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CECH’S TYPE FUNCTORS AND COMPLETIONS OF
SPACES

V. BALADZE AND L. TURMANIDZE

ABsTRACT. In this paper Cech’s type uniform shape invariant
extensions of functors defined on subcategories of uniform ho-
motopy category are constructed and for them continuity the-
orems are proved. Besides, it is shown that these extensions of
functors have equal values on pairs of uniform spaces and their
completions.

09%0793g9. FO035T0 5393905 MSbsbs®0 dmdmFm30ols go@gym-
@00l J39350930M090bg 35bLsbmgMgmo aub]Gm®gdols mobs-
d5M Yg03gMo@ 0bgoMosb@gmo hgbol Bodol aopymdgmgdgdo ©s
dommgols sd@goigogmos 3Fyggdmdol mgmmgdgdo. oM
sdobs, bobggbgdos @m3 aub]Hm®gdol goy®mdgmgdgdo Gmen
36093b90mdgdl ©gdgemdls msbsdsd LogmEgms Fygomgdby
©o Jom gobdygmgdgdby.

INTRODUCTION

The main aim of the present paper is to study the extension problem
of functors. The problem of extension of functors from the subcategory of
spaces with the homotopy type of "good” spaces to the category of topolog-
ical spaces is one of the important problems of algebraic topology ([8-12],
[15-21]). The achievements in the solution of this problem have interesting
applications in different branches of modern topology ([1-10], [17-21]).

The uniform shape theory ([2], [4], [18-20]) is closely connected with
the problem of extension of functors from the category of uniform spaces
with the uniform homotopy type of uniform polyhedras to the category of
uniform topological spaces.

This paper is devoted to the study of this problem. Using the results of
uniform shape theory ([4], [18-21]) here is given a general method of con-
struction of uniform shape invariant and continuous extensions of functors
with values in the category of abelian groups. In particular, using the inverse
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system approach of pairs of uniform spaces we construct Cech type exten-
sions of covariant (contravariant) functors defined on various subcategories
of pairs of uniform spaces and prove that the values of defined extensions
on pairs of uniform spaces and their completions are equal.

In this paper we use the following books: J. R. Isbell and I. M. James
([13, 14]) for uniform spaces, S. Mardesic and J. Segal [14] for shape theory,
S. Eilenberg and N. Steenrod [11] for algebraic topology.

Let Unif denotes the category of uniform spaces and uniform maps. By
fUnif, pUnif, ANRU and UPol we denote the full subcategories whose
objects are finitistic uniform spaces [18], precompact uniform spaces [14],
uniform absolute neighborhood retracts [14] and uniform polyhedrons [18],
respectively.

We write HUnif for the uniform homotopy category of category Unif.
Similarly, by symbols H¢Unif, H,Unif, HANRU and HUpol we denote
the uniform homotopy categories of categories fUnif, ,Unif, ANRU and
Upol. Besides, by symbols Unif?, Unif?, Upol?, ANRU? and pUnif?
we denote the uniform categories of pairs of uniform spaces, finitistic uni-
form spaces, uniform polyhedrons, absolute neighborhood retracts and pre-
compact uniform spaces and by HUnif?>, H¢Unif?, HUpol?, HANRU?
and HpUnif? we denote their uniform homotopy categories, respectively.

Let Ab be the category of abelian groups and homomorphisms. By
symbols pro — HUnif, pro — H¢Unif, pro — H,Unif, pro - HANRU,
pro — HUpol and pro — Ab we denote pro-categories of above given cate-
gories.

Let dir — Ab be the category of direct systems of category Ab. By
inj — Ab we denote the quotient category of category dir — Ab [8]. By
symbol Shk 1, denoted the shape category [17] for a category K and its
subcategory L.

I. Uniform shape invariant functors. Let L be a full subcategory of
some subcategory K of category HUnif?. Consider the category inv — L
of inverse systems of category L.

