Proceedings of A. Razmadze
Mathematical Institute
Vol. 141 (2006), 29-40

ON THE ABSOLUTE CONVERGENCE OF
TRIGONOMETRIC FOURIER SERIES

L. GOGOLADZE AND R. MESKHIA

ABSTRACT. The problem of convergence of the series

o0
D wmen(f), 0<r<2
n=1

is considered, where pn(f) = (a2 (f) + bi(f))%, an(f), bn(f) are the
coefficients of the Fourier trigonometric series of the function f, and
{¥n} is the sequence of positive numbers satisfying definite conditions.

From the obtained results follow the theorems of Bernstein, Szasz,
Stechkin, Chelidze and Konyushkov.
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1
Let f € L(T), T = [-m, 7], pr(f) = (ai(f) + b3(f))*, where ay(f) and
bi(f) are the Fourier coefficients of the function f.
We say [1] that the sequence {v;} of nonnegative numbers belongs to the
class A,, a > 1, if there exists », > 0, such that for any natural n the
inequality

2n+1 1 on
< 1—a
( E 7]?) § Ao 2" E Vi
k=2"+1 k=2n—141

is fulfilled.
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_ It is not difficult to_show that Ay, C Aa, if @1 > ag. Note also that
A C Aq, a > 1, where A is the class of numbers introduced by P. Ul'yanov
[2] as follows: {vx} € A, if there exists s > 1, such that

max Y <x min .
2n<k<2ntl 2n—1<k<on

Let f € L,(T), p > 1. We introduce the notation

Con (f5p) = (Qk/}f (o4 50) (2 - 50)| dm)%.

and prove the following

Theorem 1. Let f € L,(T), p € (1,2, r € (0,-), and
{m}eA_»_, then

[eS) oo 2m
Do) <o Y Chaa(fin) D e (1)
n=3

n=1 k=27—141

Proof. As is known ([7], p. 609),

o0

T km
f(x+2n+2> f(x—w> NQZ(bkcoskx—aksmkzx)sm ISR
k=1
Therefore according to the Hausdorff-Young theorem ([7], p. 211), if
q= F’ we have
o0
. kn |?
ZPZ(f) sin ontz| S
k=1

1

<ol o5 -5 -

_%pQ p— 1 02w+1(f p)

If we take into account that

>279, 2" < k<ot

sin

2n+2

the above inequality yields

gn+1 gn+1

DA D)

k=2n41 k=2n+41

_nt1  Po
§ Ap.q 27p1 CQP’IL‘Fl(f;p)' (2)
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Using Holder’s inequality and the fact that {v,} € A_» _, we obtain

p—rp+r
gn+1 gn+1 p—rptr gn+1 r
P q
) wzms( T w“) ( ) pzm) <
k=241 k=241 k=241
gn+1 r gn
nr(l—p) q q
< ey, 22 ( 3 pkm) ( 3 %).
k=2n41 k=2n—141

From the latter inequality, using (2), we find that the relation

271,#»1 on
nr(l—p) _(ntl)r BT
> ) <25 2 B (S ) <
k=2n+1 k=2n—141
gn
<o 27 C§n+1(f;p)( > w) (3)
k=2n—141
is valid.
Summarizing inequalities (3), we will obtain inequality (1) which is being
proved. (I

Corollary 1.

> , = _re=1) 1
Sk 0) < e ok (1),

p

where w(%; f)L is the modulus of continuity of the function f in the norm
L,(T).

Proof. 1t is easily seen that
o 1
Con(fip) < 27 w(ﬁ;f)%-

Therefore it follows from inequality (3) that

27L+1 on
n+1)r
> weklf) P wr(gin;f)L > ows
k=2n41 Pon-141
1 271,
< st _Tw’”<2—n;f)Lp > ow<
on-141
on

<pr Y W w"(%; f)kaﬁ-

2n—1+1
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Summarizing the last inequalities with respect to k, we have

> X > 1 _rp=1)
%%Pk(f)S%p,rkZQ’kar(E;f)ka P

Moreover, if we take into account the fact that

1 o 1
pr(f) = E/(f(f)—f(ﬂﬁ—f—%))e_lmdm §%qw(z;f)Lp,
T
we will obtain the inequality which is being proved. (I

Corollary 1 for r =1, v, = 1, p = 2, leads to the O. Szasz theorem on
the absolute convergence of Fourier series [3].

Corollary 2. Let f € Ly(T) and the series

> Co(f32)
k=1

converge. Then f € A, i.e.,

> pi(f) < +oo.

k=1

Corollary 2, obtained earlier by V. Chelidze [5], follows from Theorem 1,
whenr=1,v,=1,p=2.

Corollary 3. Let f € C(T)NV,(T), ' s > 1, {y.} € A2, 1 e(0,2),

then
Z Yk PZ(f) S HAr,s Z Yk k_rw (27;)7. (%a f) .
k=2

k=2

Proof. Tt can be easily verified that for any integers k the equality

Jlter ) o ) - o) o550

is fulfilled. The latter results in

cotrn = [l 5) sl S50 )’

whence

p
dxr

Con(752) < w22 1) V).

