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ON SOME DIFFERENTIAL PROPERTIES OF AN
INDEFINITE INTEGRAL WITH A PARAMETER

1. TSIVTSIVADZE

ABSTRACT. In the present paper we investigate an indefinite integral
with a parameter from the point of view of the existence of strong
and mixed partial derivatives, as well as of Bettazzi derivative.
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The goal of the present paper is to investigate functions represented by
the integral with a variable upper bound and a parameter.

1. STRONG PARTIAL AND MIXED DERIVATIVES

Below, the use will be made of the notion of strong and angular partial
derivatives ([1]).

Let the function f of two variables be finite and summable on the rectan-
gle Q = {(x,y) €eR?:a <z <b,c<y <d}. Consider the corresponding
integral with a variable upper bound and a parameter ([1], p. 119-123)

p(.ﬁ,y) = /f(tvy) dt, (1)

some of which properties will be established below.

Theorem 1. 1. Let the following conditions be fulfilled:

1) the function f is continuous on the rectangle r = [a1,b1] X [c1,d4],
where a < a1 < by <b, c< ¢y <dy <d, and let f(t,c) be continuous on
the segment [a1,b1];

2) for every x € la, b], the function f is absolutely continuous with respect
to y on the segment [c,d];
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3) the partial derivative f@’/ with respect to y is summable on Q, and at
every point xg € (a,b) is partial continuous with respect to x uniformly with
respect to y on [c,d] ([1], p. 40).

Then at every point M = (x,y) € r° the equality

Pl (M) = f(t,y) (2)
holds.

I1. If the function f, is continuous on the rectangle ro = [a,b] X [c1,d1],
then at every point M = (z,y) € 1§ the equality

a0 = [ 1yt de 3)
is fulfilled.
Proof. 1. We have the relations
z+h
pl@+hy+k)—plxy+k 1 /
= - t k)dt =
1 x+h ) z+h
=% / [F(ty +k) = ft, )] di + 5 / f(t,y)dt. (4)

The function f is uniformly continuous on the rectangle r, therefore for
every number & > 0 there exists a positive number § = §(g), such that

x+h

‘ / [ft.y+k)— f(t.y)] dt‘ <elh| (5)

x
when (z,y) € 7° and max{|h|,|k|} < §. Hence the limit of the first summand
in the right-hand side of (4) is equal to zero as (h, k) — (0,0) and (z,y) € °.
Consider now the second summand in the right-hand side of (4). The
integral with a variable upper bound (1), containing the parameter y, is
finite at all points (z,y) € Q. On the basis of the conditions 2) and the first
part of 3), the equality

]f(t,y)dt:/w/yf;(t,r)dtdr—i—/xf(t,c)dt (6)

is valid for every point (z,y) € Q°.
Moreover, from the second part of the conditions 3), we have the equali-
ties

%/m/yf;(t,r)dth/yfi(va)dTf(x,y)f(xvc) (7)
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at every point (x,y) € r0, since the continuity of the function

o(t) = / f(t,7)dr

at every point ¢ € (a,b) follows from the equality
y
plt+ ) =0 = [ (£t +hr) = fi(t.7)]

In addition, for every x € (a1, b1) the equality

( / F(t.0 dt)/(x) — {20 ®)

is valid since the function f(¢,¢) is continuous on [a1, b1].
From the equalities (6)—(8) it follows that

!/
xT

xf(t,y)dt (z,y) = f(z,y) (9)
(fsrena)

at every point (z,y) € 7°.
It should be noted that
z+h

lim + / f(t,y)dt = </wf(t7y) dt);(x,y)- (10)

h—0 h
By the definition of the strong partial derivative ([1], p. 79), from equality
(4), by means of (9), (10) and (5), we obtain
pl(M) = f(z,y), M= (z,y) €’
Thus we have established equality (2).

I1. By the continuity of the partial derivative fé on 72, we obtain equality
(3) by using Theorem 6.2.2 from [1] (p. 126) regarding f,. Thus the theorem
is complete. Il

Corollary 1. Under the assumptions 1) — 3) of Theorem 1, we have the
equality

y+k z T
1
Jim / /fi(t,T)dth=/f;(tvy)dt7 (z,y)er®  (11)
[h|<c|k| Yy a a

for every constant ¢ > 0.
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Proof. We have the following relations:
x+h

p(:v—l—h,y—f—k]z—p(fv—l—h,y)%/[f(t,erk)f(t,y)]dt
Zg/[f(tay+k)—f(t7y)]dt+g / [ty + k) — f(t,y)] dt.  (12)

We rewrite the second summand in the right-hand side of (12) in the

form
x+h

. 1
i 75 [ [ty k) - S de
x
and make use of the condition |h| < c¢|k| with regard for the continuity of
f. Then we obtain the equality
1 z+k
i+ [ [f(ty k) - Fe) de=o. (13)
|h|<clk| %

Notice now that the existence of the strong partial derivative implies
that of the angular partial derivative, and their equality. Therefore equality
(11) follows from equalities (3),(12) and (13) with regard for the absolute
continuity of f with respect to y. Thus our Corollary is proved. O

Corollary 2. Let for the function f the assumptions 1) — 3) of Theo-
rem 1 be fulfilled, and let the angular partial derivative fé be finite in the

neighborhood U(Mg) C 10 of the point Mg € r°. Then the equality
Plag(M) = f5(M), M € U(Mp) (14)
is valid.