Let T : L — Ab be a covariant (contravariant) functor with values
in the category of abelian groups. For every object (X,Xg) = {(Xa,
Xox)s Pax, A} of category inv — L the family T((X, Xo)) = {T(Xx, Xox),
T(pyy ), A} is an object of the category inv—Ab (dir—Ab). Every mor-
phism (f,,,¢) : (X,Xo) = (Y, Yo) = {(Yy, You), quu, M} of category inv —
L induces a morphism (T'(f,),¢) : T((X,Xo)) = T((Y,Yo)(T(fu): @) :
T((Y,Yy)) = T((X,Xp))) in the category inv—Ab (dir—Ab). If (f.,¢)
and ( fﬂl7ap/) are equivalent morphisms of the category inv — L, then
(T'(fu), ») and (T'(f},),¢") are equivalent morphizms of the category inv —
Ab (dir — Ab). Indeed, for each index p € M there exist an index
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A > o(p), ¢ (1) such that
T(fu) - T(Ppr) = T ) - T(fr) - TPy r)2)
(T(Pp(ur)  T(fu) = Ty yx) - T(fr) - T(dy))-

This means that the morphisms (T'(f.),¢) and (T(fu/),gol) are equiva-
lent in the category inv — Ab (dir — Ab). Thus, every morphism f :
(X,Xo) — (Y, Yo) of pro—L determines a morphism T'(f) : T((X,Xo)) —
T(Y,Yo))(T() : T((Y,Yo)) — T((X,Xp))) of the category pro — Ab
(inj — Ab). Thus, if (f,, ¢) is a representative of morphism f, then T'(f) =
[(T(fu), ¢)]. Note that T'(1(x x,)) = l7(x,%0)) and T(g - f) = T(f) - T(g)
(T(g-f) = T(f) - T(g)). Thus, every covariant (contravariant) functor
T :L — Ab induces the covariant (contravariant) functor
pro—T :pro—L — pro— Ab (inj—T:pro—L—)inj—Ab).

Now assume that L is a dense subcategory of category K [16]. For each
object (X,Xo) € K consider a L-expansion p : (X,Xo) — (X,Xo) [14]
and the inverse (direct) system T'((X,Xp)). If p’ : (X, Xo) — (X', X'g)
is another L-expansion of (X, Xj), then there is an unique isomorphism
i:X(X,Xo) — (Xl, Xlo) of the category pro — L such that i-p=1p .

It is clear that i induces an isomorphism T'(i): T'((X, X)) = T((X’, X’9))
(T@) : T(X',X'0)) = T((X,Xp))) of inverse (direct) systems. There-
fore, we can assign to every object (X, Xy) € K the equivalence class of
T((X,Xp)). We denote this class by pro —T(X, Xo) (inj — T'(X, Xo))) and
call pro-group (inj-group). Let F : (X, Xo) — (Y,Yp) be a uniform shape
morphism with representative f : (X,Xg) — (Y,Yp). The morphism f
determines a morphism

T(f) : T((X,Xo)) = T((Y, Yo)) (T(f): T((Y,Yo)) = T((X,Xo)))
of category pro—Ab (inj—Ab). If f : X' = Y is another representative of
F,then f -i =j-f (herei: (X,Xo) = (X, X o) and j: (Y, Yo) = (Y, Y'o)
are the isomorphisms of the category pro-L). Hence,
T(f)-T() =TG) T (TG)-TE) =T(f)- 7).

As the isomorphisms i : (X, Xg)—= (X', X o) and j: (Y, Yo)—= (Y, Y')
induce the isomorphisms T'(i) and 7'(j) in the category pro — Ab (inj —
Ab) the morphisms T'(f) and T'(f') are coincided in the category pro — Ab
(inj — Ab). Thus, we can associate to every uniform shape morphism
F:(X,Xo) = (Y,Yy) well defined morphism

pro—T(F) : pro — T(X, Xo) — pro — T(Y, Yo)
(inj — T(F) : inj — T(Y, Yp) — inj — T(X, X0)).

