={%}, Di={D}.
Then from Theorem 6.3.6 (see [4] or [5]) we obtain
|R*(Q1)] =|R(D)| + [R(D3)| + |R(D3)| + |[R(Dj) |+
+ |R(D5)| + [R(Dg)| + |[R(D7)| + |R(Dg)].-
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By the proposition (a) of Lemma 2, from this equality we obtain
IR* Q)| =1+14+1+1+14+1+14+1=38. O

2. By the definition of the semilattice D we have

Qux1 ={{Z7, D}, AZs, 21}, {7, D}, {21, D},
{27, 26}, {27, Z4} {27, Z3},{Z7, 21}, {Zs, Z3},{ Zs, 21},
{Z6, D}, (%5, D} A%s, 21}, {Zs, D}, {73, D} }.
Now, if
Dy ={Z;,D}, Dy={Zs,D}, Dy={Z,D}, Dj={%,D},
D5 ={Z:,Zs}, Dg=A{Z7,Zs}, Dy ={Z7,Z3}, Dg={Zr,Z:},
Dy ={Zs, Zs}, Diy={Zs, 71}, Diy ={Z, D}, Diy={Zs %1},
Diy ={Zs, %1}, Diy={Z,D}, Di5={Zs D},
then from Theorem 6.3.6 we obtain (see [4] or [5]):

R (Q2) = |J R(DY). )

Lemma 3. Let D = {Z;,Zs, Zs5, Zy, Z3, Za, Zl,D} € ¥4(X,8). Then
|R*(Q2)| = |R(DY)| + [R(D3)| + |R(Ds3)| — [R(DY)].

Proof. Assume that D' = {Z,Z'} € Qa0xy, then Z,Z' € D and Z C Z'. 1f
«a € R(D'), then the quasinormal representation of a binary relation a has
the form o = (YA XT)U(Y R xT"), where T, T € D, T C T', Y, Y & {2},
and, by the proposition (b) of Theorem 4.1 (see [11]), satisfies the conditions
YD Zand Y NZ # @. Since Z7, Zs and Z are minimal elements of
the semilattice D, we have Z D Z; or Z O Zs or Z O Zs.

On the other hand, D is a maximal element of the semilattice D and
therefore Z’ C D. Hence, in the considered case, only one of the following
three conditions is fulfilled:

YD Z; and YA ND # @
or

YD Zs and YA ND # @
or

Y£ D Zy and Y&, ND # @,
ie. a € R(D)) or o € R(Dj), or o € R(Dj). Hence, using equality (2), we
obtain

R*(Q2) = R(D}) U R(D5) U R(Dj). 3)
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Now assume that « € R(D}) N R(DY), then

Y'IQCQZ77 Yﬁﬂb#@,

4 a » (4)
YT 2257 YTIOD#Q.

The last conditions imply that Y O Zr U Zs = Zj, Dn Y§ # o, ie.
a € R(DY}). Therefore the following inclusion is true:

R(D}) N R(D}) € R(D)).

Now, if we assume that a € R(D}), then we get Y* O Z; and Y§, N
D # &. These two inclusions imply the validity of the third inclusion, i.e.
a € R(D}) N R(D}), therefore R(D}) C R(D}) N R(D}). Thus the equality
R(D}) N R(D4Y) = R(D)) is valid.

Assume that a € R(D}) N R(D5%), then

Y 2Zry, YfND#e,

. . (5)
YT 2227 Y]vﬂD#@.

From these conditions we obtain Y2 D Z;UZy = D, DNY # @, i.e. YN
Yr 2 Dn Y7, # @. The latter inequality contradicts the quasinormality of
the representation of the binary relation a. Thus we have R(D})NR(D%) =
@. R(Dj) N R(D%) = @ is proved analogously. Therefore the following
equalities are valid:

; (6)

From the second and fifth equalities we obtain
[R*(Q2)] =|R(D}) U R(D3) U R(Ds)| = [R(DY)| + |R(Dy)| + [R(Ds)|—
— [R(D}) N R(D)| — [R(D1) N R(Ds)| — |R(Dy) N R(D3)|+
+ [R(DY) N R(D5) N R(Ds)| =
=[R(DY)| + |[R(D3)| + |R(D3)| — |R(D})- O

Lemma 4. Let D = {Z7,Z6,Z5,Z47Z3,ZQ,217D} € X4(X,8). If X is
a finite set, then

|R*(Q2)| = 15 - (2|15\Z7\ 4+ 9ID\Zs| 4 9l D\Za| _ oI D\Z1| _ 2) . 9lX\D|
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Proof. By Lemma 3 the following equality is true:
[R*(Q2)| =|R(DY)| + [R(Dy)| + |R(D3)| — |R(D})| =
15 . (21P\Z7| _ 1) oIX\D| 4 15 (2\5\25| —1)- olX\D

+

=15- (
15 - (2|f7\Zzl —1) . 9lX\D| _ 5. (2\5\le -1)- olX\D
=15 - (2|D\Z7| + 9l D\ Zs| + 9lD\Z2| _ 9|D\Z1| _ 2) - olX\D|

3. According to the definition of the semilattice D we have
Qstxi ={{#7, 25, D}, {22, Z4, D}, 21, Zs, D}, {22, 21, D},
(Zs, 21, DY, {Zz, Zs, Z3},{ Zr, Za, 71}, { Z1, Zs, 71},
{Zs, 71, DY, Zs, Zs, D}, {74, 21, D} }.
Now, if
D, = {Z7,Z,DY, Dby={Zs Zs,D}, Diy={Zs,Zs, D},
D}y ={%:,21,D}, Dy=1{Zs,21,D}, Dy={Zz,%,7%s},
D/7 ={Z7, 24, Z1}, Dé ={Z7,Zs, 21}, Dé = {ZG>Z17D}7
Dy ={Zs, 23, D}, Dy, ={Zs, 21, D},
then by Theorem 6.3.6 (see [4] or [5]) we obtain

R*(Q3) = U R(Dj). (7)

Lemma 5. Let D = {Z7, ZG7Z5, Z4,Z3,Z2, Zhb} € Z4(X,8) Then

[R*(Q3)] = [R(D1)| + [R(D3)| + |R(D5)| + |R(Dy)| + [R(D5)| -
— |R(D1) N R(Dy)| — |R(DY) N R(D})| = [R(D5) N R(DY)].

