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A TRUNCATED PEARSON TYPE VII DISTRIBUTION

S. NADARAJAH AND S. KOTZ

Abstract. A truncated version of the Pearson type VII distribution
is introduced. A situation is described when this version can be a
model for. Explicit expressions are derived for the moments of the
truncated distribution.

îâäæñéâ. öâéë�â�ñèæ� ìæîïëêæï VII ðæìæï à�ê�ûæèâ�æï û�çãâ-

åæèæ ãâîïæ�. à�êýæèñèæ� ïæðñ�ùæ�, îëéèæï éëáâè�á öâæúèâ��

à�éëáàâï âï ãâîïæ�. éæ�â�ñèæ� ùý�áæ à�éëï�ýñèâ��êæ û�çãâåæèæ

à�ê�ûæèâ�æï éëéâêðâ�æï�åãæï.

1. Introduction

The Pearson type VII distribution does not possess finite moments of all
orders. In the present note, we overcome this by introducing a truncated
version. It is given by the probability density function (pdf):

f(x) =
Γ (N − 1/2)√

mπΓ (N − 1) {G(A) − G(B)}

(

1 +
x2

m

)1/2−N

(1)

for −∞ < B ≤ x ≤ A < ∞, where D = G(A) − G(B), m > 0, N > 1, and
G denotes the cumulative distribution function (cdf) of a Pearson type VII
distribution. The cdf associated with (1) is:

F (x) =
1

D
{G(x) − G(B)} . (2)

We refer to (1) as the truncated Pearson type VII distribution. When
N = 3/2 and m = 1, (1) reduces to the truncated Cauchy distribution (see
[1]). When N = 1+ν/2 and m = ν, (1) reduces to a truncated t distribution
with degrees of freedom ν. The cdf G of the Pearson type VII distribution
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can be expressed by:

G(x) =















1

2
Im/(m+x2)

(

N − 1,
1

2

)

if x ≤ 0,

1 − 1

2
Im/(m+x2)

(

N − 1,
1

2

)

if x > 0,

where Iu(a, b), 0 ≤ u ≤ 1, denotes the incomplete beta function ratio defined
by

Iu(a, b) =
1

B(a, b)

u
∫

0

wa−1(1 − w)b−1dw. (3)

Thus, one can express the difference D = G(A) − G(B) as

D =
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2
Im/(m+A2)

(

N − 1,
1
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)

−

−1

2
Im/(m+B2)

(

N − 1,
1

2

)

if A ≤ 0,

1

2
Im/(m+B2)

(

N − 1,
1

2

)

−

−1

2
Im/(m+A2)

(

N − 1,
1

2

)

if B ≥ 0,

1 − 1

2
Im/(m+A2)

(

N − 1,
1

2

)

−

−1

2
Im/(m+B2)

(

N − 1,
1

2

)

if A ≥ 0 and B ≤ 0.

(4)

Because (1) is defined over a finite interval, the truncated Pearson type VII
distribution has all its moments. (1) can be a better model for practical
situations than one based on just the Pearson type VII distribution. We
discuss such a situation below.

The Student’s t distribution (particular case of the Pearson type VII dis-
tribution for N = 1 + ν/2 and m = ν) has been applied in the past as
models for depth map data, prices of speculative assets such as stock re-
turns, and the phase derivative (random frequency of a narrow band mobile
channel) of air components in an urban environment. The alternative given
by (1) for N = 1 + ν/2 and m = ν – the truncated t distribution – will be
a more appropriate model for the kind of data mentioned. If one considers
the exchange rate data of the United Kingdom Pound to the United States
Dollar from 1800 to 2003 (see http://www.globalfindata.com) and following
common practice for exchange rate data, transforms the data by first tak-
ing logarithms and then computes the relative changes from one year to the
next, one could choose B = −1.5 and A = 1.5.
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In the rest of this note, we derive explicit expressions for the moments of
(1). The calculations use the Gauss hypergeometric function defined by

2F1 (a, b; c; x) =

∞
∑

k=0

(a)k(b)k

(c)k

xk

k!
,

where (z)k = z(z + 1) · · · (z + k − 1) denotes the ascending factorial. The
properties of this special function can be found in the books by Prudnikov
et al. [3] and by Gradshteyn and Ryzhik [2].

