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SCALES OF WEIGHT CHARACTERIZATIONS FOR SOME
MULTIDIMENSIONAL DISCRETE HARDY AND
CARLEMAN TYPE INEQUALITIES

C. A. OKPOTI, L. E. PERSSON, AND A. WEDESTIG

ABSTRACT. Some new scales of weight characterizations for the dis-
crete multidimensional Hardy inequality are proved for the case 1 <
p < g < oo. As limit cases some scales of weight characterizations for
the multidimensional Carleman inequality are obtained for the case
0<p<gq<oo.
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1. INTRODUCTION

Consider the inequality

Z(EZak) < (H) Zan (an >0, p>1). (1.1)
n=1 k=1 n=1

In fact, for p = 2 G. H. Hardy dealt with the inequality (1.1) already in his
paper [8] from 1919 (see also his 1920 paper [9]) but his ideas and motivation
(to find an elementary proof of Hilbert’s inequality) traces back even to his
paper [7] from 1915. Concerning the history and developments of (1.1) we
refer to [16], [17] and [18].

Another inequality which is related to (1.1) is Carleman’s inequality from
1922 (see [6]):

i(ﬁ%)iéeian. (1.2)
n=1 k=1 n=1

In his 1925 note [10] G. H. Hardy mentioned that G. Pélya pointed out to
him the fact that (1.2) is just a natural end point inequality of the inequality
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(1.1). For more information about the history and developments of (1.2)
see [13], [14], [26] and the recent thesis [12] by M. Johansson.
Moreover, the weighted version of (1.1)

(i (iak)qun)% < C(gaflvn); (1.3)

has been extensively studied e.g. by G. Bennett [1] and [2], M. S. Braverman
and V. D. Stepanov [3], M. L. Goldman [4] and for some recent results see
also [19]. The continuous version of (1.3) has been studied and generalized
by many authors, see e.g. [5], [15], [22], [25], [26], and also the books [14]
and [20] on this subject and the references therein. In 1985, E. Sawyer [24]
derived necessary and sufficient conditions for the two-dimensional Hardy
inequality, where he showed that three independent conditions must be
satisfied.

Concerning multidimensional versions of (1.3) there are only a few results
in literature. Some sufficient conditions in the two-dimensional case were
proved by Y. Rakotondratsimba [23].

We state the following slight improvement of a recent result presented
in [19]:

Theorem 1.1. Let 1 < p < g < o0, s1,82 € (1,p) and let {an,n,},

ni,ne = 1,2,... be an arbitrary nonnegative sequence. Moreover, assume
that {Uny no}, n1,n2 = 1,2,..., {vp,},m1 = 1,2,..., and {wn,},n2 =
1,2,..., are fixred nonnegative sequences. Then the inequality

( i i ( i i akl,b)qunl7n2)1/q <

n1:1 n2:1 klzl k}2:1

< C( i i aﬁ17n2vn1wn2>1/p (1.4)

n1:1 n2:1

holds for some finite constant C' if and only if

N1 s1—1 No sg—1
— 1-p') P 1-p') P
A(s1,82) := sup ( E vy ) ( E W X
NuN2>0 % = ka=1
alp—=sy) N2 a(p—s2)

(X 3 (k)T (k) ) e 09

n1=Nmo=N> k1=1 ka=1
Moreover, if C is the best constant in (1.4), then

sup (81 — 1)%(52 — 1>%A(51,32) <C<

1<s1,82<p S1 S2
. p—1\w/p—1\w
< inf  A(sy,s92) ( ) ( ) . (1.6)
1<s1,82<p p—Ss1 P — S2
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Remark 1.1. For the case when w,,, =v,,,n=1,2,..., Theorem 1.1 was
stated in [19, Theorem 2] and a sketch of the proof was also given there. In
Section 2 of this paper we include a proof of Theorem 1.1 with all details.

As a limit result of Theorem 1.1 the following result of Carleman type is
obtained (c.f. [19, Proposition 3]):

Theorem 1.2. Let 0 < p < g < o0 and s1, 82 > 1. Moreover, let {an, n,},
ny,ne =1,2,..., be an arbitrary nonnegative sequence and let {un, n,} and
{Vn1 n.} be fized nonnegative sequences, where vy, n, >0, n1,me =1,2,....
Then the Carleman type inequality

(i i(ﬁ ﬁakl,kz)ﬁumm)% §C’<i iaﬁl7n2vnl,n2) (1.7)

ni=ne=1 k1=1lks=1 ni=ho=1

=

holds for some finite constant C' > 0 if and only if
B (s1,82) =

s1—1

sg—1 > e _s14 _ s24
= sup N, " N,7 ( E E ny " ny ”wm,n2> <oo, (1.8)
N1,N2>0

Q=

711=N17‘L2=N2

where
ni no

—9g
ningp
Wnymy = Uny,ny ( H H vk17k2> : (19)

k1=1ko=1
Moreover, for the best constant C' in (1.7), we have the following estimates:

et (s1 — 1) )%( €52 (s — 1) )%
su B (s1,52) <
817s2p>1 (esl (s1—1)+1 e2(sg—1)+1 (s1,52)

<(C< inf eSH:TQB(sl,sQ) (1.10)

$1,82>1

Remark 1.2. Theorem 1.2 is a generalization of the result of H. P. Heinig,
R. Kerman and M. Krbec [11], where they gave a necessary and sufficient
condition for the case p = ¢ = 1. In one dimension, Theorem 1.2 is a
discrete correspondence of a result by B. Opic and P. Gurka [21].

