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LOCALIZED BOUNDARY-DOMAIN INTEGRAL
EQUATIONS APPROACH FOR DIRICHLET PROBLEM
FOR SECOND ORDER STRONGLY ELLIPTIC SYSTEMS

WITH VARIABLE COEFFICIENTS

O. CHKADUA, S. MIKHAILOV AND D. NATROSHVILI

ABSTRACT. Employing a localized parametrix the Dirichlet boundary
value problem for second order strongly elliptic systems with vari-
able coefficients is reduced to a localized boundary-domain integral
equations (LBDIE) system. The equivalence between the Dirichlet
problem and the LBDIE system is studied. It is established that the
localized boundary-domain integral operator obtained in the paper
belongs to the Boutet de Monvel algebra. The Fredholm property of
this operator and its invertibility are investigated by the Wiener-Hopf
factorization method.
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1. INTRODUCTION

We consider the Dirichlet boundary-value problem (BVP) for second or-
der strongly elliptic systems of partial differential equations in the diver-
gence form with variable coefficients and develop the generalized potential
method based on the localized parametriz method.

The BVP treated in the paper is well investigated in the scientific liter-
ature by the variational and also by the usual classical potential methods
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when the corresponding fundamental solution is available in explicit form
(see, e.g., [13], [16], [17], [21]).

Our goal here is to show that solutions of the problem can be represented
by localized potentials and that the corresponding localized boundary-domain
integral operator (LBDIO) is invertible, which seems very important from
the point of view of numerical analysis, since they lead to very convenient
numerical schemes in applications (for details see [18], [24], [25], [26], [27],
[20)).

By means of the localized layer and volume potentials we reduce the
Dirichlet BVP to the localized boundary-domain integral equations (LBDIE)
system. First we establish the equivalence between the original boundary
value problem and the corresponding LBDIEs system which proved to be a
quite nontrivial problem and plays a crucial role in our analysis.

Afterwards we establish that the localized boundary domain integral
operator obtained belongs to the Boutet de Monvel algebra of pseudo-
differential operators and with the help of the Vishik-Eskin theory, based on
the factorization method (Wiener-Hopf method), we investigate correspond-
ing Fredholm properties and prove invertibility of the localized operator in
appropriate function spaces. This paper develops methods and results of
[4-11], [19].

2. FORMULATION OF THE BOUNDARY VALUE PROBLEMS AND
LocALiZED GREEN’S THIRD FORMULA

Consider a uniformly strongly elliptic second order matrix partial differ-
ential operator

A,0,) = [Apg(,00)],,.5 = [81 (apt(a) aij)] , (2.1)

3x3

k
where 9, = (01,02,03), 0; = 0, = 0/0xj, aﬁ? = a?ﬁ = ap? € C*>,
4. k,p,q = 1,2,3. Here and in what follows by repeated indices summa-
tion from 1 to 3 is meant if not otherwise stated.

We assume that the coefficients aﬁ? are real and the quadratic from
ai?(x) kj Mpq is uniformly positive definite in R3 with respect to symmetric
variables n,; = 7, € R, which implies that the principal homogeneous sym-
bol of the operator A(x,d,) with opposite sign, A(z,§) = [a}] ()& &jlaxs is
uniformly positive definite, i.e. there are positive constants ¢; and ¢y such
that

e [EPICP < (A, 6)¢, () <ea €, ¥V 2R3, V €€R?, V (eC?,(2.2)

where (-, -) denotes the usual scalar product in C3.
Further, let Q" be a bounded domain in R3 with a simply connected
boundary 92T = S € C*, Qt = QF U S. Throughout the paper n =
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(n1,mn2,mn3) denotes the unit normal vector to S directed outward with re-
spect to the domain QF. Set O~ :=R3\ QF,

By H"(Q) = H5(Q) and H"(S) = H5(S), r € R, we denote the Bessel
potential spaces on a domain 2 and on a closed manifold .S without bound-
ary, while D(R?) stands for C° functions in R with compact support and
S(R?) denotes the Schwartz space of rapidly decreasing functions in R®.
Recall that H°(2) = Ly(Q) is a space of square integrable functions in Q.

