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THE MAXIMAL OPERATOR ON SPACES OF
HOMOGENOUS TYPE

M. KHABAZI

ABSTRACT. We study the boundedness of the maximal operator in
the spaces LP() (2) over a measurable subset of a space of homogenous
type with an exponent p(z) satisfying the Dini—Lipschitz condition.
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In the last years the Lebesgue spaces LP() with variable exponent have
become an object of intensive investigation, see [1]-[4] for basic properties of
the spaces LP(). One of the main results in this field was Diening’s theorem
[1] about the boundedness of the Hardy-Littlewood maximal operator in
LP0)(Q) when Q is a mesuareble bounded set in R, under certain conditions
on p. Later Diening has extended this result to the whole R™ with the
aditional assumption that p is constant outside of a fixed ball. Our goal
was to expand this research on the spaces of homogenous type. We have to
mention that for that case our Theorem 1 independently was proved by P.
Harjulento, P. Hasté amd M. Pere [5] for bounded metric measure spaces.

We start with the definition of the space of homogenous type (see e.g. [6]).

Definition 1. A space of homogenous type (SHT in following) (X, p, 1)
is a topological space with a measure p such that the space of compactly
supported continuous functions is dense in L' (X, ;1) and there exists a non-
negative real-valued function p: X x X — R! satisfying:

(i) p(z,z) =0forall z € X.
(ii) p(x,y) >0 for all z £ y, x,y € X.

(iii) There is a constant ag > 0 such that p(z,y) < agp(y,x) for all
z,y € X.
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(iv) There is a constant a; > 0 such that p(z,y) < ai(p(x, 2) + p(z,y))
for all.

(v) For every neighbourhood V of z € X there is » > 0 such that the
ball B(z,r) ={y € X : p(x,y) < r} is contained in V.

(vi) Balls B(x,r) are measurable for every z € X and every r > 0.

(vii) There is a constant b > 0 such that uB(z,2r) < buB(x,r) < oo for
every ¢ € X and every r > 0.

One can find many interesting examples of SHT in [6].

Suppose that  is a mesuareble bounded set in X and p is a measurable
function on Q such that 1 <p(z) <P < oo, € Q. By LP()(Q) we denote
the space of measurable functions f(x) on 2 such that

Ty = [ 17 duo) < oc.
Q

LP0)(Q) is a Banach space with the norm:

11]],, = inf {2 >0 ‘{‘p(') <1},

In this paper we consider the Hardy-Littlewood maximal operator,

M f(x) = sup @ / |F ()| du(y)-
B(z,r)NQ

We will use also the following notations:
pp = essinf p(z), P = esssupp(z), p,, = p, Po =D
zeB z€B
M, f(x) = mB( f) . | f(y)|du(y). We also assume that p is a metric.
x,r)N

Theorem 1. Let € be a bounded set in a homogenous type space X and
p:Q — [1,00) satisfy the following conditions:

a) 1< p<p<o0 