Proof. By equality (2), we have the relations

Pl (M) = ()5 (M) = (f(2,))5(M) = f5(M), M e U(M,). O

Corollary 3. If the partial derivative f, likewise satisfies the conditions
1) — 3) of Theorem 1 mentioned in 1, then the equality

Pl (M) = fi,y(M), M € U(My) (15)

holds.
Proof. By equality (3), we have the relations

11 (M) = ()} (M) = < [ 1w dt) oo o
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If in equality (1) instead of f we take f,, then by equality (2), the last
term in (16) is equal to f, (M), M € U(Mp). But owing to the continuity
of f, in U(Mpy), we can replace f, (M) by f[’y} (M) ([1], pp. 74-75). O

Corollary 4. The fulfilment of the conditions 1)—3) of Theorem 1 implies
that strgrad p(z,y) is finite, in particular, that the differential dp(z,y) exists
and the equality

dp(z,y) = f(2,y) dx + (/f;(ty) dt) dy, (z,y) €r’ (17)
is fulfilled.

2. UNILATERAL BETTAZZI DERIVATIVES

Below, the use will be made of the notion of strong *limits (see [2]),
*Bettazzi derivatives ([3]) and the sets

A;r:{(l‘,y)EQilL'>£L'0}, A;:{(Z,y)EQil’<l‘o},
Af ={(z0,y) €Q:y>w}, Ay ={(x0,y) €Q:y <o},
Al = AT U AT, AL, = A7 UAS.

Obviously, Af, N A, = @ and Af, U AL, = Q\{Mo}.
We have the following

Theorem 2. Let the function f be summable with respect to x on [a,b] for
every fized y € [e,d]. Let for the finite on Q function p(x,y) from equality
(1) the following conditions be fulfilled:

1) At every point (z,y) € Q there exists the finite partial derivative f,
which is assumed to be summable on Q;

2) f, has a finite strong Tlimit at the point Mo = (20, y0) € Q.

Then the function p(x,y) has at the point My a finite T Bettazzi derivative
A +(MO), and the equality

vl (Mo) = £, " (Mo) (18)

is fulfilled.
Proof. We have the equality

A[Mo]P(%y):/[f(tvy)*f(t,yo)} dt.

From the condition f; € L(Q) it follows by Fubini’s theorem that for almost
all t € [a, b] the function f,(t,7) is summable on [c,d]. Moreover, f,(t,7) is
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everywhere finite. Therefore, by the well-known theorem ([4], p. 251), the
equality

F(t9) — F(t.30) = / f(t,7)dr

is valid. Hence
T

A[Mo]p(m,y)/</yf;(t,v)dr)dt

xo
from which, owing to f. € L(Q), we have the representation in the form of
the double integral

T Y
A (7, ) ://ﬂ(tﬁ)dtdf

o Yo
Thus we have
1 rf
' T(Mp) = lim —// "(t,T)dt dr. 19
Ds ( 0) (29)— Mo (IE*IEO)(y*yo) fT( ) ( )
(z,y)EAT, Zo Yo

Now, by virtue of the definition of TBettazzi derivative ([3]) and by
Theorem 1 from [3] we have the equality
/ + _ . /
Ps (MO) - Mh—{l}/lg fs(M)
MeAf,

The right-hand side of the last equality is finite by the assumption 2).
Therefore by the property of the derivative, it is equal to fg'/ +(]\40). O

Analogously, we prove the following

Theorem 3. Let the function f satisfy the condition 1) of Theorem 2
and, moreover, let the following condition

2') f, has a finite strong ~limit at My
be fulfilled.

Then p(z,y) at Mo has a finite Bettazzi ~ derivative pl, ~ (M), and

Py (Mo) = £, (Mo). (20)
From Theorems 2 and 3, taking into account Propositions I.1.1 of [2] and

2 of [3], we have

Theorem 4. Let the function f satisfy the condition 1) of Theorem 2
and, moreover, let the condition

2") f, has a finite strong limit at the point Mo
be fulfilled.
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Then the function p(x,y) has at the point My the Bettazzi derivative
ph(My), and the equality

Ps(Mo) = f,(Mo) (21)
holds.

REFERENCES

1. O. Dzagnidze, Some new results on the continuity and differentiability of functions
of several real variables. Proc. A. Razmadze Math. Inst. 134(2004), 1-138.

2. O. Dzagnidze, Unilateral in various senses: the limit, continuity, partial derivative
and the differential for functions of two variables. Proc. A. Razmadze Math. Inst.
129(2002), 1-15.

3. I. Tsivtsivadze, On derivatives of an indefinite double integral. Proc. A. Razmadze
Math. Inst. 128(2002), 147-154.

4. I. P. Natanson, Theory of functions of a real variable. (Russian) Nauka, Moscow,
1974.

(Received 10.01.2006)

Author’s address:

I. Tsereteli Kutaisi State University
Department of Mathematics

59, Tamar Mephe Str.

Georgia



