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ON SOLVING THE DIRICHLET GENERALIZED
PROBLEM FOR A HARMONIC FUNCTION IN THE CASE
OF INFINITE PLANE WITH HOLES

N. KOBLISHVILI AND M. ZAKRADZE

ABSTRACT. An algorithm for an approximate solution of definite type
Dirichlet generalized problem is given. It consists of the following
stages: 1) reduction of the Dirichlet generalized problem to an ordi-
nary new (auxiliary) problem for harmonic function; 2) approximate
solution of the new problem by the modified version of MFS (the
method of fundamental solutions); 3) definition of the approximate
solution of the posed generalized problem by the solution of the new
problem. Examples of application of the proposed algorithm and the
results of numerical experiments are given.
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1. INTRODUCTION

Let a domain D be the infinite plane z = x + iy = (z,y) with the holes
B; (i=1,2,...,m), which are bounded by closed piecewise smooth contours

l .
S; (Si =Us,i= 1,2,...,m), respectively, having no multiple points.
j=1

It is evident that the whole boundary of domain D will be S = J S;.
i=1

Moreover, we assume that parametric equations of the smooth curves Slj
are given and S, (S; = @ for k = j.
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It is known that the classical statement of the Dirichlet ordinary bound-
ary problem for harmonic function requires continuity of the boundary func-
tion. However, in practical problems (for example, during determination of
the temperature of the thermal field or of the potential of the electric field
and so on) there are cases when the boundary function is piecewise con-
tinuous and therefore it is necessary to consider the Dirichlet generalized
problem (see [1,2,3,4]).

A. On the boundary S of the domain D a function g(7) is given which
is continuous everywhere, except a finite number of points T1,Ta, ..., Tn at
which it has first kind break points. It is required to find a function u(z) =
u(z,y) € C3(D)NC(D\ {11, 72,...,Tn}) satisfying the conditions

Au(z) =0, ze€D, (1.1)
u(t)=g(r), 7€8, 7#m (k=12,...,n), (1.2)
u(z) = c+ O(;') for |z| — oo, (1.3)

where A is the Laplace operator and c is a real constant provided |c| < oo.

It is known (see [1,2]) that problem (1.1)—(1.3) is correct, i. e., the
solution exists, is unique, depends continuously on the data, and for the
generalized solution u(z) the generalized extremum principle is valid:

minu(z) < < maxu(z), 1.4
mipu(z) < uls) < maxu(? (1)
where for z € S it is assumed that z # 7, (k= 1,n).

It should be noted that condition (1.3) plays an important role in the
extremum principle (1.4) and, consequently, in the theorem on uniqueness
of the solution to Problem A (see [1,2]). To see that this is so, it is sufficient,
e. g., to consider an exterior of the disk with the center at the origin and

of radius r, as the domain D, i. e. S : |z| = r. If the function u;(z) is

a solution of problem A without condition (1.3), then the functions of the

type u2(z) = u1(z) + kln 2] are the solutions of problem A, where k # 0 is
r

a real constant.

It can be easily shown that if we fix in advance the value of the constant
¢, this will be a rather strong restriction. Really, since under conditions
(1.1), (1.2), (1.3) for the function w(z,y) the minimax principle is fulfilled
(see [1,2]), hence problem A with hitherto fixed ¢ may turn out generally
unsolvable. To avoid this fact the constant ¢ should be defined from the
condition (1.2) while solving problem A.

If g~ (71) and g™ (7) are the limit values of the boundary function g(7),
when 7 tends to the point 7 along S, respectively, in the positive and nega-
tive directions (under the positive direction the counter-clockwise movement
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along the boundary direction is meant), then the following theorem explains
the behavior of the generalized solution in the neighbourhood of the point
71 (see [1,5]).

Theorem 1. The limit values of the solution u(z) of the Dirichlet gen-
eralized problem, when the point z € D approaches the point Ty lie between
g~ (1) and g* (13).

