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THE NOETHER PROPERTY OF A REGULAR OPERATOR
WITH CONSTANT COEFFICIENTS IN A REGION

G. A. KARAPETYAN AND A. A. DARBINYAN

ABSTRACT. In this paper we proved the criterion for the regular op-
erator with constant coefficients to be Noetherian. We show that the
index of that operator in the region is equal to zero.
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The present work is devoted to the investigation of the Noether property
of a linear differential regular operator with constant coefficients in a region.
It is proved that for the operator to be Noetherian, it is necessary and
sufficient for it to be regular. In particular, it is proved that the index of
the regular operator with constant coefficients in the region is equal to zero.

The index theory of an elliptic operator has been studied by many au-
thors. In particular, the two-dimensional theory (R?) was, to a considerable
extent, completed in 1961 by A.I. Volpert [1], who studied general bound-
ary value problems for an arbitrary elliptic system in a simply-connected
bounded region on a plane, and proved the equivalence of ellipticity and
Noetherity of these problems in spaces of sufficiently smooth functions. M.S.
Agronovich [2] proved that for a singular integro-differentail operator on a
smooth manifold to be elliptic, it is necessary and sufficient for it to be
Noetherian. L. A. Bagirov [3] has proved that if coefficients of the elliptic
operator are sufficiently smooth in R™, then the operator in certain weight
spaces is Noetherian. However, the index theory of the regular operator
is little studied. In [4] and [5] we proved that if some of the supplemen-
tary conditions on the symbol of the operator in R"™ (in the statement of
which there occur lowest terms) are fulfilled, the index of the semi-elliptical
operator in certain weighted spaces is finite.

In what follows, the use will be made of the following standard notation:
R™ is the n-dimensional Euclidean space, Z is a set of multiindices, i.e., of
vectors & = (o, . .., oy, ) with integral, nonnegative components. For z,£ €
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R"™ and oo € Z} we put |a| = a1 + -+ ap, al = a1!. .. ap!, =g g
19

where Dy, = ——— 2 = —1.
1 0xy,

Let N'={e!,....eN}, el € Z7 (j =1,2,...,N).

Definition 1. A characteristic polytope of a set of multiindices N is caled
a smallest convex polytope R = R(N) in R™ which contains all points of
the set .

Definition 2. A nonempty polytope R is called complete if the origin
of coordinates Z% is the vertex of R, and R has vertices on each of the
coordinate axes Z7, different from the origin.

The complete polytope R is called entirely perfect, if outer normals of all
(n—1)-dimensional non-coordinate faces of R have only positive coordinates.

The multiindex o € R is called principal if it belongs to any (n — 1)-
dimensional non-coordinate face of the polytope R. The set of all principal
points from R we denote by OR.

Let R be an arbitrary entirely perfect polytope, and k be a positive
number. Suppose R = R\O'R, R¥ = {ka = (kay,kas, ..., kay),a € R}.
By a € R we mean o € RN Z7.

By R}~ we denote (k = 1,2,...,I,_1)(n — 1)-dimensional faces of the
polytope R.

Let u* (k = 1,...,I,_1) be such outer normal of the face of szl for
which for all a € RZﬁl, (uF,a) = 1. By a* = (0,...,0,a,0,...,0) € IR
ar, # 0 we denote the vertex of the polytope which lies on the k-th coordinate
axis. Assume v = é (k=1,...,n), Amax = max Aj, Amin = min Aj.

1<5< 1<j<n
1

For x € R", p = (u1, 42, - - ., pn) we denote |z|, = (Z?_l | %) .

Definition 3. For the polytope R and for the bounded region {2 C R"
we denote by H®(f) a set of measurable functions {u} with a finite norm

3

fulla(@) = (3 [ Ip*uta)ar) )
a€R g

and by H®(Q) we denote the closure of the set C$°(£2) with respect to the

norm (1).

For an open bounded cube A (@ € A) and for the function ® € H?(A)
we denote HR(Q, ®) = {u € HR(Q); (u — ®) € H?(Q)}.

In the sequel, it will be assumed that k is a natural number, ® €
H R+1(A) is a fixed function, the region Q C R™ satisfies the condition
of the rectangle (see, for e.g., [6]), R is the entirely perfect polytope, and
all multiindices from &R have even coordinates.
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We will consider the operators having only real coefficients.