Remark 1.3. Note that Theorem 1.1 is formulated only with a product
weight sequence {v,,wn,} on the right hand side in (1.4). This is crucial
because as in the continuous case (see the Sawyer result [24]) it seems im-
possible to avoid to have three conditions when characterizing (1.4) with
U, Wn, replaced by a general weight v,,,,. However, as we see in Theo-
rem 1.2 in the limit case one condition is sufficient to characterize (1.7) for
a general weight v,,,n,. A similar observation for the continuous case can be
found in the PhD thesis of A. Wedestig [26].



66 C. A. OKPOTI, L. E. PERSSON, AND A. WEDESTIG

The aim of this paper is to follow-up and improve the paper [19]. In
Section 2 we give complete proofs of Theorems 1.1 and 1.2. In Section 3 we
state and prove the general multidimensional versions of these results.

2. PROOFS OF THEOREMS 1.1 AND 1.2

Before we prove these theorems we refer to the following elementary
Lemma:

k

Lemma 2.1. Let Ay = > an, Ag =0 and forn=1,2,... let a,, > 0.

n=1
a) If0<d<1, then, for k=1,2,..., dA%  a, <A} — A} | <dA}"1ay.
b) Ifd<0 ord>1 then, fork=1,2,..., dA%" 1ak<Ag—Ag_1 <dAl ta.

Proof. The proof follows by just using the mean value theorem in an ap-
propriate way, for details see [19]. O

Proof of Theorem 1.1. For simplicity we only present the proof for the case
when wy = vg, k = 1,2, but the proof in the general case is completely the
same.

Put by,, nb = an,, nhvp, vn, in (1.4). Then (1.4) is equivalent to

oo oo ni  ng 1 _1vg ”
(Z Z (Z Z bkhk?vhpvkzp) un17n2> <

n1:1 n2:1 k1=1 kg_l

(Z Z bnm) . (2.1)

n1_1 no= 1

Assume that (1.5) holds and let V,,, = Z vi:”l, i = 1,2. Applying
k=1

Holder’s inequality, Lemma 1(a) with ax = vi_pl and d = d; = ’;:Sl",

i =1,2 (note that 0 < d < 1) and Minkowski’s inequality to the left hand
side of (2.1) we find that

<Z > (fi S b o, )qunw)le _

1na=1 =1ko=1

ny n2

s1—1 52—1 _s1—1 _s2—1 1 _ 1 q q
P P P P
E E (E E bkl,kz kl k2 Vkl sz Ukt Vky )um,nz <

1=Ino=1 k1=1ks=1

© > 1 a (s1—1p" '
(T (S S ) (ST )

ni=1nz=1 k1=1ko=1 ki=1

OS] 3
P P
( 2 : Vk2 Uk2 ) Uny,ny <

ko=1
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()T ()T (2 2 (2 M)

— S
p L ni=1lns=1 ki=1ko=1

— 1) z p Pp s2 (1:92 ﬁ %
(ZVkl 1 _Vk'l 11 ) (Zsz ' k 711 ) unlﬁh) =

ki=1 ko=1

= (=) ()
p—s1 D — 82

S (S 35 (552 :
— — P q
X( Z Z (Z Z bzl,kzvksf 1Vks22 1) an V”2 un17n2> <
n1:1n2:1 k1=1k2=1
Zp—1\Z
(2L Ly
b= p— 582
[e%e} [e%e} [e%e} [e%e} l)q ) P %
(S S (5 S T L))
ki=1ko=1 ni=kins=ka
— 1INy /p—1\m
(25 )
p—s1 p— 82
e (5 224 a
X sup Vklp e (Z Z an Vn2 umm)qx
k1,k2>0 n1=k1 na—ks
oo oo 1
P
X( Z Z b£11k2> =
k1=1ko=1
= i v As(s1,s ( bP )p. 2.2
(p—51) (p—SQ) 3 122 Z: Z:l n1,n2 ( )

Hence, by taking infimum over s1,s2 € (1,p), (2.1) and, thus, (1.4) holds
with a constant C' satisfying the right hand side inequality in (1.6).

Next, assume that (1.4) and, thus, (2.1) holds and apply the following
test sequence to (2.1):

mﬁ%ﬁ%,%pif EEURNN
) B _ ki=1,...,N
Vi ttu P V]\Tz”v,i? vif k; _ 1,1. . .,],\[.2- B
Vil Vil i { RNl

(Here N7 and Ns are fixed natural numbers).
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For the right hand side of (2.1), by applying Lemma 1(b) we obtain that

(2 X mn)"=

ni=1ngs=1
N1
= _51 E —61 E —s9,,1-p’
o < Z Z VN ’I’l2 Vn2 Ung +
1=1 no=No+1
sl s 1/p
§ : § : —s1,1-p § : —s31—p’ —s9, 1—p’
+ VN nz an vnl + an bnl Vng vnQ S
na=1 ni=N1+1 n,; =Ni1+1 na=Na+1

1
I 1-syy/1-s
S (‘/Nl6 ‘/1\7262—’—(52*1)‘/}\[16 VN2 2+

(e () () -

1 1 1 1 7 olosy 1osy
= =) G=) o v
(+S11+821+ s1—1/\sy —1 N1 N2

Hence,

b~

1 1-s1 1—sg

(% wayxpg(&sil);(;1) Ve Vg (23)

ni=1ng=1

For the left hand side of (2.1) we have

oo oo ni no 1 _ivg 1/q
(Z Z (Z Z bk17k2vk1pvk2p) Um,nz) >

ni=1nz=1 kij=1ko=1

9] ) ni  no 1 _ig 1/q
Z ( Z Z (Z Z bklvk?vlﬂpvlﬂzp) unl,"h) =

n1=Ni1ne=Nz ki=1ka=1

0 0o N1 . R
(3 3 (Swtar S

ni1=N1 na=N> ki=1 ko=1
_ 51 _ 52 p
p
+ Z VNI vkl Z ng vk‘g +
k1=1 N2+1
p
+ Z Vkl Ukl Z VN2 vkg
k1=Ni1+1 mo=1