Remark 1. If the domain D is the exterior of the circle S : x =
acost, y = asint (0 < t < 27), then the solution of the problem A is
represented by Piosson’s integral (see [1,2]):

27 9 9
1 , _
ulz) / glae') U dt (1.5)

T or r2 —2arcos(t — ) +a?
0

where r > a and z = re'? (0 < ¢ < 27). When r = a representation (1.5)
loses sense. However, it is proved (see [1,2]) that

lim u(z) = g(7), T=ae", T#m, z€D.
z2—T

Remark 2. On the basis of the formula (1.5) the problem A for simply
connected domains can be solved by the method of conformal mapping (see
[6]). In particular, for this it is necessary to know the function z = w(()
which conformally maps the unit disk G(|¢] < 1) onto a simply connected
domain D, and for calculation of the solution to the problem A at an arbi-
trary point of the initial domain D (also for determination the pre-images
ty of the points 7,(k = 1,2,...,n) in conformal mapping z = w(()) it is
necessary to know the function ( = f(z) which is inverse to the function

z=w(().
2. ON APPLICATION OF THE MFS FOR GENERALIZED PROBLEM

In general, it is known (see [3,7]) that the methods used for approxi-
mate solution of the ordinary boundary problems are less suitable (or not
suitable at all) for solving problems with singularities. In particular, the
convergence is very slow and, consequently, the accuracy is very low in the
neighbourhood of singularity of the boundary function. Similar case takes
place in solving the generalized Dirichlet boundary problem by the MFS.
Therefore researchers try to perform preliminary improvment of the posed
boundary problem. More precisely, they try to reduce, if possible, the posed
problem by smoothing a boundary function to solving the ordinary problem
(see e.g., [3,5,7]). For example, in the case of finite domains, the question
about application of the MFS to harmonic and biharmonic problems with
certain singularities is considered in (see e.g., [8,9,10,11]). In these papers it
is noted that from the view-point of the accuracy in the neighbourhood of
boundary singularities the MFS is ineffective for solution of harmonic and
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biharmonic problems with boundary singularities. Therefore, for solution
of the considered problems authors have used so-called modified versions of
the MFS, which are based on the direct subtraction of the leading terms
of the singular local solution (which must be determined) from the original
mathematical problem.

In general, the MFS may be used for solving both ordinary problem
and generalized problem (see [12,13]). Concerning the rate of the conver-
gence and accuracy in the neighbourhood of singularity of the boundary
function, the noted fact was expected. Indeed, the fundamental solutions
(functions) have a high degree of smoothness on the contour S, therefore,
such smooth functions are less suitable for approximation of discontinuous
functions. Taking into account the fact that for very big N computation
becomes complicated, the above noted facts make the MFS less suitable (or
not suitable at all) for approximate solving the Problem A. An analogous
circumstance takes place when D is infinite domain. Thus, in the case of
generalised problem the MFS is ineffective from the view-point of accuracy.

3. A METHOD OF REDUCTION OF THE DIRICHLET GENERALIZED
PROBLEM TO AN ORDINARY PROBLEM IN THE CASE OF THE INFINITE
PLANE wiTH HOLES

For reduction of Problem A to an ordinary problem it is sufficient to
have a function wug(z) which would be a solution of equation (1.1), bounded
in D, continuous in D everywhere, except the points 7 = 75, and would
have the same jumps at the points 73, as g(7). Indeed, if such a function is
constructed, then by introduction of a new unknown function

v(z) = u(z) — up(2) (3.1)

for its determination we have already a Dirichlet ordinary problem.
B.