Consequently, we have the following
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Theorem 1. For each covariant (contravariant) functor T : L — Ab
there exists a covariant (contravariant) functor

pro—T :uSHx 1) — pro— Ab (inj —T:uSHx 1) — inj — Ab)
such that for each objects (X, Xo) € uSHk 1
(pro—T)((X, Xo)) = pro—T((X, X)) (inj—T)((X, X,)) = inj—T((X, X))
and for each uniform shape morphism F : (X, Xo) — (Y,Yy) of uSHk 1,

(pro — T)(F) = pro — T(F) ((inj — T)(F) = inj — T(F)).
For every object (X, Xo) € uSHk 1) define a group
T((X. X)) = limpro — T((X, Xo)) (T((X, Xo)) = lim inj — 7((X. Xo))

and for each morphism F : (X, Xo) — (Y, Yp) of uSH k1) define a homo-
morphism of groups

F = T(F) =limpro — T(F) : T((X, Xo)) = T((Y, Yp))
(F=T(F) = lim dir — T'(F - T((Y,Yy)) = T((X, Xo)))-
Thus, we have obtained

Theorem 2. For every covariant (contravariant) functor T : L — Ab
there exist covariant (contravariant) functor

T:uSHk 1) — Ab(T : uSH( 1) — Ab)
which assigns to every object (X, Xo) € uSH 1y the group T((X, Xo))

(T((X,Xo))) and to every uniform shape morphism F the homomorhism
F:T((X,Xo) = T((V,Yo)) (F:T((Y,Ys)) = T((X,X0)))-
Corollary 3. If ush.1,((X, X0)) = ush(x.1) (Y, o)), then
T((X, X0)) = T((Y,Y0)) (T((X, X)) = T((Y,Y0))).

Using the above obtained results and the results of ([4], [6-8], [18-20])
we can construct uniform shape invariant extensions of functors defined
on the categories HANRU?, HUPol? and H(,Unif> N ANRU?). Let
K = HUnif? and L = HANRU?2. We have the following results.

Corollary 4. For each covariant (contravariant) functor T : HANRU?
— Ab there exists a covariant (contravariant) functor

(pro —T) : uSHy i manru2) — Pro — Ab
((inj = T) : uSHypiez panruz) — inj — Ab)
such that for each (X, Xo) € Ob(USH(zHUniP,HANRU2))
(pro — T)(X, Xo) = pro — T(X, Xo) ((inj — T)(X, Xo) = inj — T(X, Xo))
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and for each I € us?HUniF,HANRUz)((X7 Xo), (¥, Y0))
(pro — T)(F) = pro — T(F) ((inj — T)(F) = inj — T(F)).

Corollary 5. Let (X, Xy), (Y, Yy) € HUnif?.
if uSh(zHUmf2,HANRU2)(X , Xo) = uSh(2HUmif2,HANRU2)(Ya Yo), then

pro — T(X, Xo) = pro — T(Y,Yy) (inj — T(X, Xo) = inj — T(Y, Y)).

In this case for each pair (X, Xy) of uniform spaces also are defined the
groups

T(X, Xo) = limpro — T(X, Xo) (T(X,Xo) = liminj — T(X, X))
“— —

and for each uniform shape morphism F': (X, Xy) — (Y,Y)) are defined the
morphism of abelian groups

T(F) =limpro — T'(F) : T(X, Xo) = T(Y,Yp)
(T(F) = lim inj — T'(F) : T(X,Xo) = T(Y,Yy)).
Corollary 6. Let (X,Xo) and (Y,Yo) be pairs of uniform spaces. If
USh%HUnifQ,HANRU2)(X7 Xo) = USh%HUnifQ,HANRUz)(K o), then
T(X,Xo) = T(V,Yo) (T(X, Xo) = T(Y,Yp)).

Now consider the pair of categories K = HfUnif? and L = HUpol?.
We have the following results.

Corollary 7. For each covariant (contravariant) functor T : HUpol? —
Ab there exists a covariant (contravariant) functor

pro — T : uSH y¢irmirz Hupolz) — Pro — Ab
(inj—T: uSH(szUnipﬁHUpolz) — pro — Ab)
such that for each object (X, Xy) € uSHz(Hﬂ]nifQ’HUp012)
(pro — T')(X, Xo) = pro — T(X, Xo) ((inj — T)(X, Xo) = inj — T(X, Xo))
and for each morphism F € uSH? geunirz Hupor2) (X, Xo), (Y, Y0))
(pro — T)(F) = pro— T(F) ((inj — T)(F) = inj — T(F)).