Q=

ni e e q
3 3 -p
+ Z Vkl Uk1 z : sz Vky ) Unying ) >

ki=Ni1+1 ko=No+1
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> > P—s] p—s3 p—s1 s2 1— 1 _—
P P —p -p
E E V" Vi, +VN1 Vs E Vg, +V an E v, L+
1=kmao=k> k2=Naz+1 k1=Ni+1
_s1 s Ly n2 Ly q L
+Vn1 ? Vng ’ E Uk-l E Uk2 unl,TLQ =
ki=Ni1+1 ko=N3+1

(XX (e T e G- v

n1=N1 na=N2

Q=

pP—s2 51 q
+VN2p anp(an VN1)+Vn1 (an VN1)V712 (Vn2 VN2)) unﬂm) =

Il
7N

s - 2 pP—s1 p—s3 p—s1
S Y (v e v v v v
nl—Nlng—NQ

pP—s2 p—s1 pP—s2

+VN2p anT - VN; Vn_l?VNl‘f'

1
p—sq 51 pP—s2 q

p—sy _ 51 _ 22 q
+(Vn1p - Vn1 ? VN1)(Vn2p - Vn2 ? VN2)) un1n2) >

0 o p—sg s —s2 p—s1 82
< Z Z (VNl N2p +VN1 Vn2 _VNlp VNQPVN2+

nl_Nl n2—N2

Y

pP—s2 p—s1 p—s2

VS Vi Vg Vi Vit

1

p—si pP—so q

_ 352 q
U =V V0T = VT Vi) )

L

nl_Nl ’ng—Nz
Hence, according (2.1), (2.3) and (2.4),

a(p—s1) alp—s3) 1

(X v ™ ) <0(52)

S1 — 1
TL1—N17‘L2—N2

8=

1 1—s 1—s
52 P —_= ==
(8271) VNlp VN; ’
so that
s 71 1 P 71 1 s1—1 sg—1
()" (5) v
1 52

( a(p—s1) 41(1)752) 1

Z Z an n2 ’ Unl,ng)q < (C.

n1=N1 nz2=N2

Hence, by taking supremum over Ny, Ny > 0 and supremum over si, So €
(1,p) we conclude that (1.5) and the left hand side of the estimate (1.6) hold.
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Summing up, we have proved that (1.4) is equivalent to (1.5) and that
(1.6) holds. The proof is complete. O

Proof of Theorem 1.2. Assume that (1.8) holds. Replace al,, ,, . vn, n, With
by n (1.7). Then (1.7) is equivalent to

1
ni,n2

(S5 (ML ) ) <0( 3 S )’ 9

ni=Inz=1 =1lko=1 ni=1ns=1

where wy, n, is defined by (1.9).
In Theorem 1.1 put wn, ny, = Wnyneny ng ? and vy, = wp, =1, ny,ng =
1,2..., and we find that

<§: i ( i iakl,m) wm,m) ( Z Z ab, m) (2.6)

n
namtna—1 T2 T ni=lns=1

holds if and only if
A(s1, 82) :=

1

s1-1 syt O ol P R 1 2
= sup N;” N,°7 ( Z Z ny Fong " wnl,nz) <oo (2.7)

N1,N2>0 n1=N; na=Ns

and the best possible constant C' in (2.6) can be estimated as follows:

s1—1\7 /89— 1\%
sup ( ) ( - ) A(s1,82) < C <

1<s1,52<p S1

— 1Ny /p—1\y
in (p )p (p )p A(s1,82). (2.8)
1<s1,82<p \p — $1 P — S2
Now we replace ag, k, by by, 5, in (2.6) with 0 < a <p and after that we
replace p by £ and ¢ by £ in (2.6)(2.8) and smce 1< 2 <4 < oo, in view
of Theorem 1.1, we find that if 1 < s1,52 < £, then the 1nequahty

AR 2 1/q
(Z Z <n1n2 Z Z b?h,%) wn1,n2) <

ni=1no=1 k*lkz*l

( Z Z bmm)l/p (2.9)

ny= 1n2 1

<

holds for by, x, > 0 if and only if A(s1,s2) < oo. Now Az (s1,82) =
B (s1,s2) for all & > 0 and wy, », is defined by (1.9), so according to the
right hand side of estimate (2.8), we have that the best possible constant
Cy in (2.9) satisfies

pP—a p—a

C, < inf (pia)pa<pia)pa3(sl,52).

1<s1,52<E \p — @81 P — QSo
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Moreover, we note that

n1 n1 n2

(235 S ) (T )™ a0

k1=1k2=1 k1=1ko=1

2l

(the scale of power means converges to the geometric mean) and

p—a NG/ p—a 5 sptsp—2 n
—e P as a — 0.
p— sy P — Qass

Hence, it follows that (2.5) and, thus, (1.7) hold with a constant satisfying
the upper estimate in (1.10).

Next we assume that (1.7) holds. To prove the lower bound of the best
constant C' in (1.10) we apply the following test sequence to (2.5):

bihk? =
Nf N; for k1=1,...,Ny; ka=1,..., Ny
)N lemseNg ke for ky=1,...,Ny1; ka=No+1,...
) Ny tersiNg T e for ky=Ni141,...; ka=1,..., Ny
e(its2) NEi—lp s NSl pse for k) = Ny41,...; ka=No+1,...