Av(z) =0, z€D, (3.2)
o(r)=f(1), TES, (3.3)

where f(7) = g(7) — ug(7) is a continuous function on the contour S (since
the function f(7) has removable break points at 7y, i.e., f(7x) = f~ (1) =

fH (7))
Since the domain D is infinite, for the uniqueness of the solution of
Problems B and A (see [1,2]) we require additionally that

limv(z) =c1 for z— oo, (3.4)
limug(z) = ¢y for z— oo. (3.5)

It is evident that in this case, since ¢ = ¢ +¢2, ¢ must be given in advance,
and ¢; should be found while solving Problem (3.2), (3.3). Conditions (1.4),
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(3.4) and (3.5) are essential, respectively, for the uniqueness of the solution
of problems A and B in the case of an infinite domain.
After construction of function v(z) = v(z,y) from (3.1) we have

uw(z) =v(2) +uo(z), z€D, z# . (3.6)

For simplicity of presentation, the case, when D is the infinite plane with
the hole B; (i.e. m = 1,5 = S1) we consider separately. In this case in the
role of ug(z) we can take the function (see [5])

up(z) = Zuk(z), (3.7)

where hy, and 0y are the jumps of the functions g(7) and wy(7) at the point
Tk along S, respectively; in particular

b =9 (k) — 9~ (Tk), Ok =&} — o5,

= lim wg(7), gp’;:TEI},}fwk(T)’ TES;

T—Tr+

of

”

in the expression of the function wg(z) the sign ”—" denotes complex
conjugate, zq is the inner point of the finite domain By (to avoid difficulties
in calculations, it is better to take the “center” of By as 2¢), arg denotes
the properly chosen branch of the argument.

From (3.7) for the value of the constant ¢y (see (3.5)) we have

n
co = lim up(z) = Z b arg(zo — k). (3.8)
Z2—00 5k:
k=1

Now we consider the general case, when D is the infinite plane with the
holes By (k = 1,2,...,m). It should be noted that in problem A it is not
necessary for points of discontinuity to be placed on all contours Si (k =
1,2,...,m). For simplicity we introduce the following notations. We denote
by I'1,Ts,..., Ty (1 <1< m) those of the contours S, (k=1,2,...,m) on
which the points of discontinuity are situated, and suppose that the number
of the points of discontinuity on the contour I'; is k;. It is clear that for the
natural numbers k; we have 1 < k; < n and ky+ko+- - -+k; = n. Further, we
denote by 7, (k= 1,2,...,k;) the points of discontinuity which are situated
on the contour I';, and we introduce the notation h;x = g% (1ix) — 9~ (Tir),
where h;i is a jump of the function g(7) at the point 7.
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In paper [5] it is shown that for smoothing of the function g(7) on the
contour I'; we can take the function

ki
ui(2) = Zuik(z), (3.9)
k=1

h;
wik(z) = 3 Ewik(2),

wik(z) = arg ( Z Tk > ,

(Z - Zio)(zio - Tik)

where z; is the "center” of the finite domain G; with the boundary T';(z;p €
Gi), while
Sik = i — Pips P = lm wi(7), ¢ = lim wi(r), 7e€Tl.

T—=Tik+ T—=Tik—

In the considered case we can take the function (see [5])

ug(z) = Z

=1k

ki
uik(2) (3.10)
=1

in the role of ug(z), then the function v(z) = u(z) — ug(z) is a solution of
problem B with the continuous boundary function

f(r)=g(r) —uo(r), 7€S8 (3.11)

Thus in the general case the solution u(z) of problem A can be repre-
sented in the form

u(z) =v(z) + > > ui(2). (3.12)
i=1 k=1
From (3.10) for the velue of the constant ¢y we have

1
co = lim ug(2) = Z ik arg(zio — Tik)- (3.13)

7—00 ik

4. ON APPLICATION OF THE MODIFIED VERSION OF MFS TO SOLUTION
OF THE DIRICHLET ORDINARY PROBLEM IN THE CASE OF INFINITE
PLANE wiTH HOLES

It is known (see [12,13,14]) that the method of fundamental solutions
can be used in the general case to solve approximately both internal and
external boundary value problems (besides, also the number of connectivity
of domain and dimension of space do not matter). On the basis of theory
[12,13] the system