Definition 4. We say that the linear differential operator P(D) =

> paD® is regular, if for some constant x > 0
aER

IPY& = x Y 1€*], VEeR,

a€d’'R

where P(&) = >0 paf®.
a€d'R

Definition 5. We say that the linear bounded operator A acting from
the Banach space B; to the Banach space Bs is Noetheria, if:

(1) a subspace of solutions of the equation Au = 0 in Bj is of finite
dimension, i.e., dim Ker A < oo;

(2) the range of values {A : B;1} of the operator A in Bs is closed;

(3) the factor-space By/{A : B;} is of finite dimension, i.e., dim Coker A
< 00.

The difference Ind A = dim ker A — dim Coker A is called the index of the
operator A.
It is well-known from the theory of Noetherian operators that

dim Ker A* = dim Coker A, and dim Coker A* = dim Ker A,

where the operator A* is formally conjugate to A.

Let Po(D) =3, cor PalD* 4 po be the regular operator with constant
coefficients for which Py(§) = > cor Pal® +po # 0 for all £ € R™. Then
it is evident that for some constant x > 0,

[Po ()] 2x< > |§“|+1) Ve € R". (2)
acd'R
The following theorem is known (see [7]).

Theorem 1. Let Py(D) satisfy the condition (2). Then there exists

the only one function u € HR? (Q, ®) which is a solution of the equation

Corollary 1. The kernel of the operator Py(D), acting from gR™ (Q,P)
to HR" (Q, @), is of zero dimension, i.e.,
dim Ker Py = 0.

Proof. Since HRHI(Q,(I)) cue HR (Q, ®), from Theorem 1 it imme-
diately follows that the equation Py(D)u = 0 can have not more than one
solution in HR*" (Q, ).
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It is not difficult to see that the operator Py(D), considered as that from
HR (Q,®) to HR (Q, @), is self-conjugate. Consequently,

dim ker Py = 0.

By virtue of the fact that the region of values of the operator Py(D), consid-
ered as that from HR"™ (Q,P) to ar* (Q, @), is closed, the operator Py(D),
acting from HR™ (Q,®) to HR* (Q, @), is Noetherian, and

Ind Py = dimKer Py — dim Coker P, = 0. O
Thus we have proved the following

Theorem 2. The operator Py(D), acting from HR™ (Q,®) to HR* (Q, ),
is Noetherian, and its index is equal to zero.

The following theorem is known (see [2]).

Theorem 3. Let the operator A(D) be bounded from HRk“(Q) to
Rt (Q) for which for any e > 0 and a constant M, > 0

- pk+1
IA(D)ull i () < elullgrsr () + Mel|u]l () Vu e HE(Q).

Then A(D) is the compact operator from HeR (Q) to HeR* (Q).
Let P;(D) be the linear differential operator with constant coeflicients of
the type

Theorem 4. P;(D) is the compact operator from HeR (Q) to HeR* Q).

Since for any e > 0 and o € Z7 o € R? (see [6], Ch. VI) there exists the
constant C; o > 0, such that

ID%ullrx () < ellullre () + CeallullL, (@) Yu € HRTHQ),

we have

[PL(D)ullrx () =

Z paDu

a€RO

(Q) + Mel|ull£,(Q) Vu e HRH(Q),
RE

where C' = card{a € Z%; o € R°} - max,ero [pal, Me = max,ecro Ce q.
Consequently, by Theorem 2, P;(D) is the compact operator from
HR™(Q) to HR™(Q).

Corollary 2. Py(D) is the compact operator from HR™ (Q) to HR Q).

Proof. Let u, € HRk“(Q, ®) (n=1,2,...). Thenv=u,—® € HRk“(Q).
By Theorem 4, we can select from {P;(D)v,} a convergent subsequence
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{Pi(D)vn, } <P1 (D)vp, ooy g € HR' (Q)) But, on the other hand, we

have
P(D)un, = Pi(D)(vy, +®) =
= Pi(D)vy, + P1(D)® "= g, + P(D)® € H?"(Q, ®). O

From the theory of Noether operators the following theorem is well-known
(see [8], [9], [10]).

Theorem 5. Let P(D) be the Noetherian operator, and A(D) be the com-
pact operator from HRHl(Q, D) to HR (Q, ®). Then the operator P(D) +
A(D) from HRHI(Q, D) to HR' (Q, ®) is likewise Noetherian, and Ind(P +
A) = Ind P.

Theorem 6. The index of the reqular operator with constant coefficients
from HRHl(Q, D) to HR' (Q, @) is finite and equal to zero.