(Here N7 and Ns are fixed natural numbers).
Applying the test sequence to the right hand side of (2.5), we have

( i i bfn,nz)l/p =

n1—1 n2—1

N; N.
(ZiNlN +Z Z N1—52N521—52+

ni=1no=1 ni1=1ns=Nsy+1

N2 oo
+ § E N;le—sllelflnlfsl T
no=1n;=N1+1

1

oo oo P
PSS et ) -
n

1=N1+1mn2=Na2+1

o0 o0
= (1 e 2Ny Z ny*? e SINHTH Z ny®t +
na=N>+1 ni=N;+1
[e%e} o %
tem (it NpoI Nl N e N n2—82) . (2.10)

1=N1+1 no=N2+1
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1—slin-1 s—1
n—1
and
0 7 1-5 400 N1-s
Z n < [ %dx = [I } , (2.11)
1—slN s—1
n=N+1 N

where n =n;, N =N;, s =s;,1=1,2.
By using (2.11) in (2.10) we obtain

oo 1

> 1/p —s2 —s1 —(s1+s2) P
(XX thn) "= (14 g v ) -

ni=1ns=1 S2 — ]‘ S1 — ]- (51 - 1)(52 — 1)

:<1+esl(5171))%(1+es2(5271))%. (2.12)

es1(sy — 1) es2(sg — 1)
Moreover, the left hand side of (2.5), can be estimated as follows:

ni no

(33 (IL I o) ™ ) 2

ni=1ns=1 ki=1ko=1

0 9] ny  na —1__ 1

p pnin2 q

(2 S (T T )™ o) =
n1:N1n2:N2 k1:1k2:1

[es} o0 ni no . L
:( Z Z (expz Zlnbzl,kz)“”"zwm,m) : (2.13)

n1:N1 n2:N2 k1=1 kg:l

Applying the test sequence to the inner summation of (2.13), we get that

niy  nes
Z Z In bilkz =

k1=1ko=1
N1 Ny Ny nao
- In(NyINGY) 4+ )Y > I (N e N Ry )
k1=1ko=1 k1=1ko=N>+1
ni Ny

+ Y ) (N e N )+

k1=N1+1ko=1

ni no
+ >0 DT (e OFINPTING T R ey ). (2.14)
k1=N1+1ko=No+1
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Using the mean value theorem, we find that

n n+1 n
> k= > kln(k-1)— > klnk=
k=N+1 k=N+2 k=N+1

n

= > k[ln(k—1)—Ink] = (N+1)InN+ (n+1)Inn =

k=N+1
n k
1
= > —k/—d:c+(n+1)1nn—(N+1)1nN§
k=N+1 kqx

< > (D4 Mn+)hn—(N+1)nN
k=N+1
so that

n
~ > mk>(m-N)-(n+1)nn+(N+1)InN. (2.15)
k=N+1
We now consider (2.14) termwise. Below we represent the first, second,
third and forth terms of the right hand side of (2.14) by »°,, > "5, >4 and
>4, respectively. We find that

N1 N2
S =YY m(N'N;Y) =—NiNaln Ny — NiNpIn Ny,
1 k1=1ko=1

and, in view of (2.15),

N n
Z = 21: 22: In (Nl_le_”NQSz*lk:;@) =

2 k1=1ko=Ns+1
= —Ni(na — Na)In Ny + soN1(Ny — na)+
n2
+(s2 = 1)Ni(ng — Na)InNy — so5N1 > Inky >
ko=Ns+1
> 7N1(77J2 — NQ) In N7 — SQNl(TLQ — NQ) —+ (82 — ].)Nl(ng — NQ)h’lN2+
+Nisa(ng — Na) — Nisa(ng + 1) Inng + Nisa(Na 4+ 1) In No =

= —Nl(’ng — Ng)thl + (82 — 1)N1(7’L2 — NQ) lnNg—

—N152(7’L2 + 1) IHTLQ + N152(N2 + 1) thQ.
Similarly, we obtain that
Z Z —Ng(nl — Nl)lnNg + (51 — 1)N2(7’L1 — Nl)lan—

3

7N281 (n1 + 1)11’1711 + N281 (N1 + ]-)lan
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and
> > (s1—1)(n1 — N1) (ng — N2)In N1+

4
+(82 — 1) (n1 — Nl) (’ng — NQ) thQ — 81 (TLQ — NQ) (n1 + 1)lnn1+

+81 (’ng — NQ) (N1 + 1) lan — S9 (n1 — Nl) (’ng + 1) lnn2—|—
+S2 (n1 — Nl) (N2 —+ ].)h'lNQ

Summing up and simplifying, we have, for any n; > Ny, ng > Na,

DD LA SIS IES DD SE
ki=1kso=1 1 2 3 4
> (ning +ng) Inny ** + (ning + ny) Inng 2+
+ (n251 + (51 — 1) ’anLQ) In N7 + (nlsg + (82 — 1) n1n2) In Noy >

>ninglnny ™ + ninglnny * + ningln Nfl_l 4+ ninsgln Né”_l =

=ninaln (ny 'y 2 N7 TINS ) (2.16)
Hence
oo o q %
(X 3 (ewd Smth) Pun) >
k:l 1]{22 1

n1=N1 nz=N32
1

q

( Z Z (expln TSiny N 1N52 1)"1n2>1m1n2wn17n2) _

n1=N1 n2=N2

1
q

qso q(s1—1) q(so—1)
P P P P —
E E n1 n2 N, N, Wny no =

ny= N1 nag= N2

__9s1

:lelp ( Z Z n, * N p wnhn?)

