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ON THE APPLICATION OF THE METHOD OF A SMALL
PARAMETER IN THE THEORY OF NON-SHALLOW
I. N. VEKUA’S SHELLS

T. MEUNARGIA

ABSTRACT. In the present paper we suggest the method of a small
parameter for the solution of some basic boundary value problems of
non-shallow shells applying the methods developed by N. I. Muskhel-
ishvili and his pupils, by means of the theory of functions of a complex
variable and integral equations.
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1. THE COORDINATE SYSTEM CONNECTED NORMALLY WITH THE
SURFACE. SHALLOW AND NON-SHALLOW SHELLS

Let € denote a shell and a domain of the space occupied by this shell.
Inside the shell we consider a smooth surface S with respect to which the
shell Q lies symmetrically. The surface .S is called a midsurface of the shell
Q). To construct the theory of shells we use the more convenient coordinate
system which is normally connected with the midsurface S. This means
that the radius-vector R of any point of the domain €2 can be represented
in the form [1]

R(x!, x?%, x%) = r(x!,x?) + x*n(x', x?),
where r and n are the radius-vector and the basis vector of the normal of the

midsurface S(x3 = 0), respectively. (z!,2?) are the Gaussian parameters of
the surface S, and 23 (or x3) is the thickness coordinate, where

—h§$3§h,
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2h is the shell thickness (generally speaking, variable).
Covariant and contravariant basis vectors R; and R of the surface S (x3 =
const) and the corresponding basis vectors r; and r! of the midsurface

~

S(x3 = const) are connected by the following relations [1]:

R, = AIJI'J = AijI‘j, Ri = AIJI'J = AijI'j7 (I,J = 1,2,3)7

where
A'-j: ag—x3b§, i=a, j =0, (a,ﬁ:1,2)
1. 513’ ‘7:37
(1 —2Hazs3)ag + z3bj
' =a, j= =1,2
A’L] = - 172H$3+K$§ y b «, j ﬁ7 (a)ﬁ ) ) (1'1)
6%7 j:37
i Y di=o
' { n, i=3. (1.2)

Here (aqg, a®?, af) and (bag, b*P, b3) are the components (co, contra,
mixed) of the metric tensor and curvarure tensor of the midsurface S. By H
and K we denote a middle and Gaussian curvature of the surface S, where

2H — b+ 12, K — b2 — b2b,

The main quadratic forms of the midsurface S have the form

I = ds* = anpda®da”, (1.3)
IT = kyds® = bogda®dz”®, (1.4)
where k, is the normal curvature of the surface .S, and
0
Ao =Talg, bog = —Narg, Oy = el

Here and in the sequel, under a repeated indices we mean summation;
note that the Greek indices range over 1, 2, while Latin indices range over
1, 2, 3.

It is important to note that under the thin and shallow I. N. Vekua’s
shells we mean three-dimensional shell-like bodies, satisfying the following
geometric conditions:

al — 2300 = af, (a,f=1,2). (%)

These conditions are always fulfilled if the interval [—h, h] is sufficiently
small (thin shells), or if b are small values (shallow shells).
For thin and shallow shells the relation of the type (%)

Ro =r,, R*=r% A% =aj, 1-2Haz3+ Kaz=1
are valid. In other words, for thin and shallow shells, the interior geometry

of the shell does not change in thickness and coincides with that of the
midsurface S. Therefore thin and shallow shells are also called the shells
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with notvarying geometry in thickness. I.N. Vekua has constructed a refined
theory for thin and shallow shells [1].

Further we omit the assumption of the type (*) requiring only for the

conditions
|b§h| <g<l, (aaﬂ = 172)a ((**))
be fulfilled, which denote the shell-like three-dimensional elastic body.

By analogy with the previous case, such kind of shells will be called non-
shallow and non-thin shells, or shells with changeable in thickness geometry
[5,6].

To construct the theory of non-shallow shells, it is necessary to obtain
formulas for a family of surfaces S(z3 = const), analogous to (1.3)-(1.4) of
the midsurface S(z3 = 0) which have the form [1]

I = ds® = gopdzdaP, (1.5)
IT = k3ds® = bogda®dz”, (1.6)

where )
/g\ag = RaRg =aapg — 2x3ba5 + x3(2Hba5 - Kag),

bas = (1- 2Hx3)bag + 23K aas,
and k3 the normal curvature of the surface S.
It is not now difficult to get the expressions for the unit tangent vector §
and for the tangential normal of the surface 1 directed to § [5]:

IR d
- (1 — 23ks)s + 2375l 2

A5 d_§’s
l=8xn=[(1-x3ks)— .7737'55]%\,
ds = \/1 — 2x3ks + 23(k2 + 72)ds.

~

Ix3=n),

where ds and ds are the linear elements of the surfaces S and S , and 7, is
the geodesic torsion of the surface S.

Note that in deducing these formulas we use the well-known expressions
of Rodrige’s vector

d
d—z = —kss+ 751, (I1xs=n),
where s and 1 are the unit vectors of the tangent and tangential normal on
S.
The formula [5]
™~ d
IR, = (1 - 2Has + Kad)(Ira) 2. (= 1,2), (1.7)
S
necessary in writing the refuced basic boundary value problem in stresses,
is also valid.
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2. A SYSTEM OF EQUATIONS OF EQUILIBRIUM, AND HOOK’S LAW FOR
NON-SHALLOW SHELLS

We write the equation of equilibrium of an elastic medium €2 in a vector
form which is convenient for the reduction to the two-dimensional equations:

1 9va (/Lo 0y/2a?
= ((9;/; ) \g; +§<1>:o, (2.1)

where g and a are discriminants of metric quadratic forms of the tree-
dimensional domain 2 and midsurface S; ® is the body force per unit
of volume, o will be called, following to I. N. Vekua, the contravariant
components (pseudovector) of the stress vector 0'(;) acting on the area with

the normal I and representable as the Cauchy formula as follows:
oc. =o'l (lilRi, 11,2,3).
)

Using the relation (1.7), for the stress vector acting on the area with the
normal 1, we obtain

o g 4 ds
oq =0"(IRy) = \/ga' (lra)ﬁ (2.2)
where
g

= :1—2Hx3—|—Kac§.
a

(£)
For the face surfaces § (r3 = +h) with the normal (+n) we have
O(in) = +o3(xt, 22, +h). (2.21)

Using the relations (1.1) and (1.2), for the Hook’s law we obtain the follow-
ing vector notation [6]:

ol = A} AL CMI U, (1,5 =1,2,3), (2.3)
where U is the displacement vector, C?Jt are dyadic operators, and
Chit = \r" @) 4 p(r? @ v) + pa™' B, (a9t =1 -rit)  (2.3)
here ® is the symbol of dyadic vector products, F is the unit dyad,
EFE=r"®r,+n®n,

A and p are the elastic Lamé constants.
In an expanded form the relation (2.3) can be represented as

ol = AélAgl A7 9;U)r" + p(r" 8;U)r?* + pa™719,U] . (2.32)
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Substituting now (2.3) into (2.1), we obtain the equation of equilibrium
with respect to the displacement vector U:

9 o Aj pronj 0 9 43 47 3 g
ol /242 AT g U)+—— (/24347 C319,U =0, (2.4
o (Sanacmo0) o (feaiev o)+ e @

where V, is the symbol of a covariant derivative on the surface S.
The equilibrium equation (2.1) and the Hook’s law in a tensor notation
takes the form

Ve (\/gaaﬁ) b (@a“%%ﬂ/gqbﬁ:o (o, f=1,2), .
Va (\/ga“) e (\[ o ﬁ) 5/;303 \[ ¢ =0, |

where
P — gorP = AO‘ Aj (thajU) e
o = o'o‘n = A7, A] (C"“jl 8]-U) n
38 = a%rP A3A] (C’leajU) r’?
o =o%n= ABAJ (C3j18jU) n
It is not difficult to represent them in expanded form, for example, for
o and ¢ we have

o = A2 {AY [Ax70,U)aP + p(r* 0, U)a™ P+
+ uaal% (rﬁa U)} + A3A(nosU O‘ﬁ}
*3 = A% {AY (n0,U)a™ +A3( “183U)}
(Az 7013 70131 _ 531)
Note that the derivative of the vector U with respect to % can be rep-
resented as

9aU = Vo U = (VoUs — bosUs)r? + (Vo Us — bagUP)n
= (Vo UP = b2U3)rs + (VaUs + b2Us)n

(2.6)

(2.7)

ie.,

130, U = VoUs — bapUs, 70, U =V, U —b°Us,
19, U = V,Us + bogUP = VU3 +02Us, (Vo Us = 0,Us).

