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SIGNS AND PERMUTATIONS: TWO PROBLEMS OF THE
FUNCTION THEORY

S. CHOBANYAN, G. GIORGOBIANI AND V. TARIELADZE

Abstract. We prove a variant of the transference lemma and by ap-
plying it we get a refined version of the Garsia inequality for orthog-
onal systems (the case p ≥ 2). Moreover we show that the fulfillment
of the (σ, θ)-condition on the Fourier series of a continuous periodic
Banach space valued function f implies the uniform convergence of a
rearrangement of the series to f .

îâäæñéâ. áŽéðçæùâĲñèæŽ àŽáŽðŽêæï èâéæï âîåæ ãŽîæŽêðæ áŽ
éæïæ àŽéëõâêâĲæå éæôâĲñèæŽ ëîåëàëêŽèñîæ ïæïðâéæïŽåãæï àŽî-
ïæŽï ñðëèëĲæï àŽñéþëĲâïâĲñèæ ãâîïæŽ (p ≥ 2 öâéåýãâãæïŽåãæï).
Žàîâåãâ êŽøãâêâĲæŽ, îëé ĲŽêŽýæï ïæãîùâöæ éêæöãêâèëĲâĲæŽêæ ìâîæ-
ëáñèæ ñûõãâðæ f òñêóùææï òñîæâï éûçîæãæïŽåãæï (σ, θ)-ìæîëĲæï
öâïîñèâĲŽ æûãâãï éûçîæãæï f òñêóùææïçâê åŽêŽĲîŽá çîâĲŽáæ àŽ-
áŽêŽùãèâĲæï ŽîïâĲëĲŽï.

1. Preliminaires

Everywhere in this paper X will stand for a normed space, real or com-
plex, Πn for all permutations π of {1, . . . , n} and Θn for all collections of
signs θ = (θ1, . . . , θn), θi = ±1, i = 1, . . . , n, n ∈ N. As usual, for permuta-
tions π, σ ∈ Πn we write π ◦ σ for their composition.

Given x = (x1, . . . , xn) ∈ Xn, π ∈ Πn and θ = (θ1, . . . , θn) ∈ Θn we
denote

xθ=(x1θ1, . . . , xnθn), xπ =(xπ(1), . . . , xπ(n)), xπθ=(xπ(1)θ1, . . . , xπ(n)θn)

and
|x|n = max

1≤k≤n
‖x1 + · · ·+ xk‖.

Note that | · |n is a norm on Xn; this easily verifiable observation will be
used below essentially.
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We call a permutation πo ∈ Πn optimal for x = (x1, . . . , xn) ∈ Xn, if
|xπo |n ≤ |xπ|n for any π ∈ Πn. Note that an optimal permutation always
exists.

To every θ ∈ Θn we associate a permutation σθ ∈ Πn as follows:

σθ(1) = u1, . . . , σθ(s) = us, σθ(s + 1) = vt, . . . , σθ(n) = v1 ,

where the integers s, t and the indices u1, . . . , us, v1, . . . , vt are chosen as
follows:

θu1 = +1, . . . , θus = +1; u1 < u2 < · · · < us,

θv1 = −1, . . . , θvt
= −1; v1 < v2 < · · · < vt; s + t = n.

In proofs below we will use repeatedly the following transference lemma
(see [1], [2]).

Lemma 1.1. Let x = (x1, . . . , xn) ∈ Xn with
n∑
1

xi = 0 and θ ∈ Θn.

Then
|x|n + |xθ|n ≥ 2|xσθ

|n , (1)
and

|xπ|n + |xπθ|n ≥ 2|xπ◦σθ
|n ∀π ∈ Πn . (2)

Moreover, for a permutation πo ∈ Πn optimal for x = (x1, . . . , xn)

|xπo |n ≤ min
θ∈Θn

|xπoθ|n. (3)

To make the presentation self-contained we include a simple proof here.

