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ABOUT THE SPECTRUM OF REGULAR ELEMENTS IN
A ¢-ALGEBRA

B. AQZZOUZ AND M. H. EL ALJ

ABSTRACT. We define holomorphic functions taking their values in a
quotient bornological space and we use this to show that the spectrum
of a regular element of a unital g-algebra is compact and nonempty,
also we prove that the resolvent is a holomorphic function which van-
ishes at infinity.
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1. INTRODUCTION AND NOTATIONS

Waelbroeck was the first who introduced regular elements for b-algebras
(see [8-10]). Next, Allan [2] considered elements that he called “analytic”
in unital locally convex algebras. Note that, Allan’s analytic elements are
Waelbroeck’s regular elements. Finally, Vasilescu considered regular opera-
tors on Fréchet locally convex spaces.

For Waelbroeck, an element a of a unital b-algebra A is regular if there
exists M > 0 such that (a — s.e) is invertible if |s| > M and {(a — s.e)” " :
|s|] > M} is bounded, where e is the unity of A. For Allan, an element
a of a unital locally convex algebra B is analytic if there exists M > 0
such that {A‘}— : n € N} is bounded. Finally, Vasilescu [7] considered
regular operators on quotient Fréchet spaces. These operators are such
that the function s — (1 — sa) is invertible in the space of holomorphic
functions on €D taking their values in quotient Fréchet spaces, for some
€ > 0 where D is the unit disc of C Applying the “joint corollary” of [12],
we see that Vasilescu’s regular operators are regular elements in the sense
of Waelbroeck.

In this paper, we will define a holomorphic function f on a complex
manifold U taking its values in a quotient bornological spaces E | F as
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a function induced by a system (V, f1,) where each V, is an open neigh-
borhood of z, each f1, € O (V,, E) and for all z # y, we have flzwzmvy —
fryvov, € O(VaNVy, F). forall z, fi. € O(V, F). The space of these
holomorphic functions will be called O (U, E | F). We will show that if
U is an open subset of C and f € O(U,E | F), then for each relatively
compact subset V' of U, there exists a function fy € O (V, E) such that
Wivav. = fizlyer. € O (VNV,, F). Next, if f is a holomorphic function
on C*, there exists a family (V.), of open neighborhoods of z, such that
f1- € O(V,,E) and f1ZIvzva/ - flz’\vzmvz/ € O (V,NV,,F), we will prove
that an element e € E exists such that for all z, we have f, —e € O (V,, F).
As application, we will deduce that the spectrum of a regular element a
is compact and nonempty, and the resolvent mapping s — (a — 5)71 is
holomorphic and vanishes at infinity.

To prove our results, we need to fix some notations and recall some
definitions that will be used in this paper. Let EV be the category of
vector spaces and linear mappings over the scalar field R or C, and Ban
the subcategory of Banach spaces and bounded linear mappings.

1) Let (E,||||z) be a Banach space. A Banach subspace F' of E is a
vector subspace equipped with a Banach norm ||||  such that the inclusion
(F,||[lz) — (E,||||g) is continuous. A quotient Banach space E | F is a
vector space F/F, where E is a Banach space and F a Banach subspace.
Given two quotient Banach spaces E | F and E’' | F’, a strict morphism
u:FE|F — E' | Fis a linear mapping u :  + F —— uq(z) + F’, where
uj : E — F’ is a bounded linear mapping such that uy(F) C F’, we shall
say that u; induces u. Two bounded linear mappings ui,us : £ — E’ both
inducing a strict morphism, induce the same strict morphism iff u; — us is
a bounded linear mapping & — F’. For more information about quotient
Banach spaces the reader is refered to [13].

2) In a similar way, we define the category of quotient bornological spaces.
Let E be a real or complex vector space, and let B be an absolutely convex
set of F. Let Ep be the vector space generated by B i.e. Fp = Ux>oAB.
The Minkowski functional of B is a semi-norm on Ep. It is a norm, if
and only if B does not contain any nonzero subspace of E. The set B is
completant if its Minkowski functional is a Banach norm.