Proof. Let P(D) be the linear differential regular operator with constant
coefficients. Then for any number p{, the operator P(D) can be represented
in the form
P(D) = Y paD® = Py(D) + Pi(D),
aER
where Py(D) = Zaea'RpaDa +pj and Pi(D) = Zaea’RU Do D + pj.

Let the number pj be chosen in such a way that Py(§) # 0 for all £ € R”
(this is possible on the strength of regularity and owing to the fact that the
coefficients of the operator P(D) are real).

From Theorem 2 and Corollary 2 it follows that Py(D) in the Noether

operator (Ind P = 0), and P;(D) is the compact one from HRHl(Q, D) to
HR'(Q, ).
Consequently, by Theorem 5, the operator P(D), acting from HR™ (Q, )

to HR" (Q, @), is Noethrian, and its index is equal to zero.
The theorem below is well-known (see [2]). O

Theorem 7. Let P(D) =) . PaD® be the linear differential operator
with constant coefficients, acting from HRk“(Q) to HR" (Q). Then for the
operator P(D) to have a finite-dimensional kernel in HR (Q) and a closed
range of values in R (), it is necessary and sufficient that the inequality

Jullgis () < C(IPDullr(@) + lulla () Vue AR (),

holds; here C' is some constant, not depending on the function u.
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Corollary 3. Let P(D) be the linear differential self-conjugate operator
with constant coefficients of the type

P(D) =Y paD*,
aER
acting from HRk“(Q) to HR" (). Then for the operator P(D) to be Noe-
therian, it is necessary and sufficient that the inequality
© k41
Jullgss () < C(IPDullrr(€) + lulla(2) Vue AR (9),
holds; here C' is aome constant, not depending on the function u.

Corollary 4. Let P(D) be the linear differential reqular operator with
constant coefficients, acting from HRHI(Q) to R (Q). Then for some

constant C' > 0, the following inequality holds:
k1
Jullgss () < C(IPD)ullr(@) + lul2a() vue AR (@),
The proof follows from Theorems 6 and 7.

Theorem 8. Let P(D) =) . paD® be the linear differential operator

with constant coefficients, acting from HRHI(Q) to HRHI(Q), for which
for some constant C > 0,

. k4+1,v
lullge () < C(IPDYullr (@) + fula(@)) Vue H¥ (@) (3)
Then the operator P(D) is regular.

Proof. Let R;“l j=1,...,I,_1 be one of the (n — 1)-dimensional faces of
the polytope R, and u/ be its outer normal. Let M be an arbitrary positive

J w) Iz )y
number, and £ € R". Assume M*1¢ = (Mk_ﬁl&,Mﬁfm . 7Mk‘+1§n>'

i
M{Tl“)

Let » € C5°(2) and |[¢]|£,(R2) = 1. Denote u,;(z) = ez(
(1, ) <k+1a€ Z}. Then we have

o(x). Let

a a i(Mk+1§’l> o w9 ,0) I(Mk 15@)
D%y (2) = D* (e o)) = €M e ola)+

J

oy a7 g -

<<
_ pappiL "(W%”) -
=¢*M*ie e(x)(1+90(1)), for M — oo
whence
J i(M;‘%s,x> ig
D*Pj(D)uy (z) =€ M 7 e > pe M p(2)(1+73(1)),

n—1
BER]
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where P;(D) is the suboperator of the operator P(D), which corresponds
to the face R?_l. Substitution into (3) yields

> 6 M g, ()1 +3(1)) = Y D%, (@) <

ag(RP1)k+1 ag(R 1kt

< Y Dl @=( X 10°PDI, 1 @) + s, (@)

a€e(R)k+1 a€(R)*k
= c( > Q)+
ac(R)*

Lo

D* Y p,D%u,

n—1
a€R;}

D® Z pﬁDau;ﬂ
BGR\R;"*1

ZC( Sl S p el

a€(R)* BERT

Y MBS p e

ag(R)k BeRI

)
>

ac(R)k

@+l @) -

)wuz(m(l Lo+

) el () +0(1)) + [l ().