Proof. Assume that D' = {Y,Y’,Y"} is any element of the set Q360x1 and
a € R(D’). Then a quasinormal representation of the binary relation « has
the form o = (Y2 x T)U (YA x T") U (YF, x T") for some T,7",T" € D,
TcT cT", YA YR, YE & {o} and, by the proposition (¢) of Theorem
1, satisfies the following conditions: Y DY, YFUYR DY YA NY' # o,
YR, NY"” # @. According to the definition of semilattices of the class
¥4(X,8) we have Y D Z; or Y D Z5 and Y” C D. Hence the conditions
Y DY, YRUYE DY Y& NY £, Y8 NY" £ & imply

YD Zy, YRAUYSE DY, YANY' 40, Ya.ND+#w

or
YEDZs, YAUYSE DY, YANY' 4@, Y& ND+w,
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ie., a € R{Z:,Y',D}) or o € R({Zs,Y',D}). Taking these conditions
into account, from equality (7) we obtain
R*(Qs) = R(D}) U R(D3) U R(Dg) U R(D}) U R(Dy). (8)
Now, assume that D' = {Y,Y’,Y"} and D" = {¥1,Y{,Y{" } are any
elements of the set {D}, Dy, D}, Dy, DL}, D' # D" and « € R(D')NR(D").
Then, concurrently, the following conditions take place:
YRADY, YAUYSE DY, YANY 4@, YA ND+#0,
YFOW, YFUYR DY, YANY) #£a, YR,ND+#g2,

whence we obtain Y DY UY;, YAUYR DY UYY.
Let us consider the following cases:

(1) D' € {D}, Dy, D}, D}, D.} and D" = D.. Then Y D Y UY; =
Z7 U Zs = Z;. By assumption, D" = D and therefore
YED Zs, YAUYR D2y, YENZI #@, YA, ND+# .

Thus Y NYFR D Z1 NYp # @, which contradicts the condition of quasi-
normality of the binary relation «. The obtained contradiction shows that
R(D'YN R(DY) = @. Therefore

R(DY)NR(D5) =@, R(Dy)NR(D5) =2,
R(DY)NR(DL) =2, R(D))NR(DE) =2.

(2) Now let oo € R(D}) N R(DY), then according to the proposition (c)
of Theorem 1

Y’,Z(}QZ77 Y;UYCZ%QZ67 Y’,Z{'X’QZG#Q? Y’,Z(}”mb#ga
YD Zy YRUYR DZy, YENZi#0, YA, ND#0,

9)

i.e. the latter conditions are fulfilled if and only if
YD Z7, YPUYR D27y, YriNZs# 9,
YANZ #2, YR.ND# .
On the other hand, if « € R(D}) N R(D5) N R(DY), then

(10)

YD Zy, YRUYR D Zs, YENZs# @, YA, ND# @,
YD Zy, YRUYR D2y, YENZy# 3, YA, ND# 2,
YED Zy, YRAUYR D Zy, YENZI#@, YA, ND# .
i.e. the latter conditions are fulfilled if and only if
Yr 2 Zz, YpUYp 27y, Yp N Ze # @,

v (11)
YANZi#0, Y& ND+ .
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From conditions (10) and (11) it follows that
R(Dy) N R(D3) = R(D) N R(D3) N R(DY).

(3) Now let o € R(Dj) N R(DY), then according to the proposition (c)
of Theorem 1

Y'J(} 2 Z77 Y’Z(}UY’Z("% 2247 Y'lg’mzll#g? Y’Z(}”mb#ga

Y'leé 2 Z77 YY(}UY’,Z?’ 2237 Y',Zg’mz?)?é@? Yﬁ’mb#ga
ie. YEUYS D ZyUZs =D, (YEUYR)NYR 2 DNYR, # @. The latter
inequality contradicts the condition of quasinormality of the binary relation
a. Therefore R(D5) N R(DY) = @

In an analogous manner we prove that R(D%) N R(D)) = @. Thus the
following equalities are valid:

R(D )OR( 5) = R(Dy)N R(D') R(DY), (12)
R(Dy) N R(Dg) = @, R(D3) NR(D5) =@, R(D3)NR(Dg) =2,
R(Dy) N R(D5) = @, R(D3) NR(Dy) =@, R(D3)NR(DY) =2.

Using equalities (8) and (12) we obtain
|R*(Qs)| =[R(D}) U R(D3) U R(D3) U R(Dj) U R(Ds)| =
=[R(DY)| + [R(D3)| + |R(Ds)| + |R(D})| + | R(D5)|—
—|R(DY) N R(D3)|—|R(D}) N R(D})|—|R(Dy) N R(D})|. O
Lemma 6. Let D' = {Z;,Y' D} and D" = {Z;,Y{,D}, where Y] D Y".
If a quasinormal representation of the binary relation « of the semigroup

Bx (D) has the form o = (Y x Z7) U (Y& x T)U (Y x D) for some T € D,
Z; CT C D and Y, Y2, YY" & {@}, then o € R(D')NR(D") if and only if