In this case for every pair of finitistic uniform spaces (X, X) and for each
uniform shape morphism F : (X, Xo) — (V,Yp) of uSH? geuniz, HUpo1?)
also are defined the groups

T(X, Xo) = limpro — T(X, Xo) (T(X,Xo) = liminj — T(X, X))
— —
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and the homomorphisms of groups
F =limpro — T(F) : T(X, Xo) — T(Y,Yp)
<
(F = liminj — T(F) : T(Y,Yy) — T(X, Xo)).
—
Corollary 8. Let (X, Xy), (Y,Yy) € ¢Unif?. If ush%HfUniﬁHUpol)(X7 Xo)
= U-Sh(QHfUnif,HUpol) (Y,Yo), then
pro — T(X, Xo)=pro — T(Y,Yy) (inj — T'(X, X,) = inj — T(Y,Yp)).
Corollary 9. Let ush%HfUnifyHUpol)(X, Xo) = ush?HfUnif’HUpol)(Y, Yy) for
the pairs (X, Xo), (Y,Yy) € fUnif2. Then
T(X, Xo) = T(Y,Yo) (T(X,Xo) =T(Y,Y)).

Let (K, L) be the pair of categories K = HpUnif and L = HLANRU?N
pUnif?).

Let puSH? be the precompact shape category constructed in [4] for given
pair of categories. We have the following results.

Corollary 10. For every covariant (contravariant) functor T
H(ANRU? NpUnif?) — Ab there exists a covariant (contravariant) func-
tor

pro — T:puSH? — pro — Ab (inj — T :puSH? — inj — Ab)
which assigns to every precompact space (X, Xg) the pro-group (inj-group)
(pro—T) (X, Xo)) = pro—T((X, X)) ((inj—T)((X, Xo)) = inj—T((X, X))

and to each precompact uniform shape morphism F : (X, Xo) — (Y,Yy) the
morphism

(pro — T)(F) = pro — T(F) ((inj — T)(F) = inj — T(F)).

Corollary 11. If push((X, X)) = push((Y,Yy)) for (X, Xo), (Y, Yp) €
pUnif?, then

pro — T((Xa XO)) = pro — T((Y7 YO)) (IHJ - T((Xa XO)) =inj — T((Y7 YO))) :
For every precompact uniform space X define the group
T((X, Xo0)) =lim pro—T((X, Xo)) (T((X,Xo)) =lim inj — T((X, Xo)))
and for each uniform shape morphism F:(X, Xo) — (Y, Yy) define a mophism
T(F) = liin pro—T(F) (T(F) = li_r}ninj —T(F)).

Corollary 12. If for the pair of precompact uniform spaces (X, Xo) and

(Y, Ys) push((X, Xo)) = push((Y,Yp)), then
T((X, Xo)) = T((Y,Y0)) (T((X, Xo)) = T((Y,Yp)))-
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II. Uniform Continuous functors. Now we prove the following con-
tinuity theorem for the functor T (7).

Theorem 13. Let p: (X, Xy) — (X,Xo) be a K-expansion of object
(X, Xo) € K and let
(p) : T((X, Xo0)) = T((X, X)) (T(p): T((X,Xo)) = T((X,X0)))

be the induced by p morphism of the category pro — Ab (inj — Ab). Then
the homomorphism

B+ (X, X0)) > Im T((X, Xo)) (p: limT((X,Xo)) = T((X, Xo)))

induced by T(p (T(p)) is an isomorphism of groups.