A bounded structure 8 on a vector space E is defined by a set of “bounded”
subsets of ¥ with the following properties:

(1) Every finite subset of E is bounded.

2) Every union of two bounded subsets is bounded.

3) Every subset of a bounded subset is bounded.

4) A set homothetic to a bounded subset is bounded.

5) Each bounded subset is contained in a completant bounded subset.

(
(
(
(
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A b-space (E, 3) is a vector space E with a boundedness §. A subspace F
of a b-space E is bornologically closed if F' N Ep is closed in Ep for every
completant bounded subset B of F.

Given two b-spaces (F, 8g) and (F, BFr), a linear mapping u : £ — F'is

bounded, if it maps bounded subsets of E into bounded subsets of F'.
We denote by b the category of b-spaces and bounded linear mappings. For
more information about b-spaces we refer the reader to [4] and [11].

Let (E,Bg) be a b-space. A b-subspace of E is a subspace F' with a
boundedness S such that (F,(r) is a b-space and S C Sg. A quotient
bornological space E | F' is a vector space E/F, where E is a b-space and
F a b-subspace of E.

Let E | F and E' | F' be two quotient bornological spaces. A strict
morphism v : B | F — E’ | F’ is induced by a bounded linear mapping
uy : B — E’ whose restriction to F is a bounded linear mapping F — F’.
Two bounded linear mappings u; and v; : E — E’, both inducing a strict
morphism, induce the same strict morphism F | F — E’ | F’ iff the linear
mapping u; —v1 : B — F’ is bounded. A strict morphism u is a class of
equivalence of bounded linear mappings, for the equivalence just defined.
The class of quotient bornological spaces and strict morphisms is a category,
that we call q. A pseudo-isomorphism w : E | F — E' | F' is a strict
morphism induced by a bounded linear mapping u; : E — E’ which is
bornologically surjective and such that ul_l(F') = F as b-spacese.g. B € B
if B € 8 and u1(B) € Bpr.

The category q is not abelian. In fact, there are pseudo-isomorphisms
which do not have strict inverses. For example, if F/ is a Banach space and
F a closed subspace of E, the pseudo-isomorphism FE | F — (E/F) | {0},
induced by the quotient mapping E — E/F is not always an isomorphism.
Waelboeck [14] constructed an abelian category q that contains q and in
which all pseudo-isomorphisms of q are isomorphisms.

3) A b-algebra A is an algebra on C, equipped with a boundedness of
b-space (4 such that for each completant bounded subsets B; and By of
A, there exists a completant bounded subset B3 of A such that the bilinear
mapping Ap, X Ap, — Ap, is bounded. A left b-ideal of a b-algebra (A,
B4) is a left ideal I of A, equipped with a boundedness of b-space ; such
that the mapping

(A,B) x (I,Br) — (I,5r), (a,x) — a.x

is bounded. Similary, we define right b-ideal. If A; and A are two b-
algebras, a homomorphism u : 4; — A3 is a bounded linear mapping such
that

u(a.b) = u(a).u(b) forall a,be A;.
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If A is a b-algebra, a b-subspace I of A is a (two-sided) b-ideal of A if it
is a left b-ideal and a right b-ideal. For more information about b-algebras
and b-ideals we refer the reader to [5] and [12].

2. MAIN RESULTS

We begin this section by the definition of holomorphic functions taking
theirs values in quotient bornological spaces.

Definition 2.1. A holomorphic function f on a complex manifold U
taking its values in a quotient bornological space E | F, is induced by a
system (V, f1,) where each V, is an open neighborhood of z, each fi, €
O (V,, E)and for all z # y, we have fizpv. v, = f1yv.ov, € O(V,NnV,, F).
Such a system (V5, f1.) induces the zero function if for all z, f1, € O (V,, F).
The space of these holomorphic functions will be denoted by O (U, E | F).