{‘Pi,k(z)}zil = {1n|z — Zi7k|}z.;1 , z€8 (i=1,2,...,m), (4.1)
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plays the role of the system of fundamental solutions of the Laplace operator.
In (4.1) {Z;x}72, is a countable set of points lying everywhere densely on

~ ~ m ~
the auxiliary closed Liapunov contours S; (S = |J 5;), where contours S;
i=1

lie respectively inside the finite domains B; and min p(S;, §1) > 0, where
p is the distance between S; and S;. It is known that the system (4.1) is
linearly independent and complete not only in the space Lo(S), but also in
C(S). Theoretically, with the aid of system (4.1), the boundary function
g(z) can be approximated to within any accuracy, but it is inconvenient for
an approximate solution of problem (3.2), (3.3), (3.4). Indeed, when using
the MFS, the approximate solution is sought in the form

m N;
un(z) = a,(CNi)ln|z—zzk|, z €D,
=1 k=1
where N = Ny +Na+---+ Ny, the points z; y(k = 1,2, ..., N;) are situated

“uniformly” on the auxiliary contour §i, and a,(CN") are the coefficients of
expansion of the function g(z) into a series with respect to the first N
functions of system (4.1). It is obvious that lim uy(z) = co as |z] — oo,
which means that condition (3.4) for the solution to be unique is not fulfilled.

Remark 3. Further (see [14]) while solving approximately the boundary
value problem, under contour gl we will mean the Jordan contour which
represents the boundary of the plane figure Ei(éi C B;). The figure Ei is
similar to B;, oriented in the same way and they have one and same the
“center” of gravity. As for the values p(S;,S;) and N;, they can be chosen
during the numerical realization of the algorithm, taking into account an a
posteriori estimates of the accuracy of the results.

Remark 4. If we seek the solution to problem B in the form

un(s) =Y

1 k=

N;

(N
k

a )ln|z—2,k\+cN,
1

m N; )
under the condition Y > aéN") = 0, where cy is a real constant and
i=1k=1
len| < o0, then it can be easily proved that uy(c0) = ¢n. However while
finding the constants a,(ﬁNY‘) (i=1,2,....m; k=1,2,...,N;) and ¢y some
considerable difficulties arise which are connected with investigation of the
questions about solvability of obtained systems and conditionality of its

matrix.

To avoid the above noted situations in (see [15]) the modified version of
the system of fundamental solutions (4.1) is constructed by the method of
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conformal mapping, which has the following form
~ Zik— 2
ik(2) 2, = 2, Zik) ey =% In —
e = Wm0 = {22

}OO . (4.2)

k=1

where 2o is "the center” of either domain (hole) from the finite domains
Bi (i=1,2,...,m).

For system (4.2) following conditions are satisfied (see [15]):

1o. sz,k(z) =0,Vz e D;

20. The system {1; k(2)}32,(i =1,2,...,m) is linearly independent and
complete not only in the space Ly(S), but also in C(S).

30. lim e, 1 (2) is finite as |z| — oo.

Since, in our case f(z) € C(S), therefore on the basis of property 2¢ for
the arbitrary e > 0 there exist such natural numbers N?(g) and system of

coefficients oz,(C i) (i=1,2,...,m, k=1,2,...,N;), that if N; > N?, then

ey |/t ;:“ml

If we introduce notation

m N;
UN(Z) ZZ 1)1/}zk
=1 k1

where N = Ny + Ny + - -- + N;, then on the basis of minimax principle we
obtain that max|v(z) —vn(2)| < €, where v(z) is exact solution to problem
zeD

B, i.e. vn(2) converges uniformly to v(z) in D for N — oo.
Thus, the approximate solution vy (z) of problem B by the modified
version of MFS has the form

m N z z
(Nl) i,k
uvn(2) =vn(x,y) = a In — , 4.3
( ) ( ) Pt k (Z _ ZO)(Zi,k _ ZO) ( )
where the auxiliary points (simulation sources) z; x(i = 1,2,...,m, k =
1,2,...,N;) are situated ° uniformly on the contours .S;.