Proof. Consider only covariant case. The proof for contravariant case is
dual.
By 7 denote the protection

™ s im T((X, Xo)) = T((Xx, X0 1), AEA.
Note that for each index A € A
T p=T(p») (1)

and for each pair A\ < N

T(pay) - ™y = (2)
Now consider a K-expansion q: (X, Xo) = (Y, Yo)={(Yu, You), 4,/ M }
of (X,Xy) € K. By definition of T((X, Xy)), T(q) = q : T((X, Xo)) —
T((Y,Yo)) is an inverse limit of T'((Y, Yo)). Note that there is a morphism
f:(X,Xo) = (Y,Yy) of the category pro — K such that
f-p=q. (3)
It is clear that the morphism f induces the morphism T'(f) : T'((X, Xo)) —
T((Y,Yy)) of pro-groups such that
T(f)-T(p) = T(q). (4)
The morphism 7'(f) defines a homomorphism

f1EmT((X, Xo)) = T((X, X))

of abelian groups such that
T(f)-7=T(a)- [, (5)

where 7= (7). If we assume that (f,,¢) is a representative of f, then (5)
yields

T(fu) *TMp(u) = T(qu) - f (6)



8 V. BALADZE AND L. TURMANIDZE

for each u € M. Now we show that f is inverse of p. Indeed, using formulas
(6), (1) and (4) we obtain:

T(qu) - f-p=T( ) T D=T(fn) Tp,, =T(qu).me M.
This means that
- f-p=T(a) (7)
In (7) T(q): T((X,Xo)) = T((Y Yy)) is an inverse limit of T((X, X)),

F9="15(x,x0))
Now we establish that f-p = 1}, (X, X)) For this aim we prove that
7x - f - p=my for every A € A. By formula (1) this is equivalent to
T(pp)-f=mAeA. (8)
Let r = (1) : (X, Xox) = (Z,Zo) = {(Zv,2Z01),7,, N} be a K-
expansion of (X, Xoy). Since q : (X, Xg) — (Y,Yp) is a K-expansion of
(X, Xo) and (Z,, Zy,) € K, then there exist an index u € M and a uniform
map g :(Yx, Yor) — (Zu, Zo,) such that
Ty PA= g Qp- (9)
By (3) we have
Tv DPx=9- fu *Po(u)-
By property (E2) of expansion [17] there is an index A" > A, ¢(u) such
that
ru'pAA’:g'fu'p¢(#)A’- (10)
Applying the functor T to (10) and using (8) and (2) we obtain:
T(ry)-T(px) - f=T(9)  T(fu) - Ty - F =T9) - T(f) Mo =
=T(g)- (fu) (pga(#))\ )Ty = T(r,) -T(p)\)\/) TN = T(Tu) TTN
This means that
T(pa)-f=mr, AEA.
Consequently, for each index A € A

TP f =T
Thus,
p-f= 11i(inT((X,Xo))' u
Corollary 14. Let p:(X, Xo) — (X,Xo) be an HUnif?-expansion of
pair (X, Xo) € HUnif2. Then the homomorphism
p:T(X,Xo) — liinTv(X,XO) (p: 1i£nT(X,XO) — T(X, Xo))
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induced by the morphism
T(p):T(X, Xo) = T(X, Xo) (T(p):T(X,Xo0) = T(X, Xo))
is an isomorphism of groups.

Corollary 15. Let p:(X, Xo) — (X,Xo) be an HeUnif?-expansion of
(X, Xo) € fUnif?. Then the homomorphism

p:T(X, Xo) = limT(X,Xo) (p: limT(X,Xo) — T(X, Xo))
— —
induced by the morphism
is an isomorphism of groups.

Corollary 16. Let p:(X, Xo) — (X, Xo) be an HpUnif2-expansion of
(X, Xo) € HpUnif2. Then the homomorphism

p:T(X, Xo) = limT(X,Xo) (p: limT(X,Xo) — T(X, Xo))
— —
induced by the morphism
T(I’)T(Xv XO) — T(X7 XO) (T(p)T(X, XO) — T(Xa XO))
is an isomorphism of groups.

According to [21] we give formulation of the uniform continuity axiom.
Let T : Unif?> — Ab be a covariant (contravariant) functor. The funtcor
T is continuous at pair (X, Xo) of uniform spaces if it satisfies the condition:

UCA). If p=(pa):(X, Xo) = (X,X0)=(X4;Paa’;A) is an uniform res-
olution [18] of (X, Xo) € Unif, than T(p) = (T'(pa)) : T(X, Xo) —
T(X, X0)=(T(Xa, Xa), T(Paa),A) is an inverse limit. We say that T is
uniform continuous functor if T is continuous at any pair (X, Xj) of uni-
form spaces.