L4 (T) is the class of 27 periodic functions with bounded S-variation
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for p = 2. Therefore, using Theorem 1, we conclude that

0o 00 on
Z Yo P (f) < 505 Z 27" Ch1a (f32) Z T <
n=2 n=1

k=2n—141
[eS) 2n
gy =1 )
< Hr,s Z 2 w 2 2_n’ f Z Ve <
n=1 k:2n—1+1

0o 2"
S%r,sz Z kirW@(%af)’yk:

n=1k=2n-141

[e%S)
_y oo /1
:%T,SE Yn T w2 E,f .
n=2

Thus Corollary 3 is proved. O

Corollary 3 has been obtained by A. Zygmund for v, =1, r=1,s =1
(see [6]).

Corollary 4. If f € C(T), r € (0,2), {va} € A_=_, then

Z%pi(f)S%-Zwk‘%w’“(%;f)- (4)
k=1

k=1

Proof. Corollary 4 is obtained from Corollary 1 for p = 2 by means of the

inequality
1 1
w(—;f) S%w<—;f)-
n "/ Ly n

From Corollary 4 we arrive at O. Szasz theorem which is formulated as

follows: If f € Lip3, 0 < # < 1, then for any number r > 1+2ﬁ the series
(o]
> on(f)
n=1
converges.

Indeed, if f € Lip 3, then w(%;f) < %n~P; by the condition, 7, = 1

and r > 1+25, ie. §+rB > 1, and hence (4) implies

o

ZPZ(f)S%rin_%n "—mZn 5497 ¢ oo, O
n=1

Theorem 2. Let f € L,(T), p € (1,2], r € (0 L), {wteA_»

then
Z%PQ > Z _7(p - :z(f)va
n=1 n=1

p— 7:v+7
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where E,(f)r, is the best approzimation of the function f by trigonometric
polynomials whose order is not more than n in the norm Ly(T).

Proof. Applying the Hausdorfl-Young inequality to the function
f(x) = Sgn-1(f; ), we obtain

(o) —1
> i) < [l - setrofas)
k=2m+1 Ea
where g = %.
By the M. Riesz theorem ([8], p. 424), we have

/- 52n(f)||Lp < % Ean(f)L,,

whence

gntl oo
P

Yoo < D s < (B ()]

k=2m+1 k=2m+1 !
Using Holder’s inequality and the fact that {y,} € A_» _, we obtain

p—rgtr

2n+l

Z ’Ykp};(f)f( Z pZ(f)>E( Z V}g”ﬁ) P .

k=241 k=27+1 k=27+1

gn+1 r gn+1 p—rp+tr

271,
_nr(p—1)
§ Ap,r Egn (f)Lp -2 P Z Vi S

k=2n—141
gn
- _rp=1)
< Ap,r § Tk Ek(f)Lp k v
k:2n—1+1

Summarizing the last inequality with respect to n, we find that

o0 o0 (r—1)
STwmon(H <Y wn 7 En(f)L,.
n=3 n=2

Since
pe(f) < 50 Ex(f)L,,
we can conclude that Theorem 2 is valid. O

For 7, = nf, from Theorem 2 follows A. Konyushkov theorem ([7], p.
647).

Corollary 5. Let f € C(T), {v} € A%, then for any r € (0,2),

Z'Vnpg(f) < %p,TZ'Ynni% E:;(f) (5)
n=1

n=1
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Corollary 5 follows from Theorem 2 for p = 2 by using the inequality

En(f)z, < V20 Eu(f).

For v, =1 and r = 1, Corollary 5 leads to S. Stechkin’s theorem [4].

35

Note that O. Szasz [3] and S. Stechkin’s theorems are equivalent. It
should be noted that O. Szasz and S. Stechkin’s theorems follow from
V.Chelidze’s theorem (see Corollary 2). All this is shown in V. Chelidze’s

work [5].

There naturally arises the question whether V. Chelidze’s theorem is
stronger than O. Szasz and S. Stechkin’s theorems, or are they equivalent?

To prove their equivalence, it is sufficient to show that if

(oo}

> " Con(f32) < +o0,
1

then

(o]

> Ean(f)2% < +oo.

n=1

We have the following inequality

(B2, 1 (f) = B2 (1))} > Byr () — B ().
Therefore for p = 2, inequality (2) results in

Eanl(f) - EQn (f) < (E2n71(f) - EQ” (f))% =

< > Pi(f))é <273 Con (£32).

k=2n-1
Consequently,
> 2% (Bgur (f) — Ean(f)) < +o00.
n=1
Moreover,
= n k
> 2% (Byu-r (f) — Ean(f)) > 27 Epa (f),
n=~k
whence

(7)

Using the Abel transformation and taking into account (7), we obtain

S 2 Bpa(£) £ 32" (Bya () — Enn(f) < +oo,
n=1 n=1

i.e. Stechkin’s condition (6) is valid.
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Consider now the question that the obtained results are final. Towards
this end, we formulate in terms of the lemma a particular case of S.N.
Bernstein’s result ([7], pp. 618-623).