As for the coefficients a o) , they can be found (see [12,13,14]) from the
system of linear algebraic equatlons of the form

m N,
Z a’ )¢ ZT,]721 k) f(zr,j)a (44)
=1 k=1

where the collocation points z,; (r =1,2,...,m; j =1,2,...,N;) are sit-

uated “uniformly” on the contours S,. The matrix of system (4.4) has
the same properties as matrix, which was obtained while solving internal
problems by system (4.1) (see [15]).



ON SOLVING THE DIRICHLET GENERALIZED PROBLEM 79

From (4.3) for the approximate value of constant ¢; we have
m N;
N . (N) 1. |~
e :Zgn;ovN(z):vN(w):fZ a, ' In|Zk — 20l
=1 k=1
or |cf'] < occ.
5. NUMERICAL EXAMPLES

In this section on the basis of considered scheme the results of approxi-
mate solution of generalized problems for m = 1 and m = 2 (see section 1)
are given.In examples considered below the coefficients achi) of expansion
(4.3) are found from system (4.4).

In the Tables, N is the number of auxiliary and collocation points on the
contours S and S, respectively; € is an a posteriori error estimate of the

solution of the problem B or the problem A:

€ = max {|f(z”) - UN(ZiJ)”Zl’

where f(z; ;) = g(2i,;) — wo(zi,;)(zi; # Ti,k) and 7, is the point of discon-
tinuity; The points z; ;(j = 1,2,...,M;) are situated ”uniformly” on the
contour Sz If Zi,5 = Tik, then f(Zi,j) = f+(7-'i,k) = f_(Ti,k:)~

In numerical realization, provided the parametric equation of contour S;
is z = pi(t) and 7, = pi(tik), in the role of f(7 %) we can take values
fpi(tix + 1) or f(pi(tix — €1), where &1 > 0 is sufficiently small. In
numerical experiments M = My + Ms + - -- + M,,, and computations were
realized by the MATLAB system.

Example 1. The domain D is the exterior of the circle S : x = 2 cost, y =
2sint (0 < ¢ < 2m). Since m = 1, therefore for simplicity: 7, = 7%; h1x =
hi; 01,5 = 0. In the role of g(7) we took a function with four break points
71 = (2;0), 72 = (0;2), 73 = (—2;0), 74 = (0; —2). In particular, we took
the function

T+ Y, (J},y) =7TEC€ T17T2,

g(T) — 12 - y27 T E T273,
r+vy, T € T3T4,
x2—y27 T € TyTy.

where 7179, ToT3, T3T4, T47T1 are open arcs of the contour S (S = Sy, m = 1).
In the considered case: gt (m) =2, g (1) = 4; gt () = —4; g (r) =
2,97(m) = =2, g7(13) =4 g7(a) = ~4;97(11) = -2, and by =
—2, hy = —6,h3 = —6,hy = 2,0, = —7(k = 1,2,3,4), 2 = (0;0)
(see ((3.7),(4.3))). In the role of optimal auxiliary contour S (in the sense
of accuracy of approximate solution) for the given N the circle Sz =
(2—=14)cost, y=(2—=4)sint (0 <t < 2w 6 =0.007) is taken in solving
problem B by the modified version of MFS.
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Auxiliary points, collocation points and points for calculation of the a
posteriori estimate ¢ in this and other examples are situated uniformly with
respect to the parameter t on the contours S and S , respectively. In the
Table 1, un(zx) is the value of approximate solution to the problem A at the
point z; € D which is calculated with (3.6); u(zx) is value of exact solution
to the problem A at point 2z € D which is calculated by Piosson’s integral
(1.5). It is easy to see that in the considered case for the exact solution to
problem A we have limu(z) = 0 for z — co. In the case N = 1000, ¢ =
0.2F — 02 and for N = 2000, ¢ = 0.5E — 03.