Let T : ANRU? — Ab be a covariant (contravariant) functor. We say
that T satisfies the uniform homotopy axiom, if f : (X, Xo) — (Y, Yp) is
uniform homotopy to g : (X, Xo) — (Y, Yo) , then T'(f) = T'(g) . Using the
method of proof of Theorem 13 we can prove the following theorems.

Theorem 17. Let T : ANRU? — Ab be a covariant (contravariant)
functor satisfying the uniform homotopy axiom. Then there exists the
covariant (contravariant) uniform continuous functor T : fUnif> — Ab
(T : fUnif? — Ab), which is an extension of T and satisfies the uniform
homotopy axiom.

Theorem 18. Let T : fUnif> — Ab be a uniform continuous covariant
(contravariant) functor satisfying the uniform homotopy aziom. Then T
and (T|ANRU2)(T|ANRU2) are equivalent functors.
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ITI. Completions of pairs of uniform spaces. We have the following

Theorem 19. Let (¢ X, cXp) be the completion of pair (X, Xo) of finitistic
uniform spaces. Then

ush?(X, Xo) = ush?(cX, cXp).

Proof. Consider X and cX as uniform subspaces of some M € ANRU. Let
A = {a} be the family of all uniform coverings of M of the form a = {U,;z €
M} (see [18]). Consider the HANRU?-expansions of pairs (X, Xy) and
(cX,cXy)

P = {pa} : (X,XQ) — (X,Xo) = {(XOHXOQ) Yoo ,A}

r={rq}:(cX,cXo) = (Z,Zo) = {(ZQ,ZOQ),]OM/,A},
where X, = st(X, a), Xoo = st(Xo, @), Zo = st(cX, @), Zoa = st(cXp, @)
for eachindex o € Aand i,/ : (X, Xoo) = Xas Xoa), Joo' (2o Zoo) —
(Zas Zoa)s Pai(X, Xo) = (Xa, Xoa)s Ta:(cX, cXo) = (Za, Zoa) are uniform
inclusion maps for each pair o < ' in A. For each a € A there is an uni-
form refinement & of o consisting of open sets. We denote by A = {&} the
family of all open uniform coverings of M. Consider the inverse systems

(X7>~(0) = {(Xa, XO&)aiaa’aA}v (Z ZO) - {(Zow ZOoz) ]~~ A}
and the morphisms
p= {p&} : (X XO) — (X7X0)a F: {Ta} : (CX7 CXO) — (ZvZO)

The morphlsms (X, Xo) = (X,Xo) and T:(cX,cXo) — (Z,Zo) also are
the HANRUz—eXpansmns of (X, Xo) and (cX,cXp), respectively. Note
that, for each index & € A, X5 = Zz, Xoa = Zos. Indeed, it is clear
that Xz C Z5 and Xpg C Zpg. Now show that Z3z C X5, Zog C Xpg- By
definition Zz = st(cX, @) = U{Uz:UzNcX # 0}. The nonempty set Uz NeX
is open in c¢X. From c¢X = X it follows that () # (UzNeX)NX = Uz N X.
Hence, Uz € st(X, @) and, consequently, st(cX,a) C st(X, @). Analogously,
st(ch, a) C st(Xo, a), a € A. Consequently, (Za, Zoa) = (Xa,Xo0a),
& € A. Hence, (X XO) and (Z, 20) are isomorphic objects of the category
pro — HANRUZ. O

Corollary 20. Every pair of precompact uniform spaces has a uniform
shape of pair of compact spaces.

Corollary 21. For each pair (X, Xo) of finitistic uniform spaces
T(X, Xo) = T(cX,cXo) (T(X,Xo) =T(cX,cXo)).
Corollary 22. For each pair (X, Xo) of precompact uniform spaces

T(X,Xo) = T(cX,cXo) (T(X,Xo)=T(cX,cXo)).
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