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ONE THEOREM ON WEIGHTS IN THE SPACE LP®)

E. GORDADZE

ABSTRACT. Recently we proved one theorem on weights in the space
Lp and used it for the solution of the boundary value problem. Now
we prove the same theorem in the space LP(). This will make it pos-
sible to prove the boundary value problem for g € LP) not applying
Stein’s theorem.

JOO:]&‘:]Q;)O 03[") Lp 1)036(3:]‘30 [Q-.) 603(")3:]5:]6"3[20 08("’) 1)01)0%936(") 03(")—
(3960 53mbobbbgmon, 35085 doaegds LP)-bogob. gb boBuor-
Bob 83303596 V9930 53er3bbbo0 bobobmae vdem(zobe g € LP)-

To solve the boundary value problem of linear conjugation, as usual it,
suffices to consider the product of two or several weight functions. Towards
this end, we use Stein’s theorem (see, for e.g., [1] and the works dealing
with the boundary value problems).

In [2] and [3], in considering boundary value problem on an open Car-
leson arc, we used for consideration of the weight product another, more
convenient for that particular case, way which can be easily extended to the
space Lr0),

DEFINITIONS AND SOME INFORMATION

The operator

1 p(t
S@Srgag/t(z_dt, (1)
G

is called singular integral operator. Here I' is a rectifiable line, and inte-
gration is understood in the sense of the Cauchy principal value. As usual,
L,(T), p > 1 denotes the Lebesgue space. The necesary and sufficient con-
dition on I' under which the operator (1) is bounded in L,(I"), p > 1 is
well-known (David’s theorem). The lineas for which this condition is ful-
filled are called Carleson lines, or regular lines, and in this case we write
I'e R
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Recently, singular integrals and related boundary value problems are be-
ing actively studied in the spaces LP() (see [5], [6], etc.).
We say ([7]) that ¢ € Lg('), if

I(p) = / (1) P ]dt] < oo, (2)

where ¢(t) and p(t) are the measurable functions, and
1 <po <p(t) < P < oo. (3)

The norm on the set with the condition (2) is defined as follows:

el 00 = igf{k >0, Ip(§) < 1}.

By W,(I'; S) we denote the set of positive measurable on I' functions
p(t) for which the following conditions are fulfilled:

(i) if ﬁ + Wlt) =1, p(t) and q(t) satisfy (3), then p € lei('), pte L%(');

(ii) |‘PSFP_1<PHLIE<») < MpH‘PHng(»)'

In these cases p(t) stands for the weight. It is well-known that under
certain assumptions on p(t), for I' € R and p = 1 the condition (ii) is
fulfilled, i.e., the operator S is bounded in ng('), although this fact will be
neglected.

In the sequel, the use will be made of the well-known Holder inequality

[ewra<clel ., 171, (@

T

where p(t) and ¢(t) satisfy the condition (i).

In what follows, we will need the following notation. By I'y;, we denote
a continuous arc with the ends a and b which is directed from a to b. If we
are to emphasize whether the points a and b belong to that arc, we write
Ciapys Diap)s iap) Tlap)- I Tap C Ty and I is a closed line, then we assume
that the direction from a to b coincides with the positive direction on I'. By
X(Tap) we denote the characteristic function of the set T'gp.

Next, by 7; we denote the arc on I, such that ¢t € ', vy = ['(4 ), if ¢ is
an interior point on I'. Moreover, v = I'[4,a,), % = Ly if T' = Tap-

The Main Result

Theorem. Let T be a simple finite rectifiable line (closed, or unclosed),
and let p(t) > 0 be a measurable function on T'. If for every point t € T we
can choose 7y, such that p € Wyy(vt, S,,), then p € Wy (T'; St).

The proof of the theorem is based on the following two lemmas.
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Lemma 1. If the set of points of the continuous arc Ty is represented in
the form Yab = F[a,c] U F[d,b]; C 75 d and p e Wp(_)(l‘ac; Sac) N Wp(-)(deSdb);
then p € Wy (T'; Sr).

Here and in the sequel, instead of S, we will write Sgc.

Lemma 2. If T is a simple closed contour, a, b, ¢, d are different points
on I, and the direction of the arcs T'qp, Tpe, I'cq corresponds to the positive
direction on T, then it follows from the conditions p € Wy (Lge, Sch) and
pE Wp(.)(Fba, S. ) that p € Wp(.)(F; SL).

ba

Proof of Lemma 1. In what follows, we will instead of S, =~ and Sqp write

and || - HL respectively.

/“\
a b

Fig. 1

10 o

Take the point e € T'y.. Obviously, we have
HpSabp_l‘PHng) < HpSaep_lsollLZ(b» + ”pSebp_lSD”ng) <
< IXacPSaer™ llu,per + IXerpSacp™ @l ey + IDxeapSerr™ ¢l e+
Jr||><dle5ebffl<P||Lgé,) =h+ L+ I3+ 1y (5)
where
I = HXacpSaep_ISDHLZg.) = lIpSacr™"¢ll ., <
< Cl”“””ng» = Cl”Xac‘PHLgé.) (6)
I = chbpsaep_l‘p||ng>'
If D stands for the distance between the sets I'c, and I'ye, then we obtain

_ 1 1 _
X PSach™ | < o Xar— /p Yol
I

ae

By virtue of (4), we find that

[ ot < el - o~y
Fae

where p and ¢ satisfy the condition (i). Then we obviously obtain

1 _
XebPSr,, o190l < —5xenol -l 1”?((;)6”50”?({;2’
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whence

L < Gillel,

p() "
ab
Analogously to the estimate Is, we have

Is = IxaapSerp™ @l 0, < Cslielno s
ab Lab
and analogously to the estimate I,
I = |IxavpSerp™ "ol < Cullell -
ab
Inserting (6), (7), (8) and (9) into (5), we get
||pSabp_130||Lp(_) < C”(p”Lp(-)'
ab ab
Thus the lemma is complete. [J

Proof of Lemma 2. Take the points e; € 'y, and eg € T'ye.
c

€2
b

dela j

Fig. 2
Teie,-

For the brevity, by Se,qe, We denote the integral along 7e,., when a €
HpSFpilwlle(A) = ||pSela62971¢ + pSezcelpil‘PHLp(«) <
r r

<)+ I+ I+ 1,
where

I} = | XdacPSeracar™ "l ()
r
Ié =

||Xcdpsela€2pilsa||ng(‘)
Ié = ||Xbcapsezc€1p_lsa||Lp(-)
T
I} = XabpSescerp ™l -
r

Here I] and Ij are the expressions of the same type as Iy and I4, and I}
and I are the same as I5. Therefore we have

loStp™" el

< CH()DHL;{:(C) .
Thus the lemma is complete. [J
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Proof of Theorem. By the condition of the theorem, to every interior
point ¢ € T' there correspond open (but in the case of endpoints, if T is un-
closed, there correspond semi-open) arc-wise intervals covering the contour
T". Obviously, from that covering we can distinguish a finite covering of I'
by the arcs I'a,p,, k = 1,2,...,n for which we have p € W) (Layty,s.,, )-
Of these arcs we take two arbitrary ones, satisfying Lemma 1. According
to our lemma, the number of intervals reduces by one. Thus, after a finite
number of steps, if the arc I'y; is unclosed, we arrive at the whole contour,
but if the contour is closed, we obtain the sutuation appearing in Lemma
2, which proves the theorem. [J
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