2. Moments

Theorem 1 provides the explicit expression for E(Xn) for n integer or
real.

Theorem 1. If X has the pdf (1), then

E (Xn) =
Γ (N − 1/2)

(n+1)
√

mπΓ (N−1)D
×

×
{

An+1
2F1

(

N− 1

2
,
n + 1

2
;
n + 3

2
;−A2

m

)

−

− Bn+1
2F1

(

N − 1

2
,
n + 1

2
;
n + 3

2
;−B2

m

)

}

(5)

for n ≥ 1.

Proof. Using (1), one can write

E (Xn) =
Γ (N − 1/2)√

mπΓ (N − 1)D

A
∫

B

xn

(

1 +
x2

m

)1/2−N

dx =

=
Γ (N − 1/2)√

mπΓ (N − 1)D

{ A
∫

0

xn

(

1 +
x2

m

)1/2−N

dx−

−
B

∫

0

xn

(

1 +
x2

m

)1/2−N

dx

}

=

=
Γ (N − 1/2){In(A) − In(B)}√

mπΓ (N − 1)D
, (6)

where

In(c) =

c
∫

0

xn

(

1 +
x2

m

)1/2−N

dx.
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By equation (3.194.1) in [2], one can calculate In(c) as

In(c) =
cn+1

n + 1
2F1

(

N − 1

2
,
n + 1

2
;
n + 3

2
;−c2

m

)

. (7)

The result in (5) follows by combining (6) and (7). �

Corollaries 1 to 5 provide simpler expressions for the moments: Corollary
1 considers the symmetric case for B = −A while Corollaries 2 to 5 consider
the cases for N = 2, N = 3, N = 4 and N = 5.

Corollary 1. If X has the pdf (1) with B = −A, then

E (Xn) =
Γ (N − 1/2){1 + (−1)n}
(n + 1)

√
mπΓ (N − 1)D

An+1×

× 2F1

(

N − 1

2
,
n + 1

2
;
n + 3

2
;−A2

m

)

(8)

for n ≥ 1.

Proof. Set B = −A into (5). �

Corollary 2. If X has the pdf (1) with N = 2, then its first four moments

are

E (X) = m
{

√

m + A2 −
√

m + B2
}/{

2
√

m + A2
√

m + B2D
}

,

E
(

X2
)

= m
{

B
√

m + A2 − A
√

m + B2+

+
√

m + A2
√

m + B2arcsinh
(

A/
√

m
)

−

−
√

m + A2
√

m + B2arcsinh
(

B/
√

m
)

}/

/{

2
√

m + A2
√

m + B2D
}

,

E
(

X3
)

= m
{

2m
√

m + B2 − 2m
√

m + A2 + A2
√

m + B2−

− B2
√

m + A2
}/{

2
√

m + A2
√

m + B2D
}

,

E
(

X4
)

= m
{

3mA
√

m + B2 − 3mB
√

m + A2 + A3
√

m + B2−

− B3
√

m + A2 + m
√

m + A2
√

m + B2arcsinh
(

B/
√

m
)

−

− m
√

m + A2
√

m + B2arcsinh
(

A/
√

m
)

}/

/{

4
√

m + A2
√

m + B2D
}

.