To the system of equations (2.1) and (2.3), or (2.5) and (2.6) we have to

(2.8)

add the boundary conditions on the face (E)(I'g = +h) and on the side ¥
surfaces of the shell €. If the shell is closed, then X is absent. It is assumed
that X are the ruled surfaces and their generators are the normals to S. As
usual, in the theory of shells it is assumed that stresses are given on the

(£)
face surfaces S (3 = £h), i

(;) 3=o3at, 22 h), o 3=o%(!, 2 —h)
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is the given vector field. Suppose that the stresses or displacements are
given on the side surfaces ¥, or the stresses are known on one part ¥ and
the displacements ¥ on the remaining part ¥ UY =%, ' nY" = 0.
Let 1 be a unit vector of the normal of the boundary area d¥ = dsdxs,
where d5s is the linear element of the boundary curve T of the surface S (x3 =
const).
Then the stress vector o g is expressed by the formula(2.2),

_aM _ 9 o ds — g ds
op=0 (IR,) = \/go' (lra)%\ = \/50‘(1)%\, (2.9)

where 1 = [,r® is the tangential normal of the boundary area dS = dsdzs,
and ds is the linear element of the boundart curve I' of the midsuface S.

For the system (2.5) and (2.6) we consider the following basic boundary
value problems.

Problem I. Find a solution of the system (2.5) and (2,6), consistent
with the physical condition of the type

~

0‘@ = O'(ﬁ)l —+ O'(Zg)/S\Jr O—(fn)n = f@ on I' (2.10)

where ?@ is the given vector function on the contour T. By Td0)y Oy O (in)
we denote respectively the normal, longitudinal and transversal tangential
stresses acting on the area with the normal 1.

This condition can likewise be written as
oy = Tay %@ = f@r OGn = fmy on T, (2.101)
where f@, f(g), f(n) are the given functions of the points L.

By formula (2.9), the condition (2.10) can be represented by means of
the unit vectors 1, s and n (1 x s = n) as follows:

o = U(”)l + O(is)S + O@n) = f(l) on f
or

oy = fuy, oas) = fs)s oan) = fn) on T,

f(l) = \/g |:(]- — 1'3]475),}7‘;’[) + l’37’sf(§):| ,
fis) = \/g [(1 - fﬂsks)f(g) - 933Tsz(;)} ; (2.102)

~ds

are the given functions of the points on the contour L.

where
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Problem II. Find a solution of the system (2.5) and (2.6) consistent
with the kinematic boundary condition of the type

~

U=U;1+Uz8+Usmn=g on T, (2.11)

O]

where g is the given vector function on f, and by U, @)’ Us), Us are denoted
respectively the normal, tangential and transversal displacements of the
vector U.

The condition (2.11) can likewise be written as

U =96 Us =9), Us=9s on T, (2.11y)

where U, o} Us), Us are the given functions of the points on the contour T.
By virtue of the identity

-~

U=U-1+ U(g)§+ Usn = U(l)l + U(S)S + Usn,

O]
for (2.111) we obtain the equivalent conditions of the type
Uy =90y, Ui =9(s), Us = gs, (2.113)

where g(;), g¢s), g3 are the given functions on f, and

N =R ds
gq) = {(1 — ngs)g@) + :E3ng(§)} P
N _1ds ~
9(s) = [(1 — x3ks)g(s) — fEsng@] 1 BT

Problem III. Find a solution of the system (2.5) and (2.6) satisfying
on one part of the contour T the physical boundary conditions of the type
(2.10) and the kinematic conditions of the type (2.11) on the remaining part
of the boundary.

It should be noted that in the present paper we do not consider the
theorems on the existence and uniqueness of these problems, we indicate
only the way for obtaining a formal solution of the basic boundary value
problems by the method of a small parameter.

3. SOME SPECIAL COORDINATE SYSTEMS ON THE MIDSURFACE OF A
SHELL

3.1. The Coordinate System in Lines of Curvature. For this system
[4] we have

rOt
= T 7
1-— k’aIg

R, =(1- kyz3)r,, R® (a=1,2),
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where k1 and ks is the principal curvature of the midsurface S, and

\/g = (1 — k‘lIg)(l — k/’2$3), 2H =k + ko, K = kiks

The basic quadratic forms are of the type
I =ds® = an(dml)2 + agg(dIQ)Q,
II = k‘sd82 = a11k1 (d$1)2 + aggk/’g(de)Q,

ie. aijp = 0, b% = k‘l, b% = k/’g, b% = b% =0.
The system of equations of equilibrium in the lines of curvature can be
written as follows:

va(¢g¢€>_M(V%?B)+ng%il+vgélza
(1) i (2 2 e

where
1 r7o, U
af _ A Y .U af
7 1—k:ax3{ (1—k7x3+n83 )a *
N (r*0,U)a’" + (rﬁawU)aO”}
1-— k7$3 ’
a3 H a (na’YU)aa’Y
_ 2
7 171130[1‘3 |:I‘ 63U+ 17]{371'3 i|, (3 )
0, U)a™"
3a —_ aa U (Il ol
7 |:I‘ 3 + 1-— k’ylg i|
33 Y
=A— 2
)\1 . + (A +2u)(ndsU)

The summation with respect to « is not allowed.
For A; and A’; we have

Al =1-kixs, AF =1 koas, A=Ay =0,
Al = A=, A =A% =0.

1
17161137 2 17162:637
Moreover, the relations (2.8) take the form

r1ViU = VUi — a11k1Us, raVoU = Vol — ankaUs,
I'1V2U = V2U17 I‘2V1U = VlUQ,

I‘lle = VlUl — k1U3, I‘2VQU = V2U2 — kQUg,
I‘1V2U = VgUl, I‘2V1U = V1U2,

nViU = VU3 + k1 U1, nVyU = VoUs + ko Us,

(VoUs = 9,Us, V,U=09,U).