For a vector u = (u1, uz, Ug)T the inclusion u = (uy, us, Ug)—r € H" means
that each component u; belongs to the space H".

Let us denote u® = {u}* = y*u, where y© and v~ are the trace opera-
tors on S from the interior and exterior of QF respectively.

We also need the following subspace of H!(€2),

HY9(Q; A) = {u = (u1,up,uz) | € HY(Q) : A(z,0)u € HO(Q)}. (2.3)

The Dirichlet boundary-value problem reads as follows.
Dirichlet problem: Find a vector-function u= (u1, ua,uz) " € H-0(QF, A)
satisfying the differential equation

A(z,0x)u=f in QF (2.4)
and the Dirichlet boundary condition
ut =¢, on S, (2.5)

where Po = (9001 » Pozs (:003)T € Hl/Z(S) and f = (fh f27 f3)T € HO(Q+)'
Equation (2.4) is understood in the distributional sense, while the Dirichlet-
type boundary condition (2.5) is understood in the usual trace sense.
Now, we introduce the co-normal derivative operator associated with the
differential operator A(z,d;),

0

T(x,0y) = [Tpg(,0)] 4, 4 = api(z) ni(z) 0 |y (2.6)

Evidently, the co-normal derivative for a smooth vector-function u, say
u € H%(Q1), reads as follows

[T, 0, u(@) ], = [{T(, 0) u(@)}] =
= ai?(x) nk(x) {aﬂﬁjuq(x)}iv S Sa b= 17 27 33 (27)

which is understood in the usual traces sense.

Note that the co-normal derivative operator defined in (2) can be ex-
tended by continuity to the space H:?(Q*; A) with the help of Green’s
first identity,

(TTu, g)s = /A(x,@m)u(as) v(x) der/E(u(:r),v(x))dx, (2.8)

Q+ Q+
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where E(u(z),v(x)) = ap} () 0u,uq(w) 0pvp(2), g € H'/2(S) is an arbi-
trary vector-function and v € H'(Q2) is an extension of g from S onto the
whole of Q7T i.e., vT = g on S, while (-, -)s denotes the duality between the
adjoint spaces H~2(S) and H2(S) which extends the usual bilinear Ly(S)
inner product. Clearly the definition (2.8) does not depend on the extension
operator.

Let us define the following class of cut-off functions (see[7]).

Definition 2.1. We say x € X* for integer k > 0 if x(z) = x(|z|),
X € W{(0,00) and oX(0) € L1(0,00). We say x € X% for integer k > 1 if
x € X*, x(0) =1 and o, (w) > 0 for all w € R, where

)A(sfjw) >0 for we R\ {0},
nw)=1 ¥ -
/Qi(@)dé? for w =0,

0
and X;(w) denotes the sine-transform of the function x

@) = [ (o) sinow) de. (2.10)
0
We say x € Xﬁ for integer k > 1 if x € Xﬁ and
wxs(w) <1, VweR (2.11)

Evidently, we have the following imbeddings: X* C X*2 and X_]ﬁl -

X_]E7 ijr C Xfi for k1 > ko. The class X¥ is defined in terms of the
sine-transform. The following lemma provides an easily verifiable sufficient
condition for non-negative non-increasing functions to belong to this class
(for details see [7]).

Lemma 2.2. Letk > 1. If x € X¥, X(0) =1, X(0) > 0 for all o € (0,00),
and X is a non-increasing function on [0,400), then x € X_’f_.

The following examples for x are presented in [7],

|| 1%
xl(x){ {1*?} for o] <e, (2.12)
0 for |z| > e,
|z[?
X (x) = exp[\a:IQ—a?] for |z} <e, (2.13)

for |z| > e,

) (1_'95')2<1_2'j> for lel<e
0

for |z| >e.
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One can observe that x, € Xf_, while x, € X{° due to Lemma 2.2, and
Xs € X3. Moreover, x, € X{, for k =2 and k = 3, and x, € X7,, while
X, € X1, and x, & X73 (for details see [7]).