YD Zy, YOUYR DY, YANY' #3, YOND #0.
Proof. If « € R(D") N R(D"), then

YD Zy, YEUYRDY!, YENY' #@, YPND # o,

. (13)
YD Zy, YOEUYR DY, YENY 4@, YOND +#o.
These conditions imply
YD Zy, YOUYR DY, YANY 4@, YOND + 2, (14)

because the inclusion Y/ D Y” is valid by assumption.
On the other hand, if conditions (14) are fulfilled, then conditions (13)
are valid, too, i.e. the condition o € R(D’) N R(D"), too, is fulfilled. O
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Lemma 7. Let D = {Z7, Z67 Z5, Z47 Zg, ZQ, Zl, lv)} S E4(X, 8) If X is
a finite set, then the following equalities are valid:

|R(D/1) N R(Dg)| =11 .2/%3\Zel| . (2|Ze\Z7\ —1)- (3|f’\Z3| — 2|D\Zsl) . 3|X\D|’
|R(D}) N R(Dy)|=11-2171\%sl . (91Z6\Z7] _ 7). (3!P\Z1 _ ol D\ZL]y . 31X\D|
|R(D’2) N R(DZL)‘ =11 .92/%1\24| . (2|Z4\Z7\ —1)- (3IE\Z1| _ 2|E\Z1|) . 3lX\D|

Proof. Let D' = {Z7,Y',D} and D" = {Z;,Y{, D}, where D’ # D" and
Y/ D Y’. Assume that « € R(D’) N R(D") and the quasinormal repre-
sentation of the binary relation a of the semilattice Bx (D) has the form
a= (Y X Z;)U(YE x T)U (Y x D) for some T € D, Z; C T C D and
Yo Y Yo & {@}. Then, using Lemma 6, we obtain
YD Zy, YOUYR DY, YANY' #@, YOND +#0. (15)
Now assume that f, is such a mapping of the set X in the semilattice D
that f,(t) = ta for any ¢ € X. Assume that fon, fia, foa and f3, are the
restrictions of the mapping f, on the sets Z7, Y{ \ Z7, D \ Y/ and X\ D,
respectively. It is clear that the elements of the set {Z7, Y{\ Z7, D\Y{, X\ D}

do not intersect pairwise and their union is equal to the set X.

Now let us consider separately each of the mappings foa, fia, foa and
f3a-

(1) If t € Z7, then by conditions (15) we have ¢t € Y. Hence, by the
definition of the set Y, we obtain taw = Z7. Thus foo(t) = Z7 for every
te Zs.

(2) If t € Y{ \ Z7, then by conditions (15) we have

teY/\Z; CY] CYFUYS.
From this, according to the definition of the sets Y* and Y}, we obtain
ta € {Z7,T}, i.e. fia(t) € {Z7,T} for any t € Y{ \ Z7.

By assumption, Y NY’ # &. Therefore tyoe = T for some t; € Y. If
t1 € Zy, then by conditions (15) we have tya = Zy. The latter condition
contradicts the equality tya = T since T' # Z7. The obtained contradiction
shows that t; € Y\ Z7.

Thus fi1a(t1) =T for some t; € Y\ Z;.

(3) If t € D\ Y{, then by conditions (15) we obtain

teD\Y/CDCX=Y2UYFUYS,
whence, according to the definition of the sets Y7, Y and Yj* we get
ta € {Z7,T, D}, ie., fou(t) € {Z7,T,D} for any t € D\ Y].

By assumption, Yj* N D # &. Therefore topa = D for some ty € D.
If ty € Y], then, using conditions (15) we have toaw € {Z7,T}. The latter
condition contradicts the equality toee = D since D & {Z;,T}. The obtained
contradiction shows that ty € D\ Y7.
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Thus foa(to) = D for some to € D\ Y{.
(4) If t € X \ D, then by conditions (15) we have

te X\DCX=YrUYFUYY,

which, according to the definition of the sets Y, Y and Y*, implies ta €
{Z7,T,D}, ie., fsa(t) € {Z7,T, D} for any t € X \ D.

Thus, for every o € R(D’) N R(D") there exists a system of mappings
(foa fras f2as f3a)- Also, to different binary relations there correspond dif-
ferent systems.

Now assume that

fo:Zr =427}, f1:Y{\Zr —{Z:, T},
fo: D\Y{ = {Z;,T,D}, fs:X\D — {Z,T,D}

are the mappings satisfying the following conditions:

(5) fo(t) = Zy for every t € Zy;

(6) fi(t) € {Z7, T} for every t € Y{ \ Z7 and fi1,(t1) = T for some
t1 €Y’ \ Z7;

(7) falt) € {Z7,T,D} for every t € D\ Y] and fan(to) = D for some
to € D \ Yl/,

(8) fs(t) € {Z7,T,D} for every t € X \ D.

Now let us define the mapping f : X — D as follows:

fo(t), if t e Zyg,
AW, if te Y]\ Z,
) = fa(t), if te D\YY,

fs(t), if te X\ D.

To this mapping we put into correspondence the binary relation f =

EX({x} x f(z)) of the semigroup Bx (D).

Now, if Y2 = {t| t3= 27}, Y ={t| tB="T}, Y] = {t| t = D}, then
we write the relation 8 in the form

B= (Y% Z) UYL xT)u (Y{ x D)
and it satisfies the conditions
YD Z, YPUYS DY, YinY' #2, YPND+w.

(By assumption, f1(t;) = T for some t; € Y'\ Z7 and fa(to) = D for some
to € D\ Y{.) Therefore, by virtue of Lemma 6, 8 € R(D’) N R(D").