Next, the external form for the expressions o ;) and U remains invariable.
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Isometric System of Coordinates. The isometric system of coordinates
on the surface S is of special interest, because in this system we can obtain
basic equations of the theory of shells in a complex form which in turn allows
one to construct for a rather wide class of problems complex representations
of general solutions by means of analytic functions of one variable z = 2! +
x2. This circumstance makes it possible to apply the methods, developed
by N. I. Muskhelishvili and his pupils, by means of the theory of functions
of a complex variable and integral equations.
The main quadratic forms in this system of coordinates are of the type

I =ds*> = Az, 2?) [(dz')? + (d:cQ)Q] = A(z,2)dzdz, (A >0),
1 —
IT = kyds? = bogda®dz® = 5A [Qdz* + 2Hdzdz + Qdz°]

where
1 1
Q= 5(by — b3 +2iby), H = 5(bi +03), = =a' +ia®,

Introducing the well-known differential operators

o_1(o 0\ o0 _1(0 0
0z 2\ 9x! 0x2 )’ 9z 2\ 9xl 0x2 )’

and the notation
g
\/7 J’ = \/j@) (34)

from systems (2,5) and (2 6) we obtain the following complex writing both
for the system of equations of equilibrium and for the Hook’s law:

%% [A(r{ =73 +iry +i10)] + 82(71 + 713 4ty —iTh)—

AHTY + Q7)) + % + X, =0,

1 (M OATH

A\ 0z 0z

+Re [Q(r{ —73 + it} +ird)| + 673 +X3=0,
(Xt =X"+iX?),

)+H(T1 +72)+

where
— 1% ity +iTS 4ur+8ZU+2\/§ {xsQ(1—Hxs) [(A + p)O+2ur*9, U+
+22Q [(A )T U+ (A + SN)QI""%U} } 4 2\23Q05Us,
s irh —ir? =200+ )0 + 2\/;{13(1 — Hus) [(A + p)QrFa, U+

+ (A+3p)Qrto,U] + 23Q0Q [(A + 1)© + 2urt9,U] } + 2X(1 — Ha3)03Us,
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= \/g(al3+ (3.6)

Jr023) _ %{(n@ZU)+2\/§ [X%QQH&ZU+X3Q(1*HXg)(naZU)]
+ (1 = Ha3)03U4 + 23Q05U 1 }
. 1
T(4) = \/g( S403)=2u [(1 — Hx3)nd,U + x3Q(nd,U) + 5\/gag,UJr] :

5= \/gg33 =A[(1 - Hx3)O+23(Qr*9,U + Qrto;U)| + (A + 2u)\/§63U3,

Here,

1 /0U ou
_ .t =917 — = + + ) _ ’
©=r"9,U+1"0,U A< Ee + % > 2Hus,
10U 10Ut
+ it ; to. U= """ _
r 9,U = A 9, HU;, r70,U N QUs,

1 - — 1
n@ZU:8ZU3+ i(QUJr +HU+), nagU:85U3+§(QU++HU+), (361)

ry =ry +irg, r+:r1+ir2, Uy =Up +1iUs, U+:U1+iU2,

Va=A, g=A1-2Hzs + K3), (azaﬁ),
z

=12 +i(rd + 1) = \/g[oi —oo+i(os+02)],..., TF= \/g( 13 1io?3).
The displacement vector U, representable in the form
U=0U%,+Un=U,r*+ Usn = umpl+uis +uzn, (uz = u3),
can be rewritten as follows:

(U+f'+ + U+I’+) + U31’1 =

1 _ —r 1
U:§(U+r++U r+)+U3n=5

i . dz _ . dz (3.7)
=—5 |(Un +U)) 5 T+ = Uw = iUg)) -re | + Usn,
where Uy =U - r, Ut =U-r", Uy =U-1, U, =U-s.
Let us consider the complex writing of formula (2.9) of the type
ds g ) dz _
U(z)g = \/E{Im [(U(ZI) + ZU(%))@H] + U(zn)n} )
where
1 _
oy +Hioa=5 |0 +o% +iok—io% — (o —oh+ick+io}) |,
2 dz (3.8)

dz
o(ln):ffm <AO’+£> s
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Below, in solving the boundary value problems in displacements (3.7)
and stresses (3.8) the use will be made of the complex representations.
For the spherical shell of radius R we have

1 1 4R? 0 .
tg—e'?,

R’ B 9= A+z22 ° Y3

where 6§ and ¢ are the geographic coordinates on the sphere.
The system of equations of equilibrium and the Hook’s law for the spher-
ical shell take the form

10 L ) , A . O,
K&[A(f —722+1T21+Z7'12)]+£(7'11+7'22+Z7'2 zrl)—i—RT 4 8;3)+X+:0’
1 (OArt  OAF 1, . o -
K< % T oz >E(rl+72)+a 2+ X3=0,
where
7'11_72“‘@(7'2"'71): 8U
o+ TE il —1F) = (/\+u)@+2x\<1+R)83U3,
+7 —_— = —_ —_—
T T {nazU+ 5 (1 3)83[]*]’
— 30_ z3 2
sy =20 | (1 P noctr o+ (1455 0.

= [/\(H%)@HAH#) (1+%)233U3]v

Here

0=r"9,U=1r"9,U+F"9,U = — <8U+ +8U—*> + 2y,
0z 0z
1 1
rto,U = 19U+ + =U;, THo,U = 9,Ut,
A oz R ,
00U = .Uy — — Vi=A(1+%)
2R + R/’

T; =(1+ x—RS)QUJ.

For the circular cylindrical shell of radius R we have

1
H=Qe—g =t 8=t =10 K =0, A=
z=ux1+ire, Jg=1+%, a=1,

where 1 = Ry, and ¢ is the polar angle, x5 is the coordinate along the
generatrix.
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Now we write out the system of equations and the Hook’s law which are
obtained from (3.5) and (3.6):

2('rll — 722 + 1712 + 17'21) + 27(711 + 7'22 + 1721 — i7'12)+
0z ) o 0z
To )+ X =0,
3
ort o7t 1 . . or3
27+t 37 "B [T + 73 + Re(r} — 73 + iy +i1{)] +a—;§+X3 =0,
where
T — T2 —QIC—ZTQI +iti = 4Q,chr+02U+
tae - (1 5g) (A we + e a,u] +
3
+ % [\ + )T 0.U + (A + 3u)r+azu]} ABGsUs,
T2 in —ir? = 2(A+u)®+Ri3$3 {— (1+£) [(A+p)rto,U +
HA + 3p)rto,U] +;—; [(A+ )0+ 2ur+0,U] }+2>\ (1+;—;) 95U,
213 T3 x3
T u{ nod +R+$3_[2Rn8 ( +R)n8 }4‘
+ (1+ &) 83U}3— §—§63U+}3,C3 .
= (14 2 000 - no, v+ (142 0]
3 _ Vg _ 35t +a T3
= [(1+ ) © = ZEFT U+ aZU]} + (A +2p) (1+ R)63U3,

Note that

— 1 1
©=0.Us +0:Us + 1 Us, r79,U=0U, + 3R U3
rto,U = 9,UT + %{Ug, no,U = 9,Us — ﬁ(Ug +Ts),

ri=(1+%2)%0h, (Uy =UY).

4. I. N. VEKUA’S METHOD OF REDUCTION

There are many different methods of passage (reduction) from three-
dimensional problems of elasticity to two-dimensional problems of the the-
ory of shells (Kirchgoff-Love, E. Reissner, A. Green, A. I. Lur’e, V. Z.
Vlasov, W. Koiter, R. Naghdi, A. L. Goldenveiser, 1. I. Vorovich, I. N.
Vekua, etc.).