Proof. Using the fact that | · |n is a norm in Xn we get

|(x1, . . . , xn)|n+|(x1θ1, . . . , xnθn)|n ≥ |(x1, . . . , xn)+(x1θ1, . . . , xnθn)|n =

= |(x1(1 + θ1), . . . , xn(1 + θn))|n = 2|(xu1 , . . . , xus)|s ,

i.e.
|(x1, . . . , xn)|n + |(x1θ1, . . . , xnθn)|n ≥ 2|(xu1 , . . . , xus)|s . (4)

In a similar way we get also

|(x1, . . . , xn)|n + |(x1θ1, . . . , xnθn)|n ≥ 2|(xv1 , . . . , xvt)|t . (5)

From (4) and (5) we conclude:

|(x1, . . . , xn)|n + |(x1θ1, . . . , xnθn)|n ≥
≥ 2max

(|(xu1 , . . . , xus)|s , |(xv1 , . . . , xvt)|t
)
. (6)

By using the condition
n∑
1

xi = 0 it is easy to make sure that

max
(|(xu1 , . . . , xus)|s , |(xv1 , . . . , xvt)|t

)
= |xσθ

|n . (7)

The inequalities (6) and (7) give (1).
To prove (2) fix π ∈ Πn and apply (1) to xπ = (xπ(1), . . . , xπ(n)).
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Let us verify now (3). Fix a permutation πo ∈ Πn which is optimal for
x = (x1, . . . , xn) and an arbitrary θ ∈ Θn. An application of inequality (2)
for πo gives:

|xπo |n + |xπoθ|n ≥ 2|xπo◦σθ
|n .

Since πo is optimal, we can write:

|xπo◦σθ
|n ≥ |xπo

|n .

From the last inequalities we obtain:

|xπo |n + |xπoθ|n ≥ 2|xπo |n .

Hence, |xπo
θ|n ≥ |xπo

|n and (3) is proved. ¤

Corollary 1.2. Let x = (x1, . . . , xn) ∈ Xn be a collection (not necessar-
ily summing up to zero) and πo ∈ Πn be a permutation which is optimal for
x = (x1, . . . , xn). Then

|xπo
|n ≤ |xπo

θ|n + 3
∥∥∥

n∑

i=1

xi

∥∥∥, ∀ θ ∈ Θn . (8)

Proof. For a general collection x = (x1, . . . , xn) ∈ Xn and a permutation
π ∈ Πn let us introduce the collection (xπ(1), . . . , xπ(n),−s) ∈ Xn+1, where

s =
n∑
1

xi. In the same way as in the proof of Lemma 1.1 we get for any

π ∈ Πn and θ ∈ Θn

∣∣(xπ(1), . . . , xπ(n),−s)
∣∣
n+1

+
∣∣(xπ(1)θ1, . . . , xπ(n)θn,−s)

∣∣
n+1

≥
≥ 2

∣∣(xπ(u1), . . . , xπ(us),−s, xπ(vt), . . . , xπ(v1))
∣∣
n+1

≥ 2
(|xπ◦σθ

|n − ‖s‖
)
.

If we remark now that |(xπ(1), . . . , xπ(n),−s)|n+1 = |xπ|n , then we will
have for any π ∈ Πn and θ ∈ Θn

|xπ|n + |xπθ|n + ‖s‖ ≥ 2|xπ◦σθ
|n − 2‖s‖. (9)

For the optimal permutation π0 (9) leads to (8). ¤

It is not clear whether in Corollary 1.2 the constant 3 can be replaced
by a smaller one. The following statement shows that in this respect some
other permutations may be better than an optimal permutation.

Corollary 1.3. Let x = (x1, . . . , xn) ∈ Xn be a collection (not neces-
sarily summing up to zero). Then there exists a permutation π ∈ Πn such
that

|xπ|n ≤ |xπθ|n + 2
∥∥∥∥

n∑

i=1

xi

∥∥∥∥ ∀θ ∈ Θn . (10)
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Equivalently,

max
1≤k≤n

∥∥∥
k∑
1

xπ(i)

∥∥∥ ≤ min
θ∈Θn

max
1≤k≤n

∥∥∥
k∑
1

xπ(i)θi

∥∥∥ + 2
∥∥∥

n∑
1

xi

∥∥∥ .

Proof. Let s =
n∑

j=1

xj . If s = 0, then the assertion follows from (3) of

Lemma 1.1. So, we can suppose that s 6= 0. Write a := 1
ns and consider the

following new collection y = (y1, . . . , yn) elements of X, where yi = xi − a,

i = 1, . . . , n. Then
n∑

j=1

yj = 0. Let π ∈ Πn be a permutation which is

optimal for y = (y1, . . . , yn). Fix arbitrarily θ ∈ Θn. According to (3) of
Lemma 1.1 we have

|yπ|n ≤ |yπθ|n . (11)
From this, as | · |n is a norm, we can write

|xπ|n = |yπ + (a, . . . , a)|n ≤ |yπ|n + |(a, . . . , a)|n = |yπ|n + ‖s‖ ≤
≤ ∣∣yπθ