Lemma (S. N. Bernstein). For any natural k there exist the trigonomet-
ric polynomial

2k
Tor () = Z cos(kx + ay,) (8)
n=2k-141
and the absolute constant s, such that
[ Tor (2)]| . < 525 (9)

Introduce the notation

2k
Iy = Z Tn-
n=2k—-141
The following theorem is valid.
Theorem 3. Let {y} € A2, 0 <r <1 and for some 3 > r the

_ Bk . .
sequence 272 I'y, does not decrease and {e,} does not increase, lim e, =0

n—oo
and -
nyn n"2 el = +oo. (10)
n=1
Then there exists f € C(T), such that
and
(o]
D (f) = +oo. (11)
n=1
Proof. Consider the polynomials satisfying the conditions (8) and (9). Let
Up = 31275 (egr — egrsn) (12)
and
(oo}
fx) = Zuk Tor (). (13)
n=1

From the condition (9) we have
|uk Tox (l‘)‘ < %7127§(€2k — €2k+1)%2§ = €9k — €ok+1.

Consequently,

[eS)
Z Uk T2k (I)
k=1
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converges uniformly, and f € C(T).
It is not difficult to show that for particular sums of the series of f the
equality

k
Sor(f32) = uy Tov ()
v=1

is valid.
Thus we obtain

By (f) < max|f(x) = Sy ()] < D w |Tov ()] <
v=k+1
S Z (6211 — €2u+1) = €9k+1. (14)
v=k+1

For the given n we choose k, such that 2¥ < n < 2¥+1. Since the
sequences {e,} and {E,(f)} are nonincreasing, from (14) it follows that

En(f) S EQk (f) § €ok+1 § €n.

Let us show that (12) is valid.
It can be easily verified that if 2571 +1 < n < 2F,

pn(f) = Ug = P 2_§(€2k — €2k+1).

Consequently,
00 o] 2k
_ _kr :
Z%P;(f) =x TZQ z (e —62k+1)7 Z Tn =
n=2 k=1 n=2k—141
o0
kr
= %_TZQ_T Iy (€2k 7€2k+1)r. (15)

=
Il
—

Using the inequality
(a+b)" <a" +b" (a,b>0, 0<r<1),
(15) yields

(oo} [e.e]
kr .
Z'Yn p;(f) > " Z 272 Fk(@;k - e§k+1)-
n=2 k=1
o0
For the divergence of the series Y v, p5 (f) it is sufficient to prove that
n=1

o0

_kr
ZFk2 2 (egk — egk“) = +4-00.
k=1
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Assume the contrary. Let
Z Fk 2° 2 er e£k+1) < +OO (16)

By the condition of the theorem, the sequence er*% does not decrease
for some 8 > r, hence {Fk e*%} does not likewise decrease.
Estimate the sum

o0
Z Fk 2- 2 er @£k+1) Z Fn 2_% Z (egk — eng) =

Taking into account (16), from the last inequality it follows that

lim I',272 e}, = 0. (17)

n—oo

Using the Abelian transformation, we obtain

N N-1 k _
Z 275 T, enr = Z (ehe — €hrsn) ZFi e7 T+
k=1 k=1 i=1
N
+) Ti277 e, (18)
=1

{I’k 6_%} does not decrease for 3 > r, therefore

k k
ZF2 X;I’ 2_%-6_%6% TBZ
K3

=1
B8 _k(B-7) kr
<xupglpe™ 2 -27 7 =380 e 2

Using now the last inequality, from (18) we obtain

N N—1

_kr __kr
g 272 Iy, egk < s E (egk — e§k+1)Fk2 2+
k=1 k=1

+ 7N 'y 27% egN.
Passing in the latter inequality to the limit, as N — oo, and using the

conditions (16) and (17), we obtain

oo
> 27 ¥ Iyeh < +oo. (19)
k=1
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By the condition, {v,} € A%, 0 < r < 1. it is clear that % > 1,
hence A% C A and {y,} € 44, ie.

216—1

2k)
Ywms D m

n=2k-141 n=2k-241

Consequently, I'y < 2T'g_1.
It can be easily verified that

2k

n=2 k=1n=2k—141

(oo} oo
(k—Dr (k=Dr
< E 277 g Iy < e E 277 eqpoa Dy
k=1 k=1

whence, by the condition (19),
o .
Zvn n"2el < +oo,
n=1

which contradicts the condition (10). Hence

Z Y pp(f) = 00
n=1

It follows from Theorem 3 that Corollary 5 is unimprovable.
We can easily see that when v, = 1, n = 1,2,..., {y} € A% and

{I’k2_%}, B = r + ¢ does not decrease for any € € (0,2 —17r), 0 <r < 1.
Therefore when r = 1, from Theorem 3 follows S. N. Bernstein’s theorem
([7], p. 618). O
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