In the present paper we realize reduction of three-dimensional problems of
the theory of elasticity to the two-dimensional ones by the method suggested
by I. N. Vekua the essence of which consists, without going into details, in
the following [1]. Since the system of Legendre polynomials {Pm (%3)} is
complete in the interval [—h, h],for equation (2.1) we obtain the equivalent
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infinite system of two-dimensional equations

Hgﬁ(@a) 0VI® g

\/E or® 8333

P (%) dr;=0, (m=0,1,...)
“h

or in a finite form

m 2 1 m— m— (m)
Va(o')aﬂc 0'1)0‘+( 03)a+-~~)

F = 4.1
- + 0, (4.1)

where

m) . (m) 2 1
<(0') ’ ‘I’) m+ (\[ \[ ) m dﬂ?g, (2215273)

—h

(m) (m) 2 1 (=
F=a 20| 8@ pym [92G)s)
2h a a
JIE 1320 + K2
a

Thus we have obtained the infinite system of two dimensional equation
of the theory of shells for which the boundary conditions on the face surface

+
(x3 = £h) are satisfied, i.e. (0)3 = o3(2!, 22, 4) is the preassigned vector
field.
For the Hook’s law we have [6]

o [ (m,s) (m,s) (s) (m,s) (m,s) (s)
(rrgazz|: J ( C alyla’yU)_i_% 7 3?3 C a13U:|

=0 Q17v1
= “ (4.2)
m (m,s) (m,s) (m 8) 45 (M) oo (),
(0'?‘3* { ﬁ% Mo, U I 3 ¢ ®U ]a
s=0
where

(), 241 (), (s41) (s43)
U H /UP f)d%, U (25+1)< U+ U +) (4.3)

V=t () e s

(’La Zla ja.jl = 17253)
By the relations (2.10) and (2.11) we have

h
2m +1 ds T3 GO
2h /”@%P’” ( h ) drg = 0 "la =

—h
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(m) (m) (m) (m)
= 0‘(”)1+ O'(lS)S+ Ol = o). (45)

m) (m) _ (m) (m), . (™
U= "Uar"+ Usn= U “r"+ Usn=
(m) (m) (m)
= U(l)l+ U)s+ Usn, (m=0,1,2,...). (4.6)
Thus we have constructed an infinite system of two-dimensional equations
of non-shallow shells (4.1), (4.2) which is consistent with the boundary

conditions on the face surfaces x3 = +h, where the stresses (;) 3 and (5') 3
are, as usual, assumed to be given. As for the boundary conditions on
the side surfaces, they can be satisfied by means of the relations (4.5) and
(4.6). This system is more preferable, because it involves two independent
variables, Gaussian parameters x!, and x? on the surface S. But decrease
of a number of independent variables by unity is achieved by increasing a
number of equations ad infinitum, but this is surely connected with great
difficulties. The passage to the finite Vekua’s system can be realized by
various methods one of which consists in considering of a finite segment in
the Fourier-Legendre series, i.e.

N
g Ia) _ g (m); (m) (m) T3
<\/;a,U, \/;<I>>m§=0<\/;a LU, @ Pm(h), (4.7)

where N is a fixed nonnegative number. In other words, in the previous
equations it is assumed that
(k) (k) ;
U=0, ¢'=0, k> N.
In what follows, approximation of such a type will be called approxima-
tions of order N.
The second difficulty (not less important) consists in that integrals of the
type (4.4) should be calculated explicitly:

h
(ms) 2541 / [a%, +x3(b3, —2Hag,)] (a2, + x3(b7, —2Ha],)] y

LD 1 —2Hux3 + Ka?
—h
I3 I3
P () 2 () o
A\ )
(ms),  2s+1 |
m,8). s+ o o a T3 3
Iaf3 = 2h / [aal + I?’(bal - 2I{a’Otl )] Pm (7) PS (7) d$3,
—h
h
(m,%)g _25 + 1 X

I3="" /(1 — 9Hus + Ka2) Py, (I—}f) P, (f) das.
—h
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By F. Neumann’s [5] and J. Adams [6] formulas

P,
M — QQm(x)7 |x| >1,
r—y
-1

and
min(m,s)

Pm(I')PS (3’3) = Z amsrpm+572’l“(x)7
r=0

respectively, where
A2 ArA_ 2m +2s —4r + 1 ~1-3---2m—1)
Amys—r 2m+2s—2r+1’

Umsr = m = )

m/!

it is not difficult to obtain expressions of these integrals explicitly [6]:

(v, ~2Hag, )03, ~2Ha%)) oo
Y2
iy, -4 i momon (R TS )]
(E=H?—K+#0, K+#0) "
a8y 6™, E=H?— K =0, K £0,
it = ag et
e, —2ha) (o + ) < i s
i = 5me 2 <2mm_ o 5;1> +
K [(2mnz(717;(27711)— 3)55;2 i 2m1—|— 1 <(?m++1;2 * (482)
S

where 0™ = ™ is the Kronecker symbol, E = H? — K is the Euler differ-
ence, Qs is the Legender function of second order, BY (y) = (ag, +hy(bs, —
2Hag, ). The essence of the square brackets consists in the following:

@I = fly2) — fy1), yi2=[HF VE)h] L.

These integrals take more simple form in the coordinate system in lines
of curvature. Taking into account that in this case

ag ={ %7

1—kqxs’ = aq,
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we have

(m,s 2 1
Iﬁl’)’l - = + / \/7Aa1A11PmPsdm3 =
0; « 7& a1, Y 7& V1,

oM a=a1#v=m1,

= ks_a ms 2m+1ka7k3,a 1
I Y, [P (hk>Q5< )]

a=ayr=7=m, ka#0.

If the Gaussian curvature is equal to zero, i.e. K = kiko = 0 (plates
cylindrical and conical shells) then the above integrals take the form

0; 057&0417 77&717
(msce 5ms7 Oé:al#’}/:’}/l’
= 2m+1 ka—ks_o 1 1
o = gntegi [ () Q. ()|
a=a;=7=7, ka #0, k3_4

An explicit expression for the product P, (y)Qs(y) has the form [6]

[ m

(m,s) 1
Pm( ZZ Mrp s m+2(r+p)+1’
r=0 p=0
where
(m,s) nr 2m — 2r +p)!(s + 2p)!
L @mo2) (stplsta)d

_2sm
My dl (mfr)( —2r)! pl(2s 4+ 2p + 1)!

Therefore the integrals of the type I 317% can be likewise represented as

(m,s 2m+1
S S

r=0 p=0

y [(agl G 2Hagl)) (a% G 2Hagl)) .
H+VE H+VE

X ((H + VE)h)s~m+2rp)+1 _ (4.84)
(b3, —2Hal,)

b —2Hal
(ag +(a1—%1)> <an +W7) X
! H-VE ' H-VE
be —2Hal )(b), —2HaY
X((H _ \/E)h)sfm+2(r+l7)+1] + ( i al}){( 71 ’Y1) Soms-
Thus for the non-shallow elastic shells we have obtained a finite system
of two-dimensional equations (approximation of order N) which by virtue
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of (4.1) and (4.2) looks in a tensor form as

1 -3
va(z_’b)aﬁ_bg_%ni:rl ((mo_ )35+(m0— )3B+ ) F B 0 ﬁ 172) (4 9)
<;’;>a3+b§72n;+1 <(m51)33+(m53)33+~~)+F = |
(m=0,1,...,N)
where
N ) s ; ), 5 (8 |
(g@) aB_ [n}élf% <(m’ 2117 LAV (I})) ﬁ ]11(”}’523?3<(%5L13 (I} /)rﬁ )
s=0 i
(m) 43 N T (m,s) (m,s) (s) 1(mys) o ((mos) o AT
g a:Z Igz’n Coq’yv U n+ﬁ Ia13 Cal U n
s=0"
(4.10)
N -
m (7) (,5) ]_(7) (,é) ()/
(U) 3ﬁ:Z ”}6 g% ” 31y U)r +— n}é §§<m 33 )rﬁ )

Vo U =0, U = (va 08 oy, r}g)rﬁ + (va U — b2V (U)ﬁ)n (4.11)

(s), (s+1)  (s43)
U :(25+1)( U + U +) (s=0,1,2,...,N).