∣∣
n

+ ‖s‖ =
∣∣xπθ − (aθ1, . . . , aθn)

∣∣
n

+ ‖s‖ ≤
≤ |xπθ|n +

∣∣(aθ1, . . . , aθn)
∣∣
n

+ ‖s‖ ≤
∣∣xπθ

∣∣
n

+ 2‖s‖
and corollary is proved. ¤

Below (rn)n∈N is a sequence of independent random variables on a prob-
ability space (Ω,A,P) such that P[rn = −1] = P[rn = 1] = 1

2 , n = 1, 2, . . .
E is the related expectation.

Proposition 1.4. Let x = (x1, . . . , xn) be a collection of elements of
X (not necessarily summing up to zero) and Φ : [0,∞) → [0,∞) be an
increasing convex function. Then the following inequality holds:

1
n!

∑
π

max
1≤k≤n

Φ
(∥∥∥xπ(1) + . . . + xπ(k) −

k

n

n∑

j=1

xj

∥∥∥
)
≤

≤ 2EΦ
(∥∥∥

n∑

i=1

(
xi − 1

n

n∑

j=1

xj

)
ri

∥∥∥
)

. (12)

Proof. Let us introduce a new collection y = (y1, . . . , yn) elements of X as

follows: yi = xi − 1
n

n∑
j=1

xj . Then
n∑

j=1

yj = 0 and according to Lemma 1.1

we have for each π ∈ Πn and θ ∈ Θn

|yπ◦σθ
|n ≤ 1

2
|yπ|n +

1
2
|yπθ|n.

From this, since Φ is increasing and convex, we get

Φ
(|yπ◦σθ

|n
) ≤ 1

2
Φ

(|yπ|n
)

+
1
2
Φ

(|yπθ|n
)
.
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Therefore,
∑

π∈Πn

Φ(|yπ◦σθ
|n) ≤ 1

2

∑

π∈Πn

Φ(|yπ|n) +
1
2

∑

π∈Πn

Φ(|yπθ|n).

From this, as {π ◦ σθ : π ∈ Πn} = Πn, we get:
∑

π∈Πn

Φ(|yπ|n) ≤ 1
2

∑

π∈Πn

Φ(|yπ|n) +
1
2

∑

π∈Πn

Φ(|yπθ|n).

Hence, ∑

π∈Πn

Φ(|yπ|n) ≤
∑

π∈Πn

Φ(|yπθ|n).

Since θ ∈ Θn is arbitrary, this inequality can be rewritten as follows:
∑

π∈Πn

Φ
(∣∣yπ

∣∣
n

) ≤
∑

π∈Πn

Φ
(∣∣(yπ(1)r1, . . . , yπ(n)rn)

∣∣
n

)
a.s. .

This inequality implies
∑

π∈Πn

Φ
(|yπ|n

) ≤
∑

π∈Πn

EΦ
(|(yπ(1)r1, . . . , yπ(n)rn)|n

)
.

Fix again π ∈ Πn; it is standard to derive from Levy’s inequality that

EΦ
(∣∣(yπ(1)r1, . . . , yπ(n)rn)

∣∣
n

) ≤ 2EΦ
(∥∥∥

n∑

i=1

yπ(i)ri

∥∥∥
)

=

= 2EΦ
(∥∥∥

n∑

i=1

yπ(i)rπ(i)

∥∥∥
)

= 2EΦ
(∥∥∥

n∑

i=1

yiri

∥∥∥
)

.

Finally, we obtain

∑

π∈Πn

Φ
(|yπ|n

) ≤ 2n!EΦ
(∥∥∥

n∑

i=1

yiri

∥∥∥
)

and (12) is proved. ¤

Corollary 1.5 (Garsia [3,4]). Let 1 ≤ p < ∞ and x = (x1, . . . , xn) be a
collection of real or complex numbers (not necessarily summing up to zero).
Then the following inequalities hold:

1
n!

∑
π

max
1≤k≤n

(∣∣∣xπ(1) + · · ·+ xπ(k) −
k

n

n∑

j=1

xj

∣∣∣
p
)
≤

≤ 2Cp
p

( n∑
1

∣∣∣xi − 1
n

n∑

j=1

xj

∣∣∣
2
)p/2

(13)
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and

1
n!