Let us assume that there exists a one-to-one correspondence between the
system of binary relations « taken from R(D’) N R(D") and the system of

mappings (ana fl()u f2a7 f3a)~
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According to Theorem 1.18.2 (see [4] or [5]), the number of systems of
mappings is equal to

1, 2lONNZNE NI (Y \Zrl _q) gID\YIL gl D\Y{| gIX\DI

Note that the number

oYYl (alY\Zrl _ 1y (3ID\Y{] _ ol D\Y{I) . 31X\ D]

does not depend on a choice of chains T Cc T/ ¢ T (T,7',T"” € D) and
since the number of differing three-element chains is equal to eleven, we
have

’R(D’) a R(D”)| — 11 .2Y\Y'I, (Q\Y/\Z7| -1)- (3|E\Y{| _ 2|D\Y{\) . glX\D|
Hence we obtain

|R(D’) N R(Dé)‘ =11 - 2143\ . (2|ZG\Z7\ —1)- (3|ﬁ\23| _ 2|D\Z3|) . 3|X\D|’
|R(D}) N R(Dy)|=11-2171\%sl . (91Z6\Z7| _ 7). (3!0\Z1] _ ol D\Zi]y . 31X\D|
|R(Dy) N R(DY)|=11-212\Zal (2l Z:\Ze] 1. (3ID\Z1] _ 9lD\Zily . 3IX\DI

Lemma 8. Let D = {Z7,26,Z5,Z47Z3,ZQ,21,D} S E4(X,8) IfX 18
a finite set, then

(0] = 11 - (21%6\271 _ 1) . (3/D\Zel | D\ Ze| |X\D|
[R*(Qs)] (2 )- (3 — 2P\ Zel) APl
(217Nl ). 31X\Dl 4

)
)

(3|15\Z _ 9D\ Z4|
. (91%8\Z7] _ 1 .(3|D\Z3| 2|D\Z3|
(

( )
( ) - 3IX\Dl
F 11 (21205 . (3ID\A _ gID\Zly L gIX\DI
(2141\%s] 1y (3ID\Z1 _ 9lD\Zi] ) 3IX\D| _
— 11 21%\Zl (9l Ze\Z7l _ 7). (3|D\Zsl — Q\ﬁ\Zsl) . 3lX\D|_
— 11 - 2%\ el (9lZe\Z7l _ 7). (3|D\le _ Q\ﬁ\le) .3IX\D| _

—11-292%1\24| . (2|Z4\Z7| —-1)- (3|f§\21| — Q\D\le) . 3IX\D|
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Proof. The following equality holds by virtue of Lemma 5:
[R*(@s)| = |R(D1)| + [R(D5)| + [R(D3)| + [R(D})| + |R(Ds)|—
—|R(D}) N R(Dy)| — [R(Dy) N R(D))| — |[R(Dy) N R(DY)| =
=11.(21%\%71 _1). (3\D\Z6| _ 2\15\26\) . 3IX\Dl
9lZa\Z7| _ 1 D\Zs| _ 9|D\Z|

+11- 3IX\Dl

( )- (3!
11 - (2\23\27 1)- (3\D\Z3 Q\D\Za 3|X\D\+
( ) (

+11- 218\ g

) -
)
3ID\Z1l _ 9lD\Zuly . gIX\DI 4
F11-(2120\%s] ). (3\D\Z1| _ 9ID\7Z| )-

31X\D| _

— 11 -21%3\Z6l . (2\25\Z7| —1)- (3\5\23\ — 2|D\Z3\) . 3lX\D|_

— 11215\l . (9lZe\Z7l _ 7). (3@\21\ — QID\Zl\) . 3lX\D|_

— 11 2180\Zl (91227l _q) . (3ID\Zi| _ 9lD\Zily  3IX\DI

4. By the definition of a semilattice of unions we have
Qubxi = {{Z1, 24, 21, D} {Zr, Z, 21, D} {22, Z, Z3, D} }.
Now, if
Dy ={Zz,Z4,7Z,,D}, Dy={Z7,%6,%1,D}, Djy={Zs,Zs,73, D},
then by Theorem 6.3.6 (see [4] or [5]) we obtain
R*(Q4) = R(Dy) U R(D3) U R(Dy). (16)
Lemma 9. Let D ={Z;,Zs, Zs5, Zy, Z3, Z2, ZhD} € ¥4(X,8). Then
|R*(Qa)| = [R(DY)| + [R(D3)| + | R(D5)|.
Proof. Assume that D' = {Z;,Y,Z, D} and D" = {Z;, Y/, Z}, D} are any
elements from the set Q40x1 and o € R(D') N R(D"). Then a quasinormal
representation of the binary representation « has the form
a= (Y2 x Z;)U (Y xT)U (Y x Z) U (YQ x D)
forsome T, Z € D, Z; CT C Z C D, Y2, Y2, Y2, Y¢ ¢ {@} and
Y7 20(Z7), Y7 UYr 29(T), Y7 UYFUYZ 2 e(2)
YENQ(T)#2, YENe(Z)# 0, YineD)+o.
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Now, if a € R(D}) N R(Dj}), then, concurrently, the following condition
takes place

Y>XD Z;, YPUYR D Zy, YPUYRUYS D Zy,
YANZy#@, YENZ1#@, YOND +# o,
YD Z:, YPUYFR D Zs, YYUYPUYS D Zy,
YRNZe# 2, YeNZ1# @, YOND # .
whence we obtain
YIUYF D ZyUZs =20, YSUY)NYZDZiNY, #0.
But the inequality (Y UYF) NYS # @ contradicts the condition of the
quasinormal representation of the binary relation «. The obtained contra-
diction shows that R(D{) N R(D}) = &.

Now assume that o € R(D}) N R(D4), then, concurrently, the following
condition takes place

Y>X DO Zy, YPUYR D Zy, YPUYFUYS D Zy,
YENZ#8, YSNZ1 # @, YOND + o;
YD Z:, YPUYR D Zsg, YPUYPUYS D Zs,
YANZs#@, YENZs#@, YOND +# 2.
whence we obtain
YAUYFUYS D Z UZs=D, (YEUYRUYS)NYS DDNYS #o.
But the inequality (Y;* UY R UYZ) NY* # @ contradicts the condition of
quasinormal representation of the binary relation «. The obtained contra-
diction shows that R(D7) N R(D%) = @.