The boundary conditions which should be added to the system of equa-
tions (4.9), (4.10) can be obtained from the relations (4.5) and (4.6) as
follows.

Let D be the domain belonging to the plane Ox'z? onto which we topo-
logically map the midsurface S with the boundary contour I'. Let L be
the boundary of the domain D. It is assumed that between the points of
I" and L there exists the one-to-one continuous correspondence. Then the
boundary conditions in stresses take the form

(m) (m) (m)  (m) (m),
cuy =0 Plalg= fuy, ous= 0 Plasg= f(ls),

(m) (m) 3 (m)
O@n) = O lo = f3a (L)

(m)  (m)  (m) ) ) )
where f 1y, fas), f3 arethe given functions of points of the curve L.

(4.12)



104 T. MEUNARGIA

Similarly, for the displacement we have

(m) (m) (m) . )
where 9 (), 9 (s, 93 are the given functions on L.

5. INTRODUCTION OF A SMALL PARAMETER

Three-dimensional shell-like bodies are characterized by the inequalities
of the type
|hbg| < g <1, (o, B=1,2).
Therefore they can be represented as follows:
lehb3R| < q <1, (a, B=1).
where ¢ is a small parameter which is expressed in the form

h
£=—.

R
Here h is semi-thickness of the shell, R is an arbitrary characteristic
radius of curvature of the midsurface S.
Having introduced a small parameter, we represent the system of equa-
tions (4.9), (4.10) of approximation of order N in a complex form:

011 — O22+1% 012+1% 091

h 0 /(m) (m) (m) (m)

A0z
0

m m m—1 m—3 (m)
fs(H(a)JrJrQ(a)Jr)Rf (2m+1)(( U(J)F)Jr( U(J)r) +) +h Fy =0,

(m) (m)

%(aaz +aaa;)+ (5.1)
+5[H‘ m (Q(< s e (0’5))}1%—

-1 3 (m)
_(2m+1)((m0 )3+(ma )§+ )+h F3 =0,

m)  m) (m)
(mzo,l,.. N, F+_F1+zF2)

where

(m)
(m) (m) (m) (m) ouU (m)
h(011—022+l 012+ U21>=4,UA( 82+ )-i-

+2AZ {(( R F;))Q [+ 1)(h' S —2H= D4R)+
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(s)
(3 o]l o2~z
(s)
Jr(AJr?w)@(haU_+ ) (U)gﬂ + o "BG (U)3} 52)

h((?)%Jr(?)%Jrz(gl)%fz(gl) ) =2A+ pu)(h @ —2He U3R)
(s)
ou

+2 i { " m (n}’?[(A T :m)@(hT ) ((5})33)+

)
+(A+ u)Q(h% ) (U?;R)] +
(s)

(m,s) __ (s)
+ I QQQ[(A + p)(h © —2He UsR)+

(s)
+2u(E8UZ+ —eH %Rﬂ + 2\ (Opns —H(’??) ((})3},

A9
(m) o0y H'D +Q((7}1)

m 3 - -
h'o = u(h e - R)

- (s)
+MZ{ IQQQ[Qh% +e(H U +QUAR }

s=0

(s)
0 Us+

0z

(m,s) (m, )
+( 11— H 12)62{%

—(s) (s)
+e@ Uy + HUL )R]+

(m) , (), (s), (ms)
+ UL 0™ —(HUp +QUY) 13},

(m) (m)
(m) 5U3 HU++QU
hO’ (+):2/J/( az +€ +2 +R>+

— (9 (s)

S { Tlol + Zl ).

(s)
“H(n aazg LA U+;-QU+R)} . (nﬁ)(USL'},

D5 8= 06 —2me Usr)+ Y {\e(n®s— —=arUs)+

s=
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oU + (s) (s) (s) (m,s)
v__ eQR U3> —H(h©® —2He UsR)| I3+

(m,s) (s),
+(A+2p) T 4U3 }, (m=0,1,...,N).
Here we have introduced the notation

(n) _(n)
(n) 1 0 U + aU + (s) (s+1) (s+3)
= = (2 1 g i),
) n 2 97 , U, =Q2s+1)( Ui+ Uit--+)

(m,s)  2m+1 }/l 3P, (%) Py (%) dx;

T 1—2Hzs + K22
~h

(ms)  2m +1 7 23 Py (%) Py (%) das

7T T on 1—2Hzs + K22’
" (5.3)

h
(m,s)  2m+1 T T
Py =2 [aspu (52) P (52 dns
—h

h
(m,s) 2 1
m ) 77”;;; /(1 —2Hz3 + KZ%)PmPSdCC&

—h

The above integrals can be calculated explicitly (see [4.83]), and their
expressions are represented as

(mfsl) _2m+1 Z Z s mERrHR) o

1
_5ms,

[<<H+\F ) (0 By

(m,s) m ) m+1
. :h 65—}-1 55 1
Is (2m1 m T omg3tm )

(m,s) m m-+1
—5™* —2HR 5! 5!
4 E<2m—1m Tomy3tm )T
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m(m — 1)
(2m —1)(2m — 3)

1 (m+1)2 m2 5ms+ (m+1)(m+2) 5572
2m+1\ 2m+3  2m-—1 (2m+3)2m+5) ™

+e?KR? [ S5F2 4

Note that we can obtain the system of equations (5.1), (5.2) directly from
the three-dimensional relations (3.5) and (3.6) using I. N. Vekua’ s method
of reduction and notation (3.4).

The boundary conditions written in a complex form can also be obtained
directly from the relations (3.7) and (3.8). For the first boundary value
problem (in stresses) we have

m m ]_ m m m m
(U)(zz)Jri(U)(zs)5{(0)%+(0)§+i(0)§i(0)?
(m) (m) (m) (m) 5. dz] (M) (m)
— (o o= 0 53+i0 3+io %)E = fay+i fas

m m d7 (m)
By (L) = o s

(m)  (m)  (m)
where f 1y, fus), f3 arethe given functions of points of the contour L.

For the second boundary value problem (in displacements) on the contour
I of the domain D we have
(m) _(m) (M) dz  (m) _(m)
Up T2t U =t Utz = 90T 9

) (m) , ,
Us= 93, (L), (U+:U-I'1+’LU-I'2=U1+’LU2)

(m) (m) (m)

where 9 ), 9(s), 93 (m=0,1,2,...,N) are the given functions on L.

It is obvious that the larger is the number N, the more exact approxi-
mations we obtain, in general. But it is clear that with the growth of IV,
practical difficulties of solution of the corresponding system of equations
considerably increase. However, in many cases it is practically sufficient
to restrict ourselves to the approximations of order N = 0, or N = 1.
Therefore we will consider these cases separately below.