Define a localized matrix parametriz corresponding to the fundamental

solution function Fy(z) := —[4 |x|]~! of the Laplace operator, A = 97 +
93 + 03,
_ _ _ __x@ o _
P(z)=P,(z) :=F(z)I = x(z) Fi(x) Iﬁim I with x(0)=1, (2.15)

where F, (z) := x(x) Fi(x), I is the identity 3 x 3 matrix and x is a localizing
function

xeXt, k>3 (2.16)

Throughout the paper we assume that the condition (2.16) is satisfied and
x has a compact support if not otherwise stated.

Denote by B(y,¢) a ball centered at the point y and radius € > 0 and let
Y(y,e) = 0B(y,¢).

There holds Green’s second identity

/[v Az, 0)u—A(z,d)v u|ldz = /[{U}JF{TU}JFf{T”u}+ {u}*]dS (2.17)

Q+ S

for smooth vector-functions u and v, say u,v € C2(Q+F).

Let us take in the role of v(x) successively the columns of the matrix
P(z — y), where y is an arbitrarily fixed interior point in QF, and write
the identity (2.17) for the region QF := QT \ B(y,e) with ¢ > 0 such
that B(y,e) C QF. Keeping in mind that PT(z — y) = P(x — y) and
[A(x,0,)P(z —y)] " = [A(z,0,)P(x — y)], we arrive at the equality,

/ [P(x — y) Az, 0,)u(z) — Az, 05) Pz — y) u(z)] de =
o

— [P~ ) (7. 0)u(@)} ~(T(2,0)Pla = ) {ula)} ] as-
S

—/ [P(z—y)T(x, 0, )u(z)—{T(z,8,) P(x—y)} "u(z)]dS(y,e). (2.18)
S(y.e)

The direction of the normal vector on ¥(y, ) is chosen as outward.
It is clear that the operator

Au(y) :=lim [ [A(z,0)P(x —y)]u(z)dx =

E—>

Qf
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=v.p. / [A(z,05)P(x —y) | u(z) dx (2.19)
o+

is a singular integral operator, “v.p” means the Cauchy principal value inte-
gral. If the domain of integration in (2.19) is the whole space R?, we employ
the notation Au = A wu, i.e.,

Au(y) = v.p./ [A(z,05)P(x —y) |u(z) dx, (2.20)
R3
[A(ac,@w)P(m - y)]pq =

— b (2)5(z — y)+v [— G 0" 1 }+R (2,y) (2.21)
b Y P 4w Oz 0z |z —y| pa\T> Y ’
Pq 2

_ _ _ ap;(y) 0 1 1)

by )5Ce )+ v [ - O LR, 222
where
1 1
b(2) = [bpg(2) Jsxs = 3 [415(2)0k; Jsxs = 3 [afi(2) 3wz =
1
=3 [alf(z) + ad3(x) + a53(z) ]3xs, (2.23)
R(z,y) = [Rpq(z,9)]sxs, Ri(z,y) = [RG) (x,9)]sx3, (2.24)
ay; (x) 02 1
Rpq(z,y) = 471_{ [X(I —y) - 1] MHJF
Pxe-y) 1 ,ode—y) 0 1 \_
6$k8$j |33 — y\ 637]‘ 6xk |1‘—y|
1 6“23(37) Ix(z—y) 1 0
D () L) o 29)
pa(.,.\ _ pq 9
(1) — . ay;(x) —ap;(y) 0 1
RO (x,y) := Rpq(x,y) yp T — (2.26)
D,q = 1; 27 3.

Clearly the entries of the matrix-functions R(z,y) and R (z,%) possess
weak singularities of type O(|z — y|~2) as z — ¥.
Further, by direct calculations one can easily verify that

EIEI(l) P(x —y) T(z,0:)u(z) dX(y,e) =0, (2.27)
Z(y.e)
lim {T(z,0:)P(x —y)tu(z) dX(y, €) =

E(y.¢)
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- [a%fry) /nk i d21}3><3 u(y) -

¥
- [T ) by u) (228)

where ¥ is a unit sphere, n = (71,72, 73) € £1 and b is defined by (2.23).
Passing to the limit in (2.18) as ¢ — 0 and using the relations (2.19),
(2.27), and (2.28) we obtain

b(y) u(y) + Auly) = V(T u)(y) + W(ub)(y) = P(A(z,0:)u)(y), (2.29)
yeQt,

where A is a localized singular integral operator given by (2.19), while V,
W, and P are the localized single layer, double layer and Newtonian volume
potentials,