ny= N1 no= N2
Combining (2.17) (2.13) (2.12) and (1.7) we get that

Q=

(2.17)

1

_asi1 gas2
q

N ( Z Z n; 7 E wnl,m)

N1n2 N2
(1+651(51 - 1))%(1+652(32 — 1))%
es1(s; — 1) es2(sg — 1) ’

<C

that is,

(i) ()

s1—1 sg—1 o0 _as1_ aso 1
XN; * Ny * ( Z Z ng Fong " wnhm)q <C. (2.18)
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Thus, by taking supremum over N1, No > 0 and supremum over $i,S2 €
(1,p) we find that (1.8) and also the left hand side inequality (1.10) hold.
Hence, we have proved that (1.7) is equivalent to (1.8) and that (1.10) holds.
The proof is complete. (I

3. THE MULTIDIMENSIONAL MAIN RESULTS

We state and prove the n-dimensional versions of Theorems 1.1 and 1.2.

Theorem 3.1. Let M € Zy, 1 < p < q < 00, $1,...,8m € (1,p)
and let {any,...na }s M1s-- - = 1,2,..., be an arbitrary nonnegative se-
quence. Moreover, let {Un, . npts M,---snm =1,2,..., and {vipn, }f;;zl ,
i1=1,2,..., M be fizred weight sequences. Then the inequality

n
1 q

%) oo nar .
<Z (TS ) unn> <
m=1 ka=1

ny=1 k=1

o0 o0
SC( E E afll,“‘,nMU17n1...UM7nM>
1

ni=1 ny=

.

—~
w
—

N

holds for some finite constant C' > 0 if and only if

As (81, +.,8n) =
Ny P et Nt , sp—1
— 1-p P 1—p P
= . sup (Z U1k ) ( Z “M,kM> x
Niso s Na>0 % 2y kar—1
) [eS) ni a(p—s1)
l—p’ b4
x E T E : Uny,...;nop § : U1,ky X
n1=N1 ny =Ny ki=1
n2 |\ dp=s2) M L\ Ap=sy) :
1-p P 1-p P
x( E V2 ko ) ( E ’UM’kM) ) < 0. (3.2)
ko=1 ky=1

Moreover, if C is the best constant in (3.1), then

s (81_1)%...(SM_l)%Ag(sl,...,sM)§C

1<s1,...,sMm <p 51 SM

IN

1 1
7

—1\3 — 1\
< inf A3(51,...,3M)<p ) ( P ) ) (3.3)
1<81,.e,SM <P p—S1 P—5Mm

The limit result of Theorem 3.1 reads as follows:

Theorem 3.2. Let M € Zy, 0 < p < q < 00, S1,...,5m > 1,
and let {any,...na }> M1s-- - = 1,2,..., be an arbitrary nonnegative se-
quence. Moreover, let {tn,....nats P1s---snar = 1,2, ..., and {Vny,... na bs
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Nyee, N = ,. .., be fized nonnegative sequences, where vn,,  n, > 0,

1,2
ni,...,ny =1,2,.... Then the Carleman type inequality

[e'e] [ee} ni nm q 1
— q
Ty <
< E E H Qky,.. M) unh»»»,”M) =
ni=1 ny=1 k=1 m=1
[e%e] [ee] 1
P
S ( E § n1, ,TLMUnla 7"M) (34)
ni=1 =1
holds for some finite constant C' > 0 if and only if
s1—1 sy —1
B(s1,...,8Mm) = sup  N;” N7 X
Ni,...,Np>0
0 0 _asy _asy 1
X( E E : nq i Mg i wn17~~~,n1v1) < 00, (35)
n1=Ni ny=Nn
where
ni nn

9
FLERaIIY;
Wny,...npy 2= unlguw'ﬂM( H H Vky,..., kM) . (36)

ki1=1 kv=1

Moreover, for the best constant C in (3.4) we have the following estimates:

< et (s1—1) ); < eM (spr — 1) );
Sup + e - X
8158 >1 1+ e (31 - 1) 1+ em (SM - 1)

. sittsy—M
><B(31,...,5M)SC’SS1 1rgv[>1e » B(s1,---y8Mm) - (3.7)

Proof of Theorem 3.1 The result is known for M =1 (see [19, Theorem 1])
and M = 2 (see Theorem 1.1) so we assume that M =3,4,....

Put bb . =ab o V1n UM, 0 (3.1). Then (3.1) is equivalent
to

ni nuv . L

) 0o
< Z v Z ( Z Z bkl, kal k1 HUJTLEkM)qunlwnnM) ' <
ny =

ni=1 1 k=1 kyv=1

< (Z Z W, mM)%. (3.8)

n11 ’ILMI

Assume that (3.2) holds and let V, ,, = Z vm b " for i ,Jhm=1,2..., M,
Vino =0, m = 1,2,...,M. Applying II—I_olders inequality, Lemma 1(a)
with a = ax, = ’u}nk ,and d = d; = pfsf, i,m=1,2,..., M (note that
0 < d < 1) and Minkowski’s inequality to the left hand side of (3.8) we have
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that
o0 o0 ni 3vs 1 1 q %
P P —
Z T Z ( o Z bkl“”’kalakl o 'UMJCM) Uny,...;nar -
ni=1 ny=1 k=1 ky=1
o 0 M 5171 spy—1
p— P
= E : ) E : ( E bk'h Joar Vi 1k "VM,kM X
ni=1 ny=1 k=1
sp—1 sl 1 1 q 7
P ... P p ... P
Vi Vit kU1 ”M,kM) Unp,ony | <
o0 (oo} ni n M q
D s1—1 spy—1\P
= ( Z Z ( Z Z bklm»,kM 1,k1 ...VMgk']W) x
n1:1 ’I’l]u:l k}lzl k}MZI
1 (1=0p' & nas Cau-vp' |\ i
P -p P 4
X(E : 1,k U1,k ) ( E , Vit kns UM,kM) Uny,...,n <
ki=1 ky=1
1 1
p—1\w p—1\w
( . .
p—s1 pP—sm
oo o0 ni nm q
D 81— spy—1)\P
X(Z > (Z"'Zbkl,m,mvml VMkM> x
ni1=1 ny=1 k=1 ka=1
NS N N N == N
pP— pP— pP— pP—
X (V1,1c1 —Vik-1 ) E : (‘/2,1@2 ~ Vo ko1 ) X
ki1=1 ko=1