Since the characteristic polytope R of the operator P(D) is entirely perfect,
it follows for any 8 € Z% N (R\R;I_l) that (u7,3) < 1. Consequently,
tending in (4) M — oo and dividing hitherto by M(||¢[[,,(2) = 1), we

obtain
Yoo Y e % pﬁsﬁ‘
a€d (R ~Hk+1 acd (RYHF acd Ry
and hence
> <P, (5)
aG@’R;*l
where

Pjo(f) = Z Pa™.
aG@’R;*l
It follows from (5) that the suboperator P;(D) of the operator P(D),
corresponding to the face R;Lil, is regular. Since j is arbitrary, we find
that all suboperators P;(D) (j = 1,2,...,I,—1) of the operator P(D) are
regular. This implies that the operator P(D) is regular (see [11]). O

Lemma 1. Let P(D) =) ..z, D% be the linear differential operator
with constant coefficients, for which for some constant C > 0,

lollgess (@) < C(IPDY] . (@) + 0] a(5). (6)
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Then for some (maybe another one) constant C1 > 0 the inequality
k+1
lullgess (@) < Cr (IPDYull O+l o ( @+, ) Fue BR (@, 0).
holds.
Proof. By virtue of the triangle inequality, we have
l[ullerr (2) = 19 s () < 0]l (2),
[P(D)vllx (€2) < [[P(D)ullx, () + [ P(D)®]|x (2) (7)
[0ll, () < [lull-, () + (||, (),

where v =u — <I>(U € HRHI(Q))

From the estimates (6) and (7), taking into account that ® is the fixed

function, we have
el s () S N[0l]rgs () + [[R]] 1y () <

< C(IPD)ll () + 0], () + @i () <

REk+1 RE+1

< O(IPDYull 10 () + [ PD)® . () +
el () + 191 0m) + 1@ lres (@) <

< C(IPD)ul () + lul, () + [ @llres (). O

Corollary 5. Let P(D) be the linear differential regular operator with
constant coefficients, acting from HRHI(Q,CID) to HR" (Q,®). Then for
some constant C > 0 the inequality

k+1
lullre+1(2) SCUIPD)ulls, (Q+lull ., Q)+ @[xs1(R) Vu e HF (Q,9).
holds.

Corollary 6. Let P(D) =) g PaD® be the linear differential operator

with constant coefficients, acting from HRHI(Q,@) to HRHI(Q,(I)), for
which for some constant C' > 0,

k+1
ullze+1(Q) CUPD)ully, (Q+lull,, Q)+ @1 (Q) Vue HF (2, ).
Then the operator P(D) is regular.

The proof follows immediately from Theorem 8.

Let A be the bounded operator from the Banach space B into the Ba-
nach space By. The bounded operator R; from By to Bj is called the left
regularizer for A, if

Ry =1, + 11,
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where T7 and I are, respectively, the unit and the compact operators in
B-.
The bounded operator Ry from Bs to Bj is called the right regularizer
for A, if
ARQ = 12 + T27

where T5 and I are, respectively, the unit and the compact operators in
Bs.

If the operator A possesses the left regularizer R; and the right one Ra,
then

R1ARy = R1(IQ + TQ) = (Il + Tl)RQ,
whence
Ry — Ry =T1Ry — RT5.

Thus R; — R is the compact operator from By to By. This implies that
in this case each of the operators R; and R is simultaneously the left and
the right regularizer. The operator which is simultaneously the left and the
right regularizer, is called the regularizer for A.

The theorem below is well-known from the theory of Noether operators
(see [8]).

Theorem 9. Let A be the bounded operator from By to Bs. Then:

(1) if a possesses the left reqularizer Ry, then the kernel of the operator
A in B is finite-dimensional;

(2) if A possesses the right reqularizer Ro, then the region of values of
the operator A is closed in Bs, and there takes place the finite-dimensional
co-kernel.

Theorem 10. The closed linear operator is Noetherian, if and only if it
possesses the bounded left and right reqularizer.

The Basic Theorem. Let P(D) = Y. poF“ be the linear differential
a€R

operator with constant coefficients, acting from HR™ (Q,®) to HR* (Q,).
Then the following conditions are equivalent:

(1) P(D) is the regular operator;

(2) P(D) is the Noether operator from HRk“(Q, D) to HR (Q,®);

(3) for some constant C' > 0 the estimate

) <

RE+1 =

< C(IPD)ul 1 () + ul L, (@) + [Pl () vue HF (9, @)

[l

holds;
(4) the operator P(D) is bounded from HRHl(Q,CI)) to HR" (Q,®) and
posseses the regularizer.
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Proof. 1 = 2. Follows from Theorem 6.

o]

2 = 3. Follows from Theorem 7.
3 = 1. Follows from Corollary 6.
2 <= 4. Follows from Theorem 10. O
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