Proof. Set N = 2 and n = 1, 2, 3, 4 into (5) and use standard properties of
the Gauss hypergeometric function in Section 7.3 of [3, vol. 3]. �
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Corollary 3. If X has the pdf (1) with N = 3, then its first four moments

are

E (X) = m2
{

m
√

m + A2 − m
√

m + B2+A2
√

m + A2−B2
√

m + A2
}/

/{

4
(

m + A2
)3/2 (

m + B2
)3/2

D
}

,

E
(

X2
)

= m
{

mA3
√

m + B2 − mB3
√

m + A2 + A3B2
√

m + B2−

− A2B3
√

m + A2
}/{

4
(

m + A2
)3/2 (

m + B2
)3/2

D
}

,

E
(

X3
)

= m2
{

2m2
√

m + A2 − 2m2
√

m + B2 + 3mB2
√

m + A2−

− 3mA2
√

m + B2 + 2mA2
√

m + A2 − 2mB2
√

m + B2+

+ 3A2B2
√

m + A2 − 3A2B2
√

m + B2
}/

/{

4
(

m + A2
)3/2 (

m + B2
)3/2

D
}

,

E
(

X4
)

= m2
{

3m2B
√

m + A2 − 3m2A
√

m + B2 + 3mBA2
√

m + A2−

− 3mAB2
√

m + B2 + 4mB3
√

m + A2 − 4mA3
√

m + B2+

+ 4A2B3
√

m + A2 − 4B2A3
√

m + B2+

+ 3m2A2
√

m + A2
√

m + B2arcsinh
(

A/
√

m
)

−

− 3m2A2
√

m + A2
√

m + B2arcsinh
(

B/
√

m
)

+

+ 3mA2
√

m + A2
√

m + B2arcsinh
(

A/
√

m
)

−
− 3mA2

√

m + A2
√

m + B2arcsinh
(

B/
√

m
)

+

+ 3mB2
√

m + A2
√

m + B2arcsinh
(

A/
√

m
)

−
− 3mB2

√

m + A2
√

m + B2arcsinh
(

B/
√

m
)

+

+ 3A2B2
√

m + A2
√

m + B2arcsinh
(

A/
√

m
)

−

− 3A2B2
√

m + A2
√

m + B2arcsinh
(

B/
√

m
)

}/

/{

(

m + A2
)3/2 (

m + B2
)3/2

D
}

.

Proof. Set N = 3 and n = 1, 2, 3, 4 into (5) and use standard properties of
the Gauss hypergeometric function in Section 7.3 of [3, vol. 3]. �

Corollary 4. If X has the pdf (1) with N = 4, then its first four moments

are

E (X) = 3m3
{

m2
√

m + A2 − m2
√

m + B2 + 2mA2
√

m + A2−
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− 2mB2
√

m + B2 + A4
√

m + A2 − B4
√

m + B2
}/

/{

16
(

m + A2
)5/2 (

m + B2
)5/2

D
}

,

E
(

X2
)

= m
{

5m3A3
√

m + B2 − 5m3B3
√

m + A2 + 2m2A5
√

m + B2−

− 2m2B5
√

m + A2 + 10m2A3B2
√

m + B2−

− 10m2B3A2
√

m + A2 + 5mA3B4
√

m + B2−
− 5mB3A4

√

m + A2 + 4mA5B2
√

m + B2−

− 4mB5A2
√

m + A2 + +2A5B4
√

m + B2−

− 2B5A4
√

m + A2
}/{

16
(

m + A2
)5/2 (

m + B2
)5/2

D
}

,

E
(

X3
)

= m3
{

2m3
√

m + A2 − 2m3
√

m + B2 + 4m2A2
√

m + A2−

− 4m2B2
√

m + B2 + 5m2B2
√

m + A2 − 5m2A2
√

m + B2+

+ 10mA2B2
√

m + A2 − 10mA2B2
√

m + B2+

+ 2mA4
√

m + A2 − 2mB4
√

m + B2 + 5B2A4
√

m + A2−

− 5A2B4
√

m + B2
}/{

16
(

m + A2
)5/2 (

m + B2
)5/2

D
}

,

E
(

X4
)

= 3m2
{

m2A5
√

m + B2 − m2B5
√

m + A2 + 2mA5B2
√

m + B2−

− 2mB5A2
√

m + A2 + A5B4
√

m + B2 − B5A4
√

m + A2
}/

/{

16
(

m + A2
)5/2 (

m + B2
)5/2

D
}

.