Finally, assume that o € R(D})NR(D}), then, concurrently, the following
condition takes place

Y& D Zr, YOUYR D Zg, YEUYRUYS D Zy,
YRNZe# 2, YENZ # @, YOND # &;
YD Zy, YAUYR D Zs, YEUYRUYS D Zs,
YENZs £ @, YSNZs# @, YOND + o,
from which we obtain
YAUYFUYS D Z UZs=D, (YEUYRUYS)NYS DDNYS #o.

But the inequality (Y;* UYR UYZ) NY* # @ contradicts the condition of
quasinormal representation of the binary relation «. The obtained contra-
diction shows that R(D}) N R(D%) = @.

Now let us assume that

R(D))NR(DY) =2, R(DY)NR(D;) =2, R(Dy)NR(DS) =2. (17)
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Using equalities (16) and (17), we obtain
|R*(Qa)] = |R(DY)| + |R(D3)| + [R(D5)]. 0

Lemma 10. Let D = {Z7,Z67Z5,Z4723,ZQ,Z17D} S Z4(X,8) IfX 18
a finite set, then

|R*(Q4)|:3.(2|Z4\Zv\,1).(3\21\Z4|,Q\Zl\ZALI).(gIﬁ\ZlI,Q\E\le) 4IX\DI
+ 3. (21%6\%71 _ 1) . (314:\Z6l _ 9lZ1\Zsly . (3\fJ\le _ Q\D\le) 4IX\DI
+3.(21%\Z1] _ 7). (31%:\Z0| _ 91Z5\Zely . (31D\Zs| _ 9ID\Zsl) . 4IX\D|,
Proof. By virtue of Lemma 10 we have the equality
|R*(Qa)| = [R(DY)| + [R(D3)| + | R(D5)|.
Using this inequality and performing some transformation we obtain
[R*(Qu)| = [R(DY)| + |R(D5)| + [R(D3)| =
=3.(2/%\77l_1). (3|Z1\Z4 olZ1\Zaly (3 ‘D\Zl|_2|é\zl‘) 4IX\DL
(
(

3-

_|_

-
9lZe\Z7| _ ) . (3|Z1\ZG 9121\ Zs| ) (3\b\21|_2|b\zl\) .4\X\b|_|_
+3- ) -

9lZe\Z7| _ 1)- (3|23\Zs\ 9lZs\Zs| (3\D\Zs|_2|D\Zs\).4\X\D|. 0

5. By the definition of a semilattice of unions we have

Q50XI = {{Z% ZGv Z4, Zl}» {Z7, Z4, ZS7D}a {Zﬁa Z37 Zlv D}v

{Z7,Zg,Z1,D}}.
Now if
D} = {Z7,Z6,Z4,2,}, Dly={Zz,Z4, 26,21}, Dy ={Zqs, 2y, Z3,D},
DYy = {Z7,Z3,Z4,D}, Dl ={Z7,Z3,7Z,D}, Dly={Zz,71,7%s, D},
Db ={Zs, Zs, Z1, D}, Dy ={Zs, 71, %3, D},
then by Theorem 6.3.6 (see [4] or [5]) we obtain

8
5) = |J R(D)). (18)
=1

Lemma 11. Let D = {Z’77 Zﬁ, Z5, Z4, Zg, ZQ, Zl, D} € E4(X, 8) Then
the following equality is valid:

[R*(Qs)] =[R(DY)| + [R(D)| + |R(D3)|+
+[R(DY] + [R(DE)| + |R(Dg)| — |R(D7) N R(D})|—
— [R(D3) N R(Dy)| — |R(D3) N R(Dg)| — |[R(DY) N R(DS)|.
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Proof. Assume that D' = {Z,Z',Z",7Z' U Z"} is any element of the set
Qs50x1 and « € R(D’). Then the quasinormal representation of the binary
relation « of the semigroup By (D) has the form

a=(YFxT)U(YFH xTYU YR xT"YU (Yo x (T'UT")),

where T,T7'.,T" € D, T Cc T', T C T", T'\T" # @, T"\T' # @,
Y, YR, YR, & {@}, and, by the proposition (e) of Theorem 1 we have

YAUYR DZ', YRPUYR, 22", YENZ +o, Yr.NZ" +o.
Therefore the following inclusions are true:
R(D}) € R(DS). R(D}) € R(Dy). (19)
Using equalities (18) and (19), we get that
R*(Qs) = R(D1) U R(D3) U R(D3) U R(Dy) U R(Dg) U R(Dg).  (20)
Further, we show the validity of the following equalities:
R(DY)NR(Dy) =@, R(DYy)NR(Ds) =@, R(Dy)NR(D;)
R(DY)NR(Dg) =@, R(Dy) NR(Dy) =2, R(Dy)NR(D5)
R(Dy) N R(Dg) = @, R(D3) N R(Dy) =@, R(D3) N R(Dj)
R(D}) N R(Dg) =@, R(D%)NR(Dg) = @.

Indeed, assume that D' = {Z7,Y, Y’ YUY’} and D" = {Z;,Y1,Y{, YUY/}
are such elements of the set {D}, D5, D4, D}, D}, D¢} that D' # D" and
a € R(D')N R(D"). Then the following inclusions and inequalities are
valid:
YRAUYR DY, YPUYR DY YaNY £2, YR, NY' #2,
YAUYR DYy, YRAUYR DY!, YANY #3, YA, NY! #2.