6. APPROXIMATION OF ORDER N =0

Approximation of order N = 0 corresponds to the case in which the pic-
ture of stressed and strained states of the shell are practically negligibly
vary along the midsurface normal. This case represents actually the mem-
brane theory supplemented in such a way that the corresponding system
of equations is consistent with three physical boundary conditions of the
problem.
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Introduce the notation
(0) (0) (0) ‘
U:Ua Uz*Tzv Fz:sz (2:172a3)
and
(0,0)
I]:IJ’ (j:1527354)7
Now the systems (5.1) and (5.2) take the form

0
(Tn — Too +iTho + ZT21) +h— (T} + T3 +4T) —

— ;T2

A 92 oz i)

% <8T+ 8T+) +e[HTS+ '

+Re(Q(T} — T2 44Ty +iT?))] 4+ hX3 =0,
where
) ‘ out
h(TH — Ty + 17112 + ZTQl) = 4ILLA h? — eQRus
h Ouy

out — [ ut
A+ 0)Q [ 2 — cQusR | + (0 + 300 [ hEe — cQusR
0z 0z
W(TY + T2 + T2 — iT}) = 20\ + p) (h© — 2Heus R)+

— [ OuT

ut
+ ()‘ + M)Q (haa% - EQU3R>
+ 1QQ [(A + p)(h® — 2HeusR) + 2u (A RE EHugR)} } . (6.2)
hT+=2u{(h%+ H“’“f% )+I Q0 (h%+ MR)+

2
+ (I — HI)Q (h% MR)}

+ 1Q

} ,

0 2

8u3 Hu+ + QW
W4y = [hF e R,
hTs3 = A(h© — 2HeuzR),

_1 0u+ 6a+
e_X(WJFE)'
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It follows from formulas (5.3) that

I,—HI, = 3 LR)QM ,,_10 H*—2a-1pa
1= 2= hz 2]7 +1 Z 210 1
p=1 q=0

< (eR)1 L
=y SIS i,
p=1 =0

1 _
I3 =0, 14:1+§52KR2, (E=QQ = H? - K)

To find components of the displacement vector and stress tensor we take
advantage of following series expansions with respect to the small parameter
e [2]:

(o]
(n) () @ ,
(Uia T;, XI)ZZ (Uza T, Xz) > (22172;3)-
n=0

Substituting the above expansions into the relations (6.1) and (6.2) and
then equalizing the coefficients of expansion for €™, we obtain the following
system of equations:

h 0 /@ (n) (n) (n)
( Ti1— To+itTi2+1 T21)+

A0z
(n) (n) (n) 1 (n)
+haz(T +T2+zT2—zT1)
(n) (n—1) 1)
=-hXi+(H T++Q T+)R (6.3)
h 8(171“) 8(T) (n) (n—1)
+ + -
= =—hX3—|H o
A( 9z T Pz ) Xs—[H T 3
_ n 1) (n—1) (n—1) (n—1)
+Re(Q( T 11— T 2+i T Y+i T 2)R,
where
(n) (n) (n) (n) 0 U (n—1)
(T — Ta +""" Tha+1i Ta1) —4MA(h bE - QR 3)+
Blp-1 Sp—2q—1 mg (n—2p—1)
+2A;q202 +1{ % H E Q[()\Jru)(h o on "R+

(n—2p)

hd Uy (n—2p—1 2q+1 172p—2q—2
+2u (A - H UgRﬂ—i—CQg_al =2y

(n—2p)
o U + __ (n—2p-1
X {()\+N)Q2(h7 -Q U3R>)+
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110
(n—2p)
_ Io) U + (n72p71>>
A+3 _ = R
+(+30QQ(h———-Q " UsR)] |, 6.
(n) (n) (n) (n) (n) (n—1)
h( 1+ T 3+iT 3—4T é):2(/\+u)(h® —2H U 3R)+
(n—2p) "

[%]p*l 2
R*P o _ a U (n—2p—1
2 H?P~2-1pa|(\ h————— >)
+ p=1q=02p+ {Czp 1 [( +3M)Q( 93 Q UsR)+

(n—2p)
U+ a(nﬁp*l) )} 4 Q2L 2202 pu )y

0
+()‘+M)Q(hT - U 3R 2p—1
n—2
%) (n=2p-1) hol'u” + H(nfzp—ﬁ)
(51" ti)]}

(n
x{()\Jru)(h o —on " sk + o
(n) 9 7+ 0"
n +
hT+:2M{ U37 Ut QU+R+
0z 2
2p—2¢—1
+ZZQ +1{ 20 g2 BIQx
p=1q=0
N e Sy
L 3 + +
X( 0z + 2 R)Jr
(n—2p) I (n72p71—2_ Q(n72p71)
JrC,2q+1H2p 2— lEqQQ( Us n U+ U+R>H’
dz 2
(m) ) (af wvl Qv
. + +
hTg= {h 3_ 5 R}
(n—1)

(n)
h T3z = (h® —2H U3R).
Now we write the system of equations in terms of components of the

displacement vector

(m) 1 (m) (m) INAGONN (m)
U*—U+F+U3HZ§UI'++U3117

2
We have
o (107 08 W /o -
2 - + 9 _ n . n—-
Aph? =~ (A e >+2(>\+u)h 55 = X+ <Uz,..., Ui ), (6.51)
(n) (”) (0) (n 1) 4 92
h*V? V2o .
S ( < A@z@z)’ (6.52)
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(m) 1[0 (ln/) 0 (lni)
+ + ,
= — + =1,2
© A 0z oz |’ (@ 2,3)

(n) (n) ) (0) (n—1) (n—1) .
where Xy and X3 are expressed by Uy, Us,..., Us+, Us and assuming

that they are already found. When deducing the system (6.5) we used the
formula [1]

(n)
2
4h 2A2U+:4h22 10Uy

— 2K 2 .
A 9207 2z | x o | T2V (6-53)

where K is the Gaussian curvature of the midsurface of the shell.

The above writing of the type (6.51), (6.52) brings the suggested version
of the theory of shells (N = 0) closer to the equations of the classical
plane problem of elasticity, and for A = 1 (plates, cylindrical and conical
shells) coincide with them. This circumstance plays an important role in
practical realization of calculations of a shell on the basis of the obtained
equations, since in passing from the n-th step to the (n+ 1) we always have
to solve the ”plane” problem and the Poisson equation on the midsurface
S of the shell 2. We can see that in passing from the given step to the
subsequent one only the right-hand sides of equations undergo variations.
The problem of converges of the process requires special investigation. To
ensure the convergence the right-hand sides should be subjected to certain
general restrictions.

Now simple calculations show that a general solution of the system (6.51)
and (6.52) can be represented by means of three analytic functions of z in
the form [7]

» = / /A<<,Z>_sol<<>dsfm+ 1 / / MG Qdedn | 5 5

) (—z ™) C—z
n)
I Atpul F (¢, Q)dédn
8uh2A+2u%// -z (6.61)

(n) — (n) _
Ua= 1)+ T - 2 [ [ Rac.Otmle — eldedn. (662

D
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where ¢ (), f(z) and ¢(z), are analytic functions of z = 2! +iz? € D, and
¢ = & +in. Further,

(n)
(n) &3X+ _)\+3,u
Fi(z,2) = ——// — d&dn, (ae— i)

D is the domain of the plane Ox'2? onto which the midsurface S of the
shell © is mapped topologically.

(0)
Note that for A = 1 the expression for /1 coincides with the well-known

representation of Kolosov-Muskhelishvili [3]

Uy = 2p(z) — 2¢'(2) — ¥(2), ((ﬁ? = 0)

in the plane theory of elasticity.

7. THE BASIC BOUNDARY VALUE PROBLEMS

The boundary conditions (5.4) and (5.5) for the approximation of order
N = 0 for any n have the form
(a) for the first basic boundary problem (in stresses)

(n) (n) L )y () (),
T ay +1T us) =3 Ti1—-T3+iT —4iT 3}

0|

(n) (n) (n) (n) d
— |\ Tu—T2+tT 2+tT (d—) =

(7.1)
(n) ()
=di1+ida2 (L)
(n) O (n)
T (In) =—Im|(T +ds | = d 3, (L)
(b) for the second boundary problem (in displacements)
(n) (n) (n) dz _ (n) (n)
U +iu =1 U =e 1+ ¢ 49, (L
0 () + s 1 2, (L) (7.2)

(n) (n)
u 3= e 3, (L)

Here we have introduced the notation

(0) (0)

Fay+if qs)=di+ids, f3—d3,
(0) (0) (0)

9 q+i9 () =e1tie2, 9 3=es,

(n) n

(dia ei) = Z < d i, (6) ’L) Ena (7’ = 1a273)a
n=0

and L is the contour of the domain D onto which the midsurface S together

with its boundary 95 = T" is mapped topologically.

note that
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Here we present a general scheme of solution of boundary problems when
the domain D is a circle of radius 7.