Table 1
M = 5000 £, =100
k Zk ’U,(Zk) UN(Zk),N = 1000 UN(Zk), N = 2000
1| (2.00001;0) 3.0000082 2.9999979 2.9999984
2| (0;2.00001) | —0.9999441 —0.9999609 —0.9999581
3| (—2.00001;0) | 0.9999441 0.9999611 0.9999266
4 | (0; —2.00001) | —3.0000082 —2.9999951 —3.0000197
5) (10005 0) 0.0032812 0.0038018 0.0032889
6 00 0 0.5E — 03 0.7TE — 05

Example 2. The infinite plane with holes B; (i = 1,2) is taken in the
role D with boundary S = S; U Sy where the contour S; (S; = I'y) is the
ellipse Sy : x = 2cost, y =sint (0 <t < 27) and the contour Sy (S = TI'y)
is the circle So : © =10+ 2cost, y = 2sint (0 <t < 27).

In the role of a boundary function g(7) we took the function

91(7),
oir) =427

92(7—)7
In (5.1) the functions ¢;(7) and g2(7) have the form

T €Sy,

5.1
T € Ss. ( )

1, 7te€mins2,
)2, TETI2T13,
91(1) =
3, TET137T14,
4, TETI4TI;
1, 17e€mim.,
)3, TEMmaTg3,
92(7) =
57 T E 72,3724 ,
7, T € T24T21-

on the contours S; and Ss, respectively.

It is evident that the jumps of the function g(7) at the break points:
i1 = (2;0), 112 = (0;1), 13 = (=2;0), 4 = (=1;0), 21 = (12;0),
To,2 = (10;2), 723 = (8;0), 724 = (10; —2), respectively are equal to: hy 1 =
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=3, hio=1hi3=1 hig =1 ha1 =6, hos =2, hog =2, hoy = 2,
respectively.

On the basis of the Section 3 we used the functions (3.9) and (3.10)
for smoothing of the boundary function (5.1), where | = 2,m = 2,d;; =
—m(i=1,2; k=1,2,3,4; k; =4), and 21,0 = (0;0) and 22 = (10;0).

While solving the problem B by the modified version of MF'S, in the role
of contours §1 and §2 we took the contours §1 = (2—01)cost, y =
(1—61)sint and Sy : = = 104 (2—8,) cost, y = (2—d,) sint, (0 <t < 2m).

In numerical experiment the number of collocation (auxiliary) points on
the contours S; and S (§1 and §2) were equal N = Ny + Ny (N7 = Na).
Analogously M = M; + Ms, where M; = M,. §; = 0.01, do = 0.03 and
zo = (0;0) (see (4.3)).

In the Table 2 the values of approximate solution up(z) of the problem
A calculated by (3.12) at the various points z € D are given. For N =
1600, € = 0.4F — 03 and for N = 2800, ¢ = 0.1E — 04.

Table 2
M =5000, & —=10°
k 2k un(zk), N = 1600 | un(zx), N = 2800
1 (2.00001;0) 2.50000673 2.50000672
2 (0;1.00001) 1.50000514 1.50000454
3| (—2.00001;0) 2.50000283 2.50000283
4| (0;—1.00001) 3.50000022 3.49999939
5 (12.00001; 0) 3.99999860 3.99999860
6 (10; 2.00001) 2.00000399 2.00000399
7 (7.99999; 0) 3.99999654 3.99999654
8 | (10; —2.00001) 5.99999203 5.99999203
9 00 3.31068243 3.31066393

6. CONCLUDING REMARKS

From Tables 1,2 it is clear that for the approximate solution up(z) of the
problem A at the considered points of the domain D, the conditions of the
generalized extremum principle and Theorem 1 are fulfilled.

The results of numerical experiments indicate the effectivness of the pro-
posed algorithm for approximate solution problem of type A. In particular,
the algorithm is sufficiently simple for numerical realization and it is char-
acterized by accuracy, which is practically sufficient for many problems.

The proposed algorithm can be applied for approximate solution such
generalized three-dimensional Dirichlet problems, which could be reduced
to the problems of type A.
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