V(g)(y) = - / P(z — y) g(x) dS.. (2.30)
S
W(g)(y) = / [T(2,0,) P(z — y)] g(x)dSs,  (2.31)
S
Ph)(y) := / P(z — y) h(z) dz. (2.32)
O+

If the domain of integration in the Newtonian volume potential (2.32) is the
whole space R?, we employ the notation Ph =P h, i.e.,

P(h)(y) == /P(x —y) h(z)dx. (2.33)
R3

Mapping properties of the above potentials are investigated in [7].
Denote by £, the extension operator by zero from Q1 onto Q. It is
evident that for a function u € H'(Q") we have

(Au)(y) = (Abou)(y) for y e QF.

Now we rewrite Green’s third formula (2.29) in a more convenient form for
our further purposes

[b+AJou (y)—V (T u)(y) + W (u")(y) =P (A(z, s )u) (y), y€ QT (2.34)

The principal homogeneous symbols of the singular integral operators A
and b + A read as

Go(A)(y,6) = [€]?A(y.6) - b Vyet, vEe R\ {0}, (2.35)
Go(b+A)(y,6) = €] A(y.€) VyeQFf, VEeR\ {0} (2.36)
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It is evident that the symbol matrix (2.36) is positive definite due to (2.2),

(So(b+A)(y,€)¢.¢) = €172 (A(y,£) ¢.¢) = er [¢, (2.37)
VyeQFr, VEeR3\ {0}, V(e (2.38)
where ¢; is the same positive constant as in (2.2).

Using the properties of localized potentials and taking the trace of equa-
tion (2.34) on S we arrive at the relation:

AT lu— V(T u) + (b — p)ut + W(ut) = PT(A(z,0,)u) on S, (2.39)

where the localized boundary integral operators V and W are direct values
of the localized single and double layer potentials and p is the following
matrix

p) = W les = 5 [0 me) ) ]y v €S, (240)
which is positive definite due to (2.2), while

Atlou=~yTAbou == {Alyu} on S, (2.41)

P =7"P(f) ={P(N}" on S (2.42)

Now, we are in the position to reduce the above formulate Dirichlet bound-
ary value problem to the LBDIEs system equivalently.

3. LBDIE FORMULATION OF THE DIRICHLET PROBLEM AND THE
EQUIVALENCE THEOREM

Let u € HY9(QF, A) be a solution to the Dirichlet BVP (2.4)—(2.5) with
¢, € H2(S) and f € H°(QT). As we have derived above there hold the
relations (2.34) and (2.39), which now can be rewritten in the form

[b+Allou— V() =P(f) = W(p,) in QF,
A lu V(@) =P (f) = (b= ) g, = W(p,) on S, (32)
where ¢ := Tty € H-2(S) and p is defined by (2.40).
One can consider these relations as the LBDIEs system with respect to

the unknown vector-functions u and . The following equivalence theorem
holds.

Theorem 3.1. The Dirichlet boundary value problem (2.4)—(2.5) is
equivalent to LBDIEs system (3.1)-(3.2) in the following sense:
(i) If a vector-function u € HY°(QF, A) solves the Dirichlet BVP (2.4)-
(2.5), then it is unique and the pair (u,) € H-O(QF, A) x H2(S) with
=T u, (3.3)

solves the LBDIEs system (3.1)~(3.2) and, vice versa,



LOCALIZED BOUNDARY-DOMAIN INTEGRAL 19

(ii) If a pair (u,p) € H-O(QT, A) x H=2(S) solves the LBDIEs system
(3.1)-(3.2), then it is unique and the vector-function u solves the Dirichlet
BVP (2.4)—(2.5), and relation (3.3) holds.

4. INVERTIBILITY OF THE DIRICHLET LBDIO

From Theorem 3.1 it follows that the LBDIEs system (3.1)—(3.2), which
has a special right hand side, is uniquely solvable in the class H?(QF, A) x
H-Y 2(8). Let us investigate the localized boundary-domain integral opera-
tor generated by the left hand side expressions in (3.1)—(3.2) in appropriate
functional spaces.