oM P—snp P—snr = :
"X ( Z (VMkM - MkM—l)) un1,m,nM) =
=1
S (L (T

— S
p M n1:1 ’ILMZI
nm q
s1—1 sp—1\7P
X( Z Z b N VR W3 M7k1\4) X
k1=1 kv =1
1
:D i/ :D*S]lu q q
p— P
><‘/1 ni VM,nM Uny,...;nnr S

1\~ 1\7 [ — >
< P—INw (P LA P si—1  yrsm—1y
—= ki,..kn 1k M, knm
0 0 a(p—s1) a(p—spr) 2 %
P P
x( S XY VLV um...nM) <

S(E)F...(;l)_’x
p—s1 P—5Sm
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M 1 Q(p s1) a(p—spr)
E E P
x Sup ‘/1 N M kM ( Vl TL1 o .VM,’”M unl"'nM> X

ki,....,kpr >0 ni=k1 nas=kas

(X S ) =

ki1=1 kav=1

Q=

==

1
I

(2L (22 U
poo L ’ 17”-)SJV[)(TMX—:I n;I "1"'"M)

Hence, by taking infimum over sq,...,sy € (1,p), (3.8) and, thus, (3.1)
holds with a constant C satisfying the right hand side inequality in (3.4).

Now assume (3.1) and, thus, (3.8) holds. Similar to the two-dimensional
case we consider the following test sequence:

=

D _
bk17“'1k1\/f T
Mo (yos P for k=12, N,
N ki i 3 Ly oo dVg
=TIl ™ 1” , om=1,...,M]| . (3.9)
i=1 V,ﬂ:? m,]i fO’I’ kz = Nz + ]., .
We claim that
nM 1 _1 p—s1 p=sy
Z D Dk Ul U 2 Ve Vi, - (3.10)
k1=1 kay=1

Using the calculations in (2.4) we see that (3.10) holds for M = 2.
We assume that (3.10) holds with M replaced by M — 1, M > 3. By

using this assumption, the relation —% + % =1 —p’ and the fact that
V,n is nondecreasing, we get

1

71 nM 1 1
P P
Do D Dk Vig, Va2

ki=1 ky=1
p—s1 pP— qM 1 SM ,
P E E p
>V1n1 M lnM 1( VMNMUMk]\/j+ MkM) Z
ka=1 kv= NM+1
p—sy P—SM—1 P—sp _sMm
) I3 I3 P _
Z Vl,nl ...VM—I,TLJ\/Ifl(VM7NM +VM,TLM(VM1TLNI _VM7NM)) -
p—si P—SM—1 p—sp p—sp _sMm
_ P P P P P
—Ving 7 VM*L”]W—I (VM,nM + VM,NM - VMJLMVMVNM) 2
p—sq P—SpM—1 P—SM P—SM _5M
>V Vit (Vil 4 Vi ke = Vi b Vira) =
- 1,n1 M—LTLM71 M,n]\/j M,N]\/j M,N]\/j MaNI\/I -
pP—sy P—SM—1 P—SM
_ P P P
— Ving T VM*L"LM—IVM,”]W :
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Hence, by the induction axiom (3.10) holds for each M, M > 2. We conclude
that

e’} 0 ni nm 1 _ 1 q q
P P —
< E g ( E E bklwuykaLkl...UMJCJM) ”nlwv”M) o

n1=N1 ny=Ny ki=1 ka=1

a(p—sn)

00 e a(p—s1) %
= ( Z e Z (‘/Lnlp U VM,TL;])\/I )unla"-vnlw) : (311)

n1=N1 nmM=Nm

Moreover, applying the test sequence (3.9) to the right hand side of (3.8)
and using Lemma 1(b) withd=d; =1—s; <0,i=1,2,..., M, we obtain
that

(S5 Su.)-

7’7,171 n2:1 ’ILMZI

sp 1 sp. .1
((vaivl,f; LY Vo) x-

ni=1 ni=Ni1+1

N 00
—sn ,1-Dp § : —8n ,1—p
X ( § : VMnMUMnM + VM'HMUMTLM)) <

ny=1 ny=Nyp+1

8=

S =

-5 1—s1 1—sn 1 1—sn _
1,N1 51_1‘/1,1\71 ) (Vvl\/I,NM+ SM—lvM’NM)) -

S1 % SM % 1*% 1*;1\4
:(31_1) “.(SM—l) Vl’Nl “.VM,NM' (3.12)

§<(

Hence, according (3.11), (3.12) and (3.8),

a(p—s1) a(p—sn) %
P P
E E : ‘/l,nl T VM,nM )un17~-~,n1v1 <

ny=Nn

1 1 1-s5q 1—spr
P (M Py ey
sy —1 1,Nq M,Nm

<C(

S1 — 1
so that

1 1 51— spp—1
51— 1 P su — 1 pvglpl...VMp
1,N M, Ny <

81 SM 34V1 s IV M

I=

a(p—s1) a(p—spr)

00 00
X( Z Z (‘/Lnlp ”VM,TLL )unl"”’nM>q =C.

ni1=N; ny =Ny

Thus, by taking supremum over Ni,..., Ny > 0 and supremum over
S1,..-,8m € (1,p) we find that (3.2) and the left hand side of the estimate
(3.4) hold. Hence, we have proved that (3.1) is equivalent to (3.2) and that
(3.4) holds. The proof is complete. O
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Proof of Theorem 3.2 Assume that (3.5) holds. The result is known for

M =1 (see [19, Proposition 1]) and M = 2 (see Theorem 1.2) so we
assume that M = 3,4,.... Put b = abh . On on, in (3.4).