In the next Proposition we use a result called by Gunning and Rossi [3]
the “generalized Cauchy formula” and by Vasilescu [6], “the Pompeiu for-
mula”. We observe that Gunning and Rossi consider scalar-valued functions,
Vasilescu considers vector-valued functions, but their proofs are identical.

Proposition 2.2. Let E | F be a quotient bornological space, U be an open
subset of C and f € O(U,E | F). Then for each relatively compact subset
V of U, there exists a function fy € O (V, E) such that fv|,.,. — fiz|yoy. €
oWVnV,F).

Proof. We cover the closure V of V by a finite number of open neighbor-
hoods V, that we call Vi,...,Vy. Consider smooth functions ¢1,...,¢nN,
where each ¢; has a compact support in V;, and Zivzl i (x) = 1. We let
also f; = f.,. We see that

fi\vmvj - fjlvmvj €eo(V;in VJvF)

We consider the form 5(2;-\[:1

cients in F. Consider any s € V, and assume that s € (N5, Vi) \ f; (Vw),
then on a neighborhood of s, we have

N k
Z wifi= Z ©5f;
j=1 j=1

(¢ f;))- This is a form with smooth coefli-

We see that

N
S gifi=e1(fi—f2)+ (o1 +92) (f2— fa) + -+
j=1

+(p1+ -+ or1) (fn-1— fn) Fonfn
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By applying the operator 0 to the above relation, we see that
N k
0> wif))=>_ 0%, (fi — f;)
j=1 j=1

So the form is differentiable and F-valued (the function ¥; is Z;Zl ©5)-

Now, let U be an open subset of C and U’ be a relatively compact subset
of U. Let g be a closed smooth form on U. Then by the Pompeiu formula,
we obtain a smooth F-valued function h on U’ such that % =gon U’

We have proved that Zivzl 0yp; f; is a smooth F-valued form near to s.
The Pompeiu formula [6] gives a F-valued smooth function h on U’ such

that vazl w; fi — h is holomorphic. The proposition is proved. O

We must next prove the “Liouville theorem”. Let C* = CU {oo} be the
Riemann sphere. Let f be a holomorphic function on C*, we shall show
that f is in a way “constant”.

Proposition 2.3. Let f be a holomorphic function on C* taking its
values in a quotient bornological space E | F, induced by a system (Vy, f12).
Then there exists an element e € E such that for all z, we have f1, —e €
O (V,,F).

Proof. The proposition 2.2 shows that for all open subset U which is not
dense in C*, there exists a function fy € O (U, E) such that for all z € U,
we have

fU\Umvz - flzlumvz €0 (U nv, F) :
We consider two sets
Up={z€C":|z| < 1+¢€}
and
Up={2€C":|z] >1—¢}
We have two holomorphic functions fy, €O (Uy, E) and fy, € O (Uz, E)
such that
fUl\UmUz - fU2\UmU2 €0 (Ul N Uz, F)
The Laurent series gives two holomorphic F-valued functions gy, €
O (U, F) and gy, € O (Us, F) such that

fUlfoz :gUl 7gU2
on Uy NUs,. Therefore, we obtain
fUligUlsz27gU2

on U; NUs. These two functions fy, — gy, and fy, — gy, can be united,
define a holomorphic E-valued function f on the sphere C* such that for
all z € C*, we have f — f1, € O (V,, F). The Liouville theorem shows that
the function f is constant and the proof is finished. O
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We need to introduce the definition of g-algebras. Let E | F' be a quo-
tient bornological space. Call q' (E | F, E | F) the space of bounded linear
mappings £ — E which map F into F, and q° (E | F, E | F') the space of
bounded linear mappings £ — F'. Let

Q(E|FE|F)=q (E|F,E|F)|a°(E|F,E|F).
and define by induction:
a(E|FE|F)=q(E|FE|F)
and

an (E|F,...,E|F;E|F)=q(E|Fqna(E|F,...,E|F);E|F).