The second boundary problem (in displacements) for any n takes the
form

@ {_// dgdn

// z dfdn EE )_W)}m:@% (12| r0) (7.31)

Tz
W sl =£(2) + FElo = G 5 (| 2 = r0) (7.35)
(n :0)17"'7; Z:’rele) C:é-—f—in:ple)’

(n) 0 1
where G4 and G3 are the known values containing solutions (u) i (u) iy e

(u) iy (1 =1,2,3) of the previous approx1mat10ns

Let A(z, z) depend only on 7 =| z |; next ¢ (z) and 1(z) are expanded
in power series of the type

2) =Y a2k, Pz) = bi2",
k=0 k=0

(n)
and the expression G 4 in the form of a complex Fourier series

oo
Z AkeikG

k=—o00

Assuming that the above-mentioned series for ¢ (z) and ¥(z) converge
not only inside the circle | z |= rg, but also on the circumference | z |=
ro and then substituting these expansions into (7.3;) and comparing the
coefficients for e**?  we obtain

a1 + by = — Ao, ~
(seap — ag)ag = Airo, (azao +b1)ro = —A_q,

This system allows one to find all but ag coefficients as follows:

1 gkt

ai = § Ak+1; k>1,
& ag(ro
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where
T0

ap =2 / P A (p)dp.
0

Coefficient ag is defined from the equality (seag — ag)ag = Ayro and that
obtained by passing to the conjugated values (seag — ag)ag = Airg, whence

r_oaeAlJrfll - A+ 3u

ao:ao w2 -1 A+ > 1
If A =1, then ap = rZ, and for ap we obtain
_eA+ Aq
ag = m,
which coincides with coefficient A = 1 of the second basic problem (in

displacements) of the plane theory of elasticity [3].
Note that for cylindrical and conical shells A = 1, and for the spherical
shell

4R? 0 . 4 0,

= :t — “P: v :t - .

(1 +222 ~ - Wae =ren o=y

Hence
2k+1 k 2s
p=" T dp 1 k1 2 7"o
= 8R? = —1)ME lin(1 — -

o /<1+p = g 0 1) = 3o

0 5=

A solution of the boundary problem (7.33) is representable in the form
of the Poisson integral,

2
(n) 1 () 7“8 —r
= — d )
u 3(r, @) 27r/ G 3(¢)r2 — 2rgrcos(y — 0) + 12 v
0

Thus for any n we can construct formal solutions of the second boundary
problem, when N = 0.

Consider now the first basic problem (7.1) for any fixed number n (n > 0).

Substituting the relations (6.4) into (7.1), we obtain

(n) o (1m \dz
(A+p) 6 +2H£ (X U _,,_) o= e, (| z]=r0), (7.41)
L 3 ip 3 _—ip) _ _
A( 5. ¢ t7a; ¢ ) p3, (| 2 |="70), (7.42)

(7= (5 52).
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(n) (n)
where P, and P3 are the known values expressed in terms of the solution

k
(u) (k=0,1,...,n — 1) of the previous approximations.

Consider the case of a spherical shell, whose midsurface is spherical seg-
ment of radius Rysinf, where Ry is the radius of the sphere. Isometric
coordinates on the sphere can be represented in the form,

4AR3

.
e=al tia’ =tgze” = ds’ = Az, 2)dzdz, A= Sk

In this case a stereographic projection of the spherical segment of radius
Rysinf (O <6< %) from the South pole § = 7 to the equatorial plane
§ = 5 is a circle of radius ro = tg%—“.

For the components of the displacement vector we have the following

complex representations:

z

W ma ¢ (Q)d¢ I R
Womant e [ EEE T UG 4

0
W= 1)+ @) =T, (w=52),

where ¢ (2) ¥(z) f(z) are analytic functions in the domain D(|z| < r¢), and
the values @ and @3 are the particular solutions of systems of equations
(6.51) and (6.52). In what follows, the index "n” will be omitted and the
right-hand sides of the boundary conditions (7.41) and (7.42) will be denoted

by py and 7.
Let the expansions

o0 o0 (o)
o (2) =Y a2t Pz) =D b2, f2) =) ah
k=0 k=0 k=0
Py =Y Ape™®, Py =3 Bre'™®, (B_y = By)
k=0 k=0
be valid. Then the boundary conditions (7.41) and (7.42) take the form

o0
Z {(ake“w + @ke_ik“’) T’S +(1+ 7“8) [2aer§+25k(ro)akeik“’—
k=0

k
— aprl <k + %) e ke —bprg ™t (k + (k +2)r3) e_l(’”l)‘/’] } -
+ 7
1 & )
= 5 Akelk@,
img—l(ckeﬂw +epe ) = -t p i Bye'?,
k=0 2pl+rg =
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where
1 z—1 tkdt 1 1 k(k — 1)
s Z 1+t2)3 %{1+25+(*1)k(27)[ln(1+zz)
= z)*® k—1 B
_71(_1)s (Z::) }+(_1)k+1%[ln (14 22) Z; }}:
k—1 N
S B(z) = S () B D F2) (22)

2 (k+s+1)(k+s+2)

Comparing the coefficients for e**) and taking into account that the
resultant vector and the principal moment are equal to zero, we obtain

Ax 1
a , (k=0,1,...
T o 1+ 2H(1 + r2)r2)rk ( )
b~ L 1 [ 1—[k+1+ (k+2)r]] i
FT o)k 2Ry T T 2B ) (o) T

and for the coefficients ¢, we will have
1 Ry B
n 1-— 7’3 kjréfl ’

27
1
— [P dp =0
o /p3(7“0,90) ¥

0

is that of the existence of the Neumann problem for the harmonic functions.

Cr = (k=1,2,...)

The condition

This implies that for (’Z)g we obtain the well-known Dini’s formula

2
ro 2R, 1
uz(r, ) = 75 MO T p3(ro,0)Inlo — z|df + const
(0= roew, z = rew) .

8. APPROXIMATION OF ORDER N =1

The case N = 1 corresponds to the assumption when the picture of the
stressed and strained state of the shell changes along the midsurface normal
by the linear law. This case is close enough to the classical theory of shells,
although does not exactly coincides with the latter. The classical theory is
supplemented here in such a way that the obtained system of differential
equations is consistent with six physical boundary conditions [1].

For the case N =1 we have

U=U+p (B)U, o' =9 i n ()9 F=Fon (2)F
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©, @ @,
U =U, U =o.

Introducing the notation

(0) (1) (0) .