The LBDIESs system (3.1)—(3.2) with an arbitrary right hand side vector-
functions from the space H'(Q+) x H'/2(S) can be written as

(b + A)éou — Vw = F1 in Q+, (41)
A+E0u - V’lb = F2 on S, (42)
where Fy € HY(QF) and F, € HY/?(S).
Denote
B:=(b+ A). (4.3)

Evidently, the principal homogeneous symbol matrix of the operator B reads
as (see (2.36))

Go(B)(y.€) = [¢]*A(y,€) for yeQF, £eR’\{0}, (4.4)

is even rational homogeneous matrix-function of order 0 in £ and due to
(2.2) it is positive definite,

(60(B)(,€)¢,¢) > e [¢f* forall ye QF, ¢eR*\ {0}and¢ € C>.

Consequently, B is a strongly elliptic pseudodifferential operator of zero
order (i.e., singular integral operator) and the partial indices of factorization
of the symbol (4.4) equal to zero (cf. [23], [2], [3]).

Since (4.4) is a rational matrix-function in &, we can apply the theory of
pseudodifferential operators with symbol satisfying the transmission condi-
tions (see [12], [1], [22], [2], [23]).

We need some auxiliary assertions in our further analysis. To formulate
them, let yg € Q" be some fixed point and consider the frozen symbol
S0(B)(y0,&) = So(B)(€). Further, let B denote the pseudodifferential
operator with the symbol

Go(B)(€',&) == Go(B)((1 + [¢/)w, &)

with w:é—q, E=(£",&), ¢ =(&4,8).
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The principal homogeneous symbol matrix G(B)(&) of the operator B can
be factorized with respect to the variable &3 as:

Go(B)(&) = & (B)(&) 6" (B)(8), (4.5)
where
+ _ 1 E

A*(&7,&3) are the “plus” and “minus” polynomial matrix factors of the first

order in &3 of the positive definite polynomial symbol matrix A({',&3) =
A(y07€/7€3) (See [12]7 [14]7 [15])7 ie.

A(§/,63) = A7(€',6) AT(¢'. &) (4.6)

with det AT(¢/,7) # 0 for Rer > 0 and det A= (¢7,7) # 0 for Rer < 0.
Moreover, the entries of the matrices A% (£, £3) are homogeneous functions
in & = (&',&) of order 1.

Denote, by a®(£’) the coefficients at £3 in the determinants det A (¢, &3).
Evidently,

a” (&) a"(¢') =det A(0,0,1) >0 for ¢’ #0. (4.7)

It is easy to see that the factor-matrices AT (¢7,&3) have the following
structure
1 1
- det AE(E7,&3)

where pjf (€',&3) are the co-factors of the matrix A (¢/,¢&3), which can be
written in the form

P& 6s) = c (€N +b5(E) &+ d(E). (4.9)
Here c:, bi: and diij7 i,j = 1,2,3, are homogeneous functions in £’ of
order 0, 1, and 2, respectively.
The following assertions hold.

[A%(¢/,&)] [piij(f/a&)]gx:s, (4.8)

Lemma 4.1. Let £y be the extension operator by zero from Ri onto the
half-space R3 . The operator

T Bty : H*(R3) — H*(RY)
is invertible for all s > 0.

Lemma 4.2. Let the factor matriz AT(€',7) be as in (4.6), and a™ and
ct be as in (4.7) and (4.9) respectively. Then the following equality holds

1 , -1, 1
5 [A"‘(f ,7')] dr =
5

[P (€) )4, a0 (4.10)
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and
det [¢](€"))axs #0 for &' #0. (4.11)

Here v~ is a contour in the lower complex half-plane enclosing all the roots
of the polynomial det AT (€', 7) with respect to T.

Denote by A the localized boundary-domain integral operator generated
by the left hand side expressions in LBDIEs system (4.1)—(4.2) as

B rmBEO -,V
| AT -y

The following theorem holds.

Theorem 4.3. Let a cut-off function x € X¢° and r > 0. Then the
following operator

D HHH(OT) x HY2(8) — H™HQT) x HTH/2(S) (4.12)
1s invertible.
Corollary 4.4. Let a cut-off function x € Xi. Then the operator
D HY(QY) x HY2(8) — HY(QF) x HY%(S)

s invertible.
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