A g-algebra is a quotient bornological space E | F' on which a multipli-
cation is defined by an element m € ogo (E | F,E | F; E | F).

Now, we are in position to define regular elements in a g-algebra A | a.
In fact, an element a € A | « is regular if the A | a-valued function s —
(1 — sa) is invertible in the g-algebra 3 (¢D, A | a) for some € > 0, where D
is the unit disc of C and 3 (D, A) is the space of mappings f : D — A such

that f (D) is bounded in A, equipped with the equibounded boundedness.
Note that it follows from [1] that

ﬁ(EDv-A'a) :ﬁ(EDv-A) | ﬁ(EDva)'

Thus, we decide that a € A | « is regular if there exist functions u €

B(eD, A), v e 8(eD,a) and v' € 8(eD, «) such that
1=(1-sa)u(s)+v (s)=u(s)(l—sa)+v (s)
for some ¢ > 0.

Now if @ € A | « is a regular element, the resolvent set of a is the set of
s € C such that (s.e — a)_l exists and is a regular element of A | o, where
e is the unity of A. The spectrum of a is the complement of its resolvent
set.

On the other hand, if E' is a b-space, f is a function from a set X into E
and g : X — C is a numerical function, then the notation f = og(g) means
that the quotient function L is bounded in E i.e. there exists a bounded
set B of E such that f(s) € g(s).B for all s € X.

The following result gives some well known properties.

Proposition 2.4. The spectrum of a regular element aof a unital q-
algebra A | «, is compact, nonempty and the resolvent function s —
(a— s.e)f1 is a holomorphic which vanishes at infinity, where e is the unity

of A.

Proof. First we prove that the spectrum is closed. In fact, let sg be an

element of the resolvent set of a. The function ¢t — (1 —t(a— so.e)fl>
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is invertible in O (eD, A | @). We assume that (a — sg.e) has a regular
inverse, the element is therefore a fortiori invertible. The function ¢t —
(a — (so + t).€) is invertible in O (¢D, A | a). Let s; be another complex
number such that |s; — sg| < €, and put €’ = e — |s1 — s9|. We see that the
function t — (a— (s +1).e) is invertible in O (¢/D, A | @) and (a — s1.¢) "
is a regular element.

Now, we show that the spectrum is bounded. We assume that the
function ¢ — (1 — ta) is invertible in O (eD, A | &), and we assume that
|sg| > e~1. We see that t — (a — sg) is invertible and then t — (1 — ta)
is invertible in O (¢D,.A | a). For t near to s, ', we see that the function
t — t is invertible, and its inverse t —— % is holomorphic and bounded.
Therefore t — (a — t_l) is invertible in a holomorphic way for ¢ near to
55t And t — (a — sg.e)” " is regular.

Finally, the resolvent is holomorphic on the resolvent set. Indeed, near
each s of the resolvent set, we have an A-valued holomorphic function w (z)
and an a-valued holomorphic function v (z) such that (a — z) u (z) +v (2) =
1 (we assume here that A is commutative, otherwise we must take two
functions v, v’ such that

(a—2)u(z)+v(z)=u(z)(a—2)+v (2)=1.

This shows that the inverse is holomorphic on the resolvent set. It is
also holomorphic at infinity. It has then a series u(z) = Y., ax2* where
ar, = o4 (M) and anip — an.ap = 04 (M"+k) with a; an element of the
equivalence class a.

Apply now the Liouville theorem (e.g. Proposition 2.3), there exists
e € Asuch that u (z)—e € O (sg + €D, ), we can take also e € a. Therefore
if the spectrum is empty, then a is invertible modulo « and the inverse is 0
what is impossible. This ends the proof. Il
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