), () n
U=U, U=V, ¢'=T", o°

=S, F=X, F=Y,

from (5.1) we obtain the following system of equations of equilibrium for
N =

h 0 0
Ka—(TM — Ty +iTi2 +iT51) + ha (T} + T3 +iTy —iT?)—
—ER(HT+ + QT+) + hX+ = 0, (81)
h (9T, 9Ty o U2l 2 _
1 ( % + 55 ) + eR[HTS + ReQ(T} — T3 +iTy +iT{)] +hX3 =0,
ﬁQ(S — Sao +1iS12 +iS )+ha(5 + S3 —iS3 —iS})—
Aoz 11 22 T 1012 T 1021 0z 1 2 T W9 — 1Oy
—ER(HS+ + Qg+) — 3T+ + hY+ = 0, (82)
h (8;: +a§+) +eR[HS+ReQ(S] — S3 +iS3 +iS?)] — 3T3+hYs = 0,
where
. . out
h(Th1—TootiTio+iTo1 )=4pA hE—EQR% +
(0,0 (0,0) h Quy
+2AQ {( I1—H 1) |:(>\+ﬂ)(h®2HEU3R)+2M (KG— —eHu 3R)]+
(0,0) out _ —_/ dut
FI2Q (A +wQ (h% - eQu3R> + (A +30)Q (h% - sngR)
(0,1) (0,1) h O
+(I1—H I2) [(A—f—u)(hp — 2HevzR) + 24 (K% - ERva)] +
(0,1) v+ _ _/ dvt
+I2Q |+ pQ (h% - EQUgR) +(A+30)Q <h% - ergR) } ,

(T} + T +iT? —iTy) = 2(\ + p)(h© — 2Hsuz R)+

+
+2 {((010)1 -H " I )2) {(A +31)Q (haaLZ — sQu3R> +

0+ _
+ O+ 0)Q (haaiz - sQu3R>

0,0 _ h ou*
+ I20Q |(\+ u)(h® — 2HeuzR) + 2 TR eHusR
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(0,1)

+
+(1.1—-H ((}1)2) {(A +31)Q (haaLZ — EQ’U3R> +
+ A+ p)Q <h% - 5@v3R> (8.3)

o1 __ h vt
+ T20Q |(AN+p)(hp —2HevsR) +2p | ——— —eHvsR + 2\vs,

A 0z

hTy = 2u { <h% + EMR) +

0,0 _/ 9 H ur
+2Q |: I2Q (hﬁ + RM) +

2
(0,0) (0,0) ) Hux 1
+(I1—H I )(hﬁ WR%L?@
0,1)__ 7/ 0 Hvy + Quy
0z 2
(0,1) (0 0 Hvoy
+(I1—-H I )(h%-i— WR)”

B Ous Huy + Quy 15 4
hT(+)2‘LL{<haZ +eR B + 1+3€RK V4
eR Ovs Hvy + Quy Ovs Hoy + Quy
— h=—= +eR—F—_** h— +eR—F <1+
3 [Q ( e 2 FE 2 ’
RT3 = \(h© — 2HeuzR) + (A + 2u) <1 + —52R2K> v3

Jr%ER {Q <h88& — €RQ’U3> +Q (h— + ERQU3) — H(hp — 2H5Rv3)} .

o +
h(S11 — Saz + 81 + iS91) = 4uA (h% - EQRU3) + 2ARQus+

(1,0) (1,0) h o
+2AQ {( I1—H I2) |:()\+/L)(h@ 2HeuzR)+2u (—LEH 3R)}

A0
1,0 out _ _
+ T2|(A+p)@Q hW —eQusR | + (A +3p)Q (h— — EQU3R)
(1,1) (1,1) h o
+(I1—H I2) [(A—f—u)(hp — 2HevzR) + 24 (K# - ERva)] +
(1,1) ot
+ I20Q [(A+p)Q <h§ — 5Qng> + (A +3u)Q <h— — stsR)

}

h(S} 4 S% +iS? —iS3) = 2(A + u)(hp — 2HeuszR) — 2X\e RHv3+
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(1,0) (1,0) —_ [/ out
out
O+ )0 <h% - EQU3R> +

(1,0 _ h Ou™
+ T20Q |(N+ u)(h® — 2HeuzR) +2u | ——=— —eHuzR | | +

A 0z
(1,1) (1,1) — [ Ovt
+(T1—H I3) [(A +3u)Q (h% - EQ’U3R> +
oA
+ A+ p)Q <h¥ - €Q'L}3R> + (8.4)

Ly hd
+ 1,00 {(A + u)(hp — 2HevsR) + 2u <K% - EHUgR)} } .

hSy = 2u { <h% + eMR> +
0z 2

WO [ 8 it T
+2Q [ 120Q (h£ +5R%Q“+) n

(1,0) (1,0) B) Qu. + Hux
+(I1—-H I») (hﬁ—l—swl%)—i—

Ly / 9 H [

g (ple gt T QU |
0z 2

(1,1) (1,1) (havg @’U+ + Hvy

+(I1-H I2) Eﬂfz%)] —ER(HU+—QW)},

hSy =2u { <h% +eR —2HeRvy +

+er|Q(n2s y pMEt Que) (0 | pflus TQULY L
0z 2 0z 2

hS3 = XN hp — 2HevsR) — NeRH (h# — 2He Ruz) — 2(\ + 2u) He Rus+

Q <h% - ERQU3> +Q <h% - ERQUg)] .

Huvy + QW)
2

A
+XeR ER

Here

L (Ouy Ouey L (Ovy DUy
0= <02+02>’pA<82+82’
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(m,s)
and the integrals of the type I ; (m,s=10,1; i = 1,2) are calculated by

formula (5.3) as follows:

00 00 X (R)*IRN ,
I1—H I2=h 7202,‘; (H*P2lpe
p—l 2p+1
(0,0) s 2p—2 P~1 _—
12:h2z 2p+1 > CHE I H AR,
p=1 q=0
(0,1) 01 1,0 (1 o> > P
I.—H 12:§ I +—H C3iH?P 211,
p=0 q=0
on 1, > (eR) 1R,
fomgn'ia=w G0 zwf?ﬁ nig,
—d 2p+3
(1,1) (1,1) > (eR)2P1 B v
P —any S S cpip
p=1
(1,1) ) 0 2p o p—1 2q+1 2202 g
12:3hz +3 > CiH B,
p=1 q=0

Represent now the vectors u and v by means of the series with respect
to the small parameter ¢ in the form [4]

0
(u, v) = Z ((Z), ($)>En
n=0

Introducing these expansions in (8.3) and (8.4) and substituting them
into (8.1) and (8.2), we obtain the system of equations of equilibrium in
terms of the components of the displacement vector, which for any n has
the form

(n) (n)

(n)
0 [10u 00 o (n)
W’ | §755 |+ W+ 20 = Ly,
(8.5)
(n)
uh2v2 3 [Ah 6+ +2) ¥ 3] s
(n) (n)
0 10w op
4uh?— [ —=—=* 20\ i —
o= B el IR G Dl =
(n) n (n) .
—3p( 2n %2 + ki + | = My, (86)
5 () (1) (n) ., 4 02
h (V =Ly (V"= 1502
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where the values (Z)l and 5\2 (1 = 1,2,3) are expressed by means of solutions
of the previous approximations, and hence are assumed to be known.

It should be noted that the left-hand side of the system (8.5) and (8.6)
is analogous to I.LN. Vekua’s system of equations which he obtained for
prismatic shells of constant thickness for the case N = 1, i.e. for the shells,
whose midsurface is a plane. In our case the midsurface of shell is any
smooth surface which first quadratic form is representable as

ds* = A(z',2?) [(dz')? + (dz®)?], A >0.

The complex representation of a general solution of that system can be
written as follows:

W - _6()\):12#)?: Ziigﬁ / / CP dfdn*

¥ // A el ) 5y - 903,
W = wfgfihw[sa’<z>+so'<zn, (5.7
@ %_M,() % / /A(C,Z)f_'(g)dédn_

. Qi 20+ 2T (2)
/ [HEOER 5 TR sy

(n) .
vy = W(z)+¥(z) - — A(C Q[ (€) + 2 (Q)]in|¢ — z|dEdn,
wh Z/

where ¢(z2), 1, ®(z), ¥(z) are analytic functions of z = x! +iz?, and w and
x are the solutions of the following analytic equations:

3N+ p)
ST =0,
A+ 2p)h?

3
V3 — 75X

Vi —
=0.
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