Proof. Set N = 4 and n = 1, 2, 3, 4 into (5) and use standard properties of
the Gauss hypergeometric function in Section 7.3 of [3, vol. 3]. �

Corollary 5. If X has the pdf (1) with N = 5, then its first four moments

are

E (X) = 5m4
{

m3
√

m + A2 − m3
√

m + B2 + 3m2A2
√

m + A2−

− 3m2B2
√

m + B2 + 3mA4
√

m + A2 − 3mB4
√

m + B2+

+ A6
√

m + A2 − B6
√

m + B2
}/

/{

32
(

m + A2
)7/2 (

m + B2
)7/2

D
}

,

E
(

X2
)

= m
{

35m5A3
√

m + B2 − 35m5B3
√

m + A2+

+ 105m4A3B2
√

m + B2 − 105m4B3A2
√

m + A2+
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+ 28m4A5
√

m + B2 − 28m4B5
√

m + A2+

+ 105m3A3B4
√

m + B2 − 105m3B3A4
√

m + A2+

+ 84m3A5B2
√

m + B2 − 84m3B5A2
√

m + A2+

+ 8m3A7
√

m + B2 − 8m3B7
√

m + A2+

+ 35m2A3B6
√

m + B2 − 35m2B3A6
√

m + A2+

+ 84m2A5B4
√

m + B2 − 84m2B5A4
√

m + A2+

+ 24m2A7B2
√

m + B2 − 24m2B7A2
√

m + A2+

+ 28mA5B6
√

m + B2 − 28mB5A6
√

m + A2+

+ 24mA7B4
√

m + B2 − 24mB7A4
√

m + A2+

+ 8A7B6
√

m + B2 − 8B7A6
√

m + A2
}/

/{

96
(

m + A2
)7/2 (

m + B2
)7/2

D
}

,

E
(

X3
)

= m4
{

2m4
√

m + A2 − 2m4
√

m + B2 + 6m3A2
√

m + A2−

− 6m3B2
√

m + B2 + 7m3B2
√

m + A2−

− 7m3A2
√

m + B2 + 21m2A2B2
√

m + A2−
− 21A2B2

√

m + B2 + 6m2A4
√

m + A2−6m2B4
√

m + B2+

+ 21mA4B2
√

m + A2 − 21mA2B4
√

m + B2+

+ 2mA6
√

m + A2 − 2mB6
√

m + B2 + 7A6B2
√

m + A2−

− 7B6A2
√

m + B2
}/{

32
(

m + A2
)7/2 (

m + B2
)7/2

D
}

,

E
(

X4
)

= m2
{

7m4A5
√

m + B2 − 7m4B5
√

m + A2+

+ 21m3A5B2
√

m + B2 − 21m3B5A2
√

m + A2+

+ 2m3A7
√

m + B2 − 2m3B7
√

m + A2+

+ 21m2A5B4
√

m + B2 − 21m2B5A4
√

m + A2+

+ 6m2A7B2
√

m + B2 − 6m2B7A2
√

m + A2+

+ 7mA5B6
√

m + B2 − 7mB5A6
√

m + A2+

+ 6mA7B4
√

m + B2 − 6mB7A4
√

m + A2+

+ 2A7B6
√

m + B2 − 2B7A6
√

m + A2
}/
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/{

32
(

m + A2
)7/2 (

m + B2
)7/2

D
}

.

Proof. Set N = 5 and n = 1, 2, 3, 4 into (5) and use standard properties of
the Gauss hypergeometric function in Section 7.3 of [3, vol. 3]. �
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