∑
π

max
1≤k≤n

(∣∣∣xπ(1)+· · ·+xπ(k)−
k

n

n∑

j=1

xj

∣∣∣
p
)
≤ 2Cp

p

( n∑
1

|xi|2
)p/2

, (14)

where Cp is the Khinchine constant.

Proof. An application of (12) to the function t 7→ Φ(t) := tp gives:

1
n!

∑
π

max
1≤k≤n

(∣∣∣xπ(1)+· · ·+xπ(k)−
k

n

n∑

j=1

xj

∣∣∣
p
)
≤ 2E

∣∣∣∣
n∑

i=1

(
xi− 1

n

n∑

j=1

xj

)
ri

∣∣∣∣
p

.

By the Khinchine inequality

E
∣∣∣∣

n∑

i=1

(
xi − 1

n

n∑

j=1

xj

)
ri

∣∣∣∣
p

≤ Cp
p

( n∑
1

∣∣∣xi − 1
n

n∑

j=1

xj

∣∣∣
2
)p/2

.

These inequalities imply (13).
It is easy to verify that

n∑

i=1

∣∣∣xi − 1
n

n∑

j=1

xj

∣∣∣
2

≤
n∑
1

|xi|2 .

Hence, (14) follows from (13). ¤

2. The Garsia Theorem on Orthogonal Systems, the Case p ≥ 2

Here we apply Corollary 1.5 to get the following famous result belonging
to Garsia [3,4].

Theorem 2.1. Let (ϕ1, . . . , ϕn) be an orthonormal system of L2(Ω,A, µ),
(α1, . . . , αn) be a collection of reals and 2 ≤ p < ∞. Assume that ϕi ∈
Lp(Ω,A, µ), i = 1, 2, . . . , n and M := max1≤i≤n ‖ϕi‖Lp . Then the following
inequality holds

1
n!

∑
π

∫

Ω

max
1≤k≤n

∣∣∣απ(1)ϕπ(1) + · · ·+ απ(k)ϕπ(k) −
k

n
f
∣∣∣
p

dµ ≤

≤ 2Cp
pMp

( ∫

Ω

f2dµ

)p/2

, (15)

where f =
n∑
1

αiϕi and Cp is the Khinchine constant.
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Proof. Fix ω ∈ Ω. The application of the inequality (14) of Corollary 1.5
for the collection (α1ϕ1(ω), . . . , αnϕn(ω)) gives:

1
n!

∑
π

max
1≤k≤n

(∣∣∣
k∑

i=1

απ(i)ϕπ(i)(ω)− k

n
f(ω)

∣∣∣
p
)
≤

≤ 2Cp
p

[ n∑
1

∣∣αiϕi(ω)
∣∣2

]p/2

. (16)

Integrating both sides of (16) we get

1
n!

∑
π

∫

Ω

max
1≤k≤n

(∣∣∣
k∑

i=1

απ(i)ϕπ(i) −
k

n
f
∣∣∣
p
)

dµ ≤

≤ 2Cp
p

∫

Ω

( n∑
1

|αiϕi|2
)p/2

dµ . (17)

As p/2 ≥ 1, the application of Minkowski’s inequality gives:

( ∫

Ω

( n∑
1

|αiϕi|2
)2/p

dµ

)2/p

≤

≤
n∑
1

|αi|2
∫

Ω

( ∫

Ω

|ϕi|pdµ

)2/p

≤ M2

∫

Ω

f2dµ . (18)

From (18) and (17) we get (15). ¤

Remark 2.2. Garsia [4] stated Theorem 2.1 under the assumption that
ϕi ∈ L∞(Ω,A, µ) i = 1, 2, . . . , n and with M := max1≤i≤n ‖ϕ‖L∞ .

Apparently, our proof is simpler and the constants are smaller.

3. On the Ulyanov Conjecture

In this section Y will stand for a real or complex Banach space and
C([−π, π], Y ) for the set of all continuous functions f : [−π, π] → Y such
that f(−π) = f(π). This set with respect to the point-wise operations and
norm f 7→ ‖f‖ := supt∈[−π,π] ‖f(t)‖Y is a Banach space.