)

)

%]
%]
%]

)

Using the latter conditions we obtain
YAUYR DY UYy, YPUYSR, DY UY/.
Now, for the semilattices D’ and D" lets us consider the following cases:
1) YUYy =D. Then (YAUYA)NYR DDNYR DY NYR # o.
But this inequality contradicts the quasinormality of the representation of
the binary relation a. Therefore R(D') N R(D"”) = @. From this and the
definition of the given semilattice it follows that the following equalities are
valid:
R(Dy) N R(D}) =@, R(D3) N R(D5) =@, R(D;)NR(DY) =2,
R(DY) N R(DY) = @, R(D})NR(Dy) =2, R(DY)NR(Dy) = 2.
2) YUY/ = D. Then (YR UYS)NY2E DDNYE DYNYE # @.
But this inequality contradicts the quasinormality of the representation of
the binary relation a. Therefore R(D') N R(D"”) = @. From this and the
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definition of the given semilattice it follows that the following equalities are
valid:

R(D})NR(D3) =@, R(Dy)NR(Dg) =@, R(D;)NR(DY) =
R(D3) N R(D;) = @, R(Dj) N R(Dg) =@, R(Ds) N R(Dg)

)

1]
1]

3) @ € R(D}) N R(D,). Then the following inclusions and inequalities
are true:

YEUYE D7, YEUYS D274, YENZs# D, Yo NZ1# 2,
YEUYR D Zy, YEUYE DZs, YANZi# D, Yo NZs# 2.
Hence we obtain (Y UYR,)NYR 2D Z3NYH O ZyNYR # @. But this
inequality contradicts the quasinormality of the representation of the binary

relation a. Therefore R(D}) N R(D}) = @.
4) a € R(D{)NR(DY). In this case, the following inclusions and inequal-
ities are valid:

YRUYR D Zs, YPUYR, D2y, YENZs# O, Y, NZy # D,
YEUYE D Zs, YEUYR D72, YANZs# @, Y& NZ £ 2.
Hence we obtain (Y UYR,)NYS O ZsNYR O ZgNYR # @. But this
inequality contradicts the quasinormality of the representation of the binary

relation «. Therefore R(D}) N R(D}) = @.
5) a € R(D5)NR(Dg). In this case, the following inclusions and inequal-
ities are valid:

YEUYR D Zy, YEUYE D Zs, YANZi# 2D, Y NZs# 2,
YRPUYR D7y, YPUYR, D23, YENZL # 9, Yi,NZs # 2.
Hence we obtain (YR UYR)NYFR, D Z1NYR D ZgNYR, # &. But this
inequality contradicts the quasinormality of the representation of the binary

relation «. Therefore R(D}) N R(D§) = @.
Now, using equalities (20) and (21) we obtain
[R*(@5)| = |R(D1)| + [R(D5)| + [R(D3) |+
+|R(D})| + |R(Dg)| + |R(Dg)| - |R(DY) N R(Dj)|~
—|R(D3) N R(D5)| — |R(D5) N R(Dy)| — |[R(DY) N R(Ds)|. O

Lemma 12. Assume that D' = {Z;,Y,Y,Y UY’'} and D" =
{Z7,Y1,Y{, Y1 UY{} are elements of the set {D}, D}, D}, D}y, DL, D} such
that D' # D", Y1 2 Y, Y/ DY’ and a quasinormal representation of the
binary relation « of the semigroup Bx (D) has the form

a=(YFxT)U(YF xTYU YR xT"YU (Yo x (T'UT")),
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where T, T, T" € D, T C T/, T C T", YR, Y, Y5 & {@}. Then o €
R(D"YN R(D") if and only if

YAUYR DYy, YAUYR, DY/, YENY #£9, Yo, NY #+£0.

Proof. Assume that o« € R(D’) N R(D"”). Then by the proposition (e) of
Theorem 1 we have
YAUYR DY, YPUYR, DY, YA NY #£@, YR, NY #g; -
YAUYR OYy, YRPUYR DY), YEnY1#o, Yo, NY #o. (22)
Using these conditions and the inclusions Y1 2 Y, Y/ D Y’ we obtain
YAUYR DYy, YPUYSR DY), YeNY £2, Y, NY' #£2.  (23)
If we now assume that conditions (23) are valid, then so are conditions
(22), too, and therefore a € R(D') N R(D").
The lemma is proved. |
Lemma 13. Assume that D' = {Z;,Y,Y' .Y UY’'} and D" =
{Z:,Y1,Y], Y1 UY]/} are elements of the set {D}, D4, D5, D}y, DL, D§} such
that D' £ D", Y1 DY, Y] DY’ if X is « finite set. Then the following
equalities are valid:

|R( )N R(DY )| = 4. 2Z\A . (9lZe\Zal _ 7). (2lZ:\Zs] _q) .4|X\D|,

|R(D/2) (D3 | =4. 2|Z4\Zs\ —1)- 9lZ3\Z1]| | (2|Z6\Z4\ — 1 ,4|X\1§|’
|R(D}) N R(D)| = 4- (21%4\%) — 1) . 214\ 1) L4IX\DI|
|R(D}) N R(DY)| =4+ (2%\A] — 1. (212\%] _ 1) X\

Proof. Assume that D' = {Z;, YY", YUY’} and D" = {Z7,Y1,Y{, YUY/}
are elements of the set {D}, D}, D%, D)y, Dt, Dg} such that D’ # D", Yy D
Y, Y/ DV If a € R(D')N R(D") and the quasinormal representation of
the binary relation « of the semigroup Bx (D) has the form

a= Y xT)U Yy xTYUYF xT"YU (Y x (T"UT"),

where T, T/, 7" € D, T Cc T/, T Cc T", YR, YR, YF, & {@}, then by
Lemma 12 we have

YAUYR DYy, YEUYR DY, YANY 42, YA NY #£@. (24)

Now assume that f, is a mapping of the set X in the semilattice D such
that f,(t) = ta for any t € X. Suppose that fon, fia, f2a and f3, are
the restrictions of the mapping f, on the sets Y1 NY{, Y1\ Y/, Y/ \ 1}
and X \ (Y1 UYY), respectively. It is clear that the elements of the set
{VinY!, Vi \Y{, Y7\ Y, X\ (Y1 UY/)} do not intersect pairwise and their
union is equal to the set X.