Then (3.4) is equivalent to

N q é
(Z Z (H H bkl"”’kM>nlmnMwnlw»,nM) §

nv=1 k=1 ky=1

( i i 15 --,nm)%a (3.13)

ny=1
where Wy, n,, is defined in (3.6).
Now we use Theorem 3.1 with @, . ny = Wny,..npny o ny and
Vi, = V2,ny = "+ = UM,ny = 1, and obtain
n %
(X% (i 2 2 ) ) <
ny-
niy= 1 nmyp = 1 k‘l 1
1
< C( Z Z aglwwy (3.14)
711=1 n]\/j_l
holds for some finite constant C' if and only if
s1—1 spr—1
A(s1,...,8Mm) = sup N, * ---N,* x
Ni,...;Nar>0
_asm %
( Z Z USYs : )wnlym,nM) < (315)

ny=Nm
and the best possible constant C' in (3.14) can be estimated as follows:

1 1
sup (81_1)p...(SM_l)pA(sl,...,sM)SCS

1<81,..SM<P S1 SM

— 1\ —1 N\
< inf Ag(sl,...,sM)(p ) ( P ) (3.16)
1<s1,...,s<p p— 51 P—SmMm

Now we replace akl,m,kM by b,k in (3.14) with 0 < a < p and after
that we replace p by and ¢ by £ in (3.14)-(3.16) and we find that for
1<81,...,80 < we have that

<”Zl nzl (nl nzz Z b """ keat )gwnlvwnM>E <
(Z Z b, ,nM)% (3.17)

TL11 TLMI
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holds for by, ...k, > 0 if and only if

a(2) a(H4—)

An(s1,-..,8Mm) = sup N, oo Ny
Ni,....Npy>0
7r1<1 —aspm =
D q
( Z Z Usvs )wn17~~~,n1v1) < o0.
ny= N1 npm= NM

Since now AO% = B for all @ > 0 and wp, ... n,, is defined in (3.6), the
upper estimate of the best possible constant C,, in (3.17) can be estimated
as follows:

— pa —« P
Co< inf  B(si,....su) (L) (pi) .
1<s1,..8M<p P —asi p—asy

Moreover, we note that

(2o 2 ) [T T ) ™™

kav=1 =1 ky=1

(the scale of power means converges to the geometric mean) and

)™
p—as

Thus, we get

p—« pp:xa sit-tspy—M +
E— — € P as a — 07,
p—asy

Cc< inf B(sl,...,sM)e%. (3.18)
S1ye.,8 M >1
Hence, it follows that (3.4) holds with a constant satisfying the upper esti-
mate in (3.7).
Next we assume that (3.4) and, thus, (3.13) holds and apply the following
test sequence to (3.13):

M N for ki=1,...,N;
B =311 ' L 319
1yeeskM e n7Si—17 —8
i=1 \e NPTk for ki =N;+1,...
We apply the test sequence (3.19) to the right hand side of (3.13) and
use estimate (2.11) in the calculation. Then we have, since bglw is of
product type, that

(LS. ) = ((E e S i) e

ni=1 ny=1 ni=1 n1=N1+1

Sk

N 1

(ZN + Z e_sMNi/}WlnMSM))p:

na=1 ny=Nn+1
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o] 1
(G D SR PR (R i 3 mi)) <

n1=Ni1+1 ny=Np+1

—S1 1 —SM 1
<) ) -
51—1 SM—l

1+ef(s;—1)\» 1+ esM —1\»
:( +e¥ (51 )> ( + e (su )) (3.20)
es1(sy — 1) esM (spr — 1)
Moreover, the left hand side of (3.13) can be estimated as follows:
o0 oo ni nm r
1M
(2 2 (I It )™ ) 2
n1: nn =1 k1=1 k]\/j 1
oo o0 ni nm %
z(Z (I T ) T ) =
n1=N1 Ny k=1 kam=1
(X X (XSt ) ) @20
n1=N1 ny=Nnm ki=1 km=1

By following the argumentation in the proof of Theorem 1.2 we see that it
is sufficient to prove that

nm

Z Zlnbkh -

k1=1 ky=1
>ng-onarln (R YN N (3.22)
We have already proved that this formula holds for M = 2 (see (2.16)).

Moreover, by mathematical induction as in the proof of Theorem 1.2, we
easily find that it is true in general.