For f ∈ C([−π, π], Y ) we write:

an(f) =
1
π

π∫

−π

f(t) cos nt dt, bn(f) =
1
π

π∫

−π

f(t) sin nt dt, n = 0, 1, . . . ,
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and define the functions An(f) : [−π, π] → Y, n = 0, 1, . . . by the equalities:

A0(f)(t) =
1
2
a0(f), An(f)(t) = an(f) cos nt + bn(f) sin nt,

∀n ∈ N, ∀ t ∈ [−π, π]

and call

A0(f) +
∞∑

n=1

An(f)

the (trigonometric) Fourier series of f .
Let us denote
• by U([−π, π], Y ) the set of all f ∈ C([−π, π], Y ) for which the cor-

responding Fourier series converges uniformly (to f);
• by Uul([−π, π], Y ) the set of all f ∈ C([−π, π], Y ) for which there is

a permutation σ : N→ N such that the series A0(f) +
∞∑

n=1
Aσ(n)(f)

converges uniformly (to f).
It is well-known that U([−π, π],R) 6= C([−π, π],R). Ulyanov [5] conjec-

tured that Uul([−π, π],R) = C([−π, π],R).
This conjecture remains open so far. There are several results dealing

with the Ulyanov conjecture. Konyagin [6] has proved that if the modulus
of continuity of a function f ∈ C([−π, π],R) satisfies a weakened Dini-
Lipschitz type condition, then f ∈ Uul([−π, π],R). The following general
result by Revesz [7] seems to be a very important related result.

Theorem 3.1 (7, Theorem 1). For any f ∈ C([−π, π],R) there is a
permutation σ : N → N and a sequence of integers Nk ↑ ∞ such that the
sequence (

A0(f) +
Nk∑
1

Aσ(i)(f)
)

k∈N
converges to f uniformly.

Definition 3.2. We say that a sequence (xk)k∈N of elements of a normed

space X satisfies the Rademacher condition, if the series
∞∑

k=1

xkrk(ω) con-

verges in X for P-almost every ω ∈ Ω.

Theorem 3.3 ([8, Theorem 1] and [9, Theorem 2]). Let f ∈ C([−π, π],R)
be such that the sequence (Ak(f))k∈N satisfies the Rademacher condition in
C([−π, π],R). Then f ∈ Uul([−π, π],R).

To state the main result of this section we need one more definition.

Definition 3.4. We say that a sequence (xk)k∈N of elements of a normed
space X satisfies the (σ,θ)-condition, if for any permutation σ : N→ N there
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exists a collection of signs θ = (θ1, θ2, . . .) such that the series
∞∑

i=1

xσ(i)θi

converges in X.

Since the sequences satisfying the Rademacher condition satisfy the (σ,θ)-
condition (cf. [9, Proposition 1]), the following result formally is a refine-
ment of Theorem 3.3 even for Y = R.

Theorem 3.5. Let Y be a Banach space and f ∈ C([−π, π], Y ) be such
that the sequence (Ak(f))k∈N satisfies the (σ, θ)- condition in C([−π, π], Y ).
Then f ∈ Uul([−π, π], Y ).

Proof. Fix a function f ∈ C([−π, π], Y ) such that
(1) the sequence (Ak(f))k∈N satisfies the (σ,θ)- condition in C([−π, π], Y ).

Write Sn(f) =
n∑

i=0

An(f) n = 0, 1, . . . . By the Fejer theorem,

(2) the sequence

1
n + 1

n∑

k=0

Sk(f), n = 1, 2, . . .

converges in C([−π, π], Y ) to f .
From (1) and (2) according to [9, Corollary 4] it follows that there is a

permutation σ : N→ N such that the series A0(f)+
∞∑

n=1
Aσ(n)(f) converges

in C([−π, π], Y ) to f . Consequently, f ∈ Uul([−π, π], Y ). ¤

Remark 3.6. Let

• Crad([−π, π], Y ) be the set of all f ∈ C([−π, π], Y ) such that the se-
quence (Ak(f))k∈N satisfies the Rademacher condition in
C([−π, π], Y ),

• Cσ,θ([−π, π], Y ) be the set of all f ∈ C([−π, π], Y ) such that the
sequence (Ak(f))k∈N satisfies the (σ,θ)- condition in C([−π, π], Y ).

Then
(a) Theorem 3.3 asserts that Crad([−π, π],R) ⊂ Uul([−π, π],R), while [8,

Theorem 2] tells us that this inclusion is strict.
(b) Crad([−π, π], Y ) ⊂ Cσ,θ([−π, π], Y ) and we conjecture that

Cσ,θ([−π, π],R) = C([−π, π],R).
(c) If the conjecture from (b) is true, then Theorem 3.5 would imply the

positive answer to Ulyanov’s conjecture.
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