Let us now consider each of the mappings foa, fia, foo and f3. sepa-
rately.
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1) Ift € YiNY{, then we have t € Y1NY{ C (YUY )N(YRUYR,) = Y7,
i.e. t € Y. Hence, by the definition of the set Y, we obtain tov =T
Thus foa(t) =T for every t € Y1 NY/.

2) If t € Y1\ Y{, then by condition (24) we have
teY; \Yll cYy; nglgUYﬁ

Hence, by the definition of the sets Y;# and Y7, we obtain ta € {T,T"},
ie. fia(t) € {T,T'} for any t € Y1 \ Y{.

By assumption, Y& NY # @&. Therefore tyov = T” for some t; € Y. If
t; € Y/, then by conditions (24) we have o € {T,T"”}. The latter condi-
tion contradicts the equality tyov = T, since T ¢ {T,T"”}. The obtained
contradiction shows that t; € Y\ Y7.

Thus fia(t1) =T’ for some t; € Y \ Y7.

3)Ift € Y]\ Yy, then we have t € Y/ \ Y1 C Y/ C YA UYF,. Hence,
by the definition of the sets Y and Y3, we obtain ta € {T,T"}, i.e.,
foa(t) € {T,T"} for any t € Y{ \ V1.

By assumption, Y, NY’ # @. Therefore toa = T for some ty € Y'. If
to € Y7, then by conditions (24) we have toa € {T,T'}. The latter condi-
tion contradicts the equality toae = T” since T” & {T,T’}. The obtained
contradiction shows that ¢y € Y’ \ Y7.

Thus fan(tg) = T" for some ty € Y\ Y7.

4)Ift € X \ (Y1 UYY), then by conditions (24) we have

teX\(MUY))CX =Y UYRUYS UYS 0.

Hence, by the definition of the sets Y7, Y, Y7, and Y7 . we obtain
ta € {T, T, 7", T"UT"}, ie., f3.(t) € {T,T,T", 7" UT"} for some t €
X\ (WM uYy).

Thus for every o € R(D’) N R(D") there exists a system of mappings
(foas f1as f2a, f3a). Moreover, to different binary relations there correspond
systems of different mappings.

Now assume that

f() : Yl N }/1/ — {T}, f]_ : Yl \Yl/ — {T, T/},
Fo YIA\YL S {T T}, f3: X\ (V1UY{) = {T,7/, 7", 7' UT"}

are the mappings which satisfy the following conditions:

5) fo(t) =T for every t € Y1 NY7;

6) fi(t) € {T,T'} for every t € Y7 \ Y{and f14(t1) = T’ for some t; €
Y\ Y/

7) f2(t) € {T,T"}or every t € Y] \ Y1 and fan(to) = T” for some
to € Y’ \ Y1;

8) f3(t) e {T, T, T",T"UT"} for every t € X \ (Y1 UY]).
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Now let us define f : X — D as follows:

fo(t), ifteY; ﬂYll7

. fl(t), if tEYl\Yll,

) = fa(t), if teY/\ Y,
fg(t), if tGX\(Yl UY{)

To this mapping we put into correspondence the binary relation 5 =

gX({x} x f(x)) of the semigroup Bx (D).

Now if Yy = {t| t3 =T}, Y5 ={t| t3 =T}, Yy, = {t| t8=T"},
Yf,uT,, = {t| t8=T'UT"}, then the relation 5 can be written in the form
B=YExXTYU(YH XTYU Y xT")YU (YL p0w x (T"UT")).

And it satisfies the conditions
VUYL DYy, YLUYSE DY, YANY #0, Y, NY #02.

(By assumption, fi(¢t;) = T” for some ¢t; € Y\ Y{ and f2(to) = T for some
to € Y\ Y1.) Therefore, by Lemma 12, 8 € R(D’) N R(D").

We have obtained that there exists a one-to-one correspondence between
the binary relations « from the set R(D’) N R(D") and the system of map-

pings (fOom flaa f2a7 f3a)-
According to Theorem 1.18.2 (see [4] or [5]), the number of systems of

mappings is equal to

1, 2ODNDL Iy 9l YN WD (Y Wil gy gIXARUYDL

Note that the number

oYY (@WAYTT 1y o VINYTUYDLL (oYl py g IXA(AUYY)]

does not depend on a choice of a semilattice {T,7",7",T7" UT"} defined
by item 5), and since the number of semilattices defined in this manner is
equal to four, we obtain

|R(D')NR(D")| =
= 4. VNI WY 1) oV (oYW 1y L gAMLY

Hence we have

|R(D}) N R(DY)| = 4-217\A1l . (21%6\2al _ 1) . (2l Za\Zs] _ 1) - 4IX\D|_
|R(D’2) N R(Dg)| = 4. (2%\Zsl _ 1) . 9lZ\Zl L (91Z6\Zal _ 1) . 4l X\DI
|R(Dé) N R(Dg)| =4. (2|Z4\Zs\ —1)- (les\Zl\ —1) .4\X\15|,

|R(D}) N R(DE)| = 4- (21%\7:] — 1) . (2174\Zs] _ 1) . 4lX\DI, O
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Lemma 14. Assume that D={Z7, Zs, Zs, Z4, Z3, Z3, Z1, D} € $4(X, 8).

If X is a finite set, then
|R*(Q5)| = 8- (2774 —1
+8.(21%\%l _q

(2\24\25 _ 1) .4\X\Z1\+
(2|Zs\Z4 _ 1) . 4|X\b|+
(212\Zs| _ 1) . 41X\DI_

9lZs\Z1| (2|ZG\Z4| _ 1) . 4|X\b\_

)
) -
+8.(21%\Al 7).
_8- (2|Z4\Zz\ -1)-

) -

_8. (2|Z4\Zz -1 (2|Zs\Zl\ —1)- 41 X\D|
Proof. Using Lemmas 11 and 13 we obtain
[R*(Qs)] = [R(DY)|+|R(D3)|+|R(D3)|+|R(Dy) | +|R(Ds) | +| R(Dg) | —
— |R(D3y) N R(D4)|—|R(Djs) N R(Dg)|—|R(D}) N R(D%)| =
= 8. (21%6\%al 1y (2lZa\Zel _ 1) 4 X\NAul
C(212a\Zs] _ 1y (2l Z\Zal _ 1) 4IX\DI
8- (21%\Al 7). (214\%s] 1) . 4lX\D| _
8. (2|Z4\Z3 —1)- 9lZs\Z1| | (Q\ZG\Z4I —1) . 41X\D|_
(2|Z4\Z3| 1)-

(2|Z3\Zl\ -1)- 41X\D| O

6. By the definition of the semilattice D of unions we have
QoOx1 = {{Z7, Zs, Za, Z1, D} }.
Now if D} = {Z7, Zs, Zs, Z1, D}, then
R*(Qs) = R(Dy) and |R*(Q¢)| = [R(D})|-

Lemma 15. Let D = {Z7, 267 Z57 Z4, Z3, ZQ, Zh b} S Z4(X, 8) IfX 18
a finite set, then

|R*(Q¢)| = 2 (Q\Za\Zd -1)- (2\24\Ze| -1)- (5\5\le _ 4\f)\21|) . 5IX\D|
Proof. In our case we have

|R*(Qo)| = [R(Dy)| =
—92. (2\26\Z4|_1) . (2\24\Zsl_1) . (5|D\Z1\_4|f)\Z1I) 5IX\DI O

7. By the definition of the semilattice D of unions we have
Q70x1 = {{Z+, Zs, Z3, Z1, D} }.

Now if D} = {Z:, Zs, Z3, Z1, D}, thenR*(Q7) = R(D}) and |R*(Q7)| =
|R(DY)I.
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Lemma 16. Let D = {Z7,Z67Z5,Z4,Zg,ZQ,Z17D} S Z4(X,8) IfX 18
a finite set, then

|R*(Q7)| =2 (2|Ze\Z7\ -1)- 9l(ZsNZ1)\Zs| (3|Za\Zl\ _ 2|Zz\Zl\).
. (3|Z1\Z3\ _ 2|Z1\ZS\) . 5\X\E\.
Proof. In our case we have
|R*(Qr)| =2 - (21%6\%71 1) . 2l(ZsNZ1\Ze| . (31Z\21] _ 9l Zs\Zul).
. (3|Z1\Zs\ _ 2|Z1\Z3\) 5l X\D| 0

8. By the definition of the semilattice D of unions we have
Qsbx1 = {{Zr, Zs, Z4, Z3, Z1, D}}.
Now if D} = {Z7, Zs, Z4, Zs, Z1, D}, then
R*(Qs) = R(Dy) and |R*(Qs)| = [R(Dy)|-

Lemma 17. Let D = {Z7,Z@,Z5,Z4,23,Z2,Zl,ﬁ} S Z4(X,8) IfX 18
a finite set, then

* _ (9lZa\Zs| _ 1\ . (91Z6\Zal _ 1Y . (2lZ3s\Z1| _ 9|Zs\Z1]\ . gl X\D|
|R*(Qs)| = (2 1)-(2 1)-(3 2 ) - 6L
Proof. In our case we have
R*(Qs)| =|R(Dy)| = (21%3\%sl — 1) . (2|%6\2al _ 7).
1
- (31Z\A] _ 9lZ:\Zly . gIX\DI 0
Theorem 2. Assume that D = {Zz, Zg, Zs, Z4, Z3, Za, Z1, D} € $4(X,8).

If X is a finite set and Rp is a set of all regular elements of the semigroup
Bx (D), then

8
Rol =3 IR Q).
i=1

Proof. We obtain the proof of this theorem from Theorem 1. |
Example 1. Let X = {1,2,3,4,5} = D and
Pr={1}, ={2}, B3={3}, Pr={4}, Ps={5}, Rhh=P=P;=02.

Then D = {17273a4a5}a Zy = {2a33475}7 Zy = {1337475}7 Z3 = {1727475}7
Zy=1{2,3,5}, Zs = {2,3,4}, Zg = {2,4,5}, Zr = {2,5} and

D ={{2,5},{2,4,5},{2.3,4},{2.3,5}, {1,2,4,5}, {1,3,4,5},

(2,3,4,5},{1,2,3,4, 5}}.
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In that case, we have
[R*(Q1)] =8, |R*(Q2)| =150, |R*(Qs)] =121, [R"(Q4)| =9,
|R*(Qs5)] =40, |R*(Qs)l =2, [R*(Q7)|=2, |R"(Qs)l=1,
ie. |[Rp|=333.
Example 2. Let X = {1,2,3,4,5,6,7,8} = D and
Py={8}, A={1}, ={2}, P3={3},
Py=1{4}, Ps=1{5}, Ps={6}, Pr={T7}.
Then
D={1,2,3,4,5,6,7,8}, Z,={2,3,4,5,6,7,8}, Zo={1,3,4,5,6,7,8},
Z3={1,2,4,5,6,7,8}, Zy=1{2,3,5,6,7,8}, Zs=1{2,3,4,6,7,8},
Zg = {274557778}7 Zr = {2a578}
and
D :{{27 5,8},12,4,5,7,8},12,3,4,6,7,8},{2,3,5,6,7,8},
{1,2,4,5,6,7,8},{1,3,4,5,6,7,8},{2,3,4,5,6,7,8}
{1,2,3,4,5,6,7,8}}.
In this case we have

|R*(Q1)] =8, |R*(Q2)| =510, |R*(Q3)| =935, |R*(Qa4)|= 111,
|R*(Qs)| =104, |R*(Qs)| =6, |R*(Q7)| =12, |R*(Qs)|=1,
i.e. |Rp| = 1687.
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