Using (3.21) and (3.22), we find that the left hand side of (3.13) can be
estimated as follows:

(i---i(n s >)

ni=1 ny=1 =1 kv=1

s1—1 ~"M1 _4asm
i (S £ P ) e

N1 ny=Nwm

Y

Q=

Now, by combining (3.23), (3.20) and (3.4), we obtain that

s1—1

sp—1 0 0 _as1 _asm %
P P E E P P
Nl NM nl nM wnl’“wnM S

n1=N1 nmM=Nm

= C( 1 :e(sESI I)l) ) o (1 :Z(SSM I)l) ) K




HARDY AND CARLEMAN TYPE INEQUALITIES 83

that is
( es1(sy — 1) )% ( esM(sp — 1) )%x
1+es1(s;1—1) 1+esm(spy —1)
s1—1 sp—1 e e _gs1 _aspr %
XNIP NMP ( Z Z nl P ...nMp wnl,...7nM) SC
ni :Nl nn :NM

Hence, by taking supremum over Ni,..., Ny > 0 and supremum over
S1,.--,8m € (1,p) we find that (3.5) and the left hand side of (3.7) hold.
The proof is complete. O

REFERENCES

1. G. Bennett, Some elementary inequalities. Quart. J. Math. Ozford Ser. (2) 38(1987),
No. 152, 401-425.

2. G. Bennett, Some elementary inequalities III. Quart. J. Math. Ozford Ser. (2)
42(1991), No. 166, 149-174.

3. M. Sh. Braverman and V. D. Stepanov, On the discrete Hardy inequality. Bull.
London Math. Soc. 26(1994), No. 3, 283—-287.

4. M. L. Gol’dman, Estimates for the norms of integral and discrete operators of Hardy
type on cones of quasimonotone functions. (Russian) Dokl. Akad. Nauk 377(2001),
No. 6, 733-738.

5. M. L. Goldman, Hardy type inequalities on the cone of Quasi-monotone func-
tions. Research report 98/31, Russia Acad. Sci. Far-East Branch Computer Center
Khabarousk, 1998.

6. T. Carleman, Sur les fonctions quasi-analytiques. Comptes rendus du V¢ Congres
des Mathematiciens Scandinaves, Helsingfors, 1922, 181-196.

7. G. H. Hardy, Notes on some points in the integral calculus. (41), Messenger of Math.
45(1915), 163-166.

8. G. H. Hardy, Notes on some points in the integral calculus. (51), Messenger of Math.
48 (1919), 107-112.

9. G. H. Hardy, Notes on a theorem of Hilbert. Math. Z. 6(1920), 314-317.

10. G. H. Hardy, Notes on some points in the integral calculus. (60), Messenger of Math.
54(1925), 150-156.

11. H. P. Heinig, R. Kerman, and M. Krbec, Weighted exponential inequalities. Georgian
Math. J. 8(2001), No. 1, 69-86.

12. M. Johansson, Hardy and Carleman type inequalities. Licentiate thesis 2004 : 81,
Department of Mathematics, Lulea University of Technology, 2004, p. 75.

13. M. Johansson, L.-E. Persson, and A. Wedestig, Carleman’s inequality-history, proofs
and some new generalizations. JIPAM. J. Inequal. Pure Appl. Math. 4(2003), No. 3,
Article 53, 19 pp. (electronic).

14. A. Kufner and L.-E. Persson, Weighted inequalities of Hardy type. World Scientific
Publishing Co., Inc., River Edge, NJ, 2003.

15. A. Kufner and L.-E. Persson, and A. Wedestig, A study of some constants charac-
terizing the weighted Hardy inequality. Orlicz centenary volume, 135-146, Banach
Center Publ., 64, Polish Acad. Sci., Warsaw, 2004.

16. A. Kufner and L. E. Persson, The Hardy inequality - about its history and current

status. Research report 6, Department of Mathematics, Luled University of Technol-
ogy, Sweden, 2002.



84

18.

19.

20.

21.

22.

23.

24.

25.

26.

C. A. OKPOTI, L. E. PERSSON, AND A. WEDESTIG

A. Kufner, L. Maligranda, and L. E. Persson, The pre-history of the Hardy inequality.
Amer. Math. Monthly (to appear).

A. Kufner, L. Maligranda, L. E. Persson, The Hardy inequality - About its history and
some related results, Research report, Department of Mathematics, Lulea University
of Technology, Sweden, 2004.

C. A. Okpoti, L. E. Persson and A. Wedestig, Scales of weight characterizations
for the discrete Hardy and Carleman inequalities. Proceedings of the Conference on
Function Spaces, Differential Operators and Nonlinear Analysis (FSDONA 2004),
Math. Institute, Acad. Sci., Czech Republic, Milovy, 2004, 236—258.

B. Opic and A. Kufner, Hardy-type inequalities. Pitman Research Notes in Mathe-
matics Series, 219, Longman Scientific & Technical, Harlow, 1990.

B. Opic and P. Gurka, Weighted inequalities for geometric means. Proc. Amer. Math.
Soc. 120(1994), No. 3, 771-779.

L.-E. Persson and V. D. Stepanov, Weighted integral inequalities with the geomet-
ric mean operator. J. Inequal. Appl. 7(2002), No. 5, 727-746; Abbreviated version:
Russian Akad. Sci. Dokl. Math. 63(2001), 201-202.

Y. Rakotondratsimba, Two-dimensional discrete Hardy inequalities. Acta Math.
Hungar. 86(2000), No. 3, 213-236.

E. Sawyer, Weighted inequalities for the two-dimensional Hardy operator. Studia
Math. 82(1985), No. 1, 1-16.

A. Wedestig, Some new Hardy type inequalities and their limiting inequalities. JI-
PAM. J. Inequal. Pure Appl. Math. 4(2003), No. 3, Article 61, 15 pp. (electronic).
A. Wedestig, Weighted Inequalities of Hardy-Type and their Limiting Inequalities.
Ph.D. thesis 2003 : 17, Department of Mathematics,Lulea University of Technology,
2003.

(Received 10.05.2005)

Authors’ address:

Department of Mathematics
Lulea University of Technology
SE-971 87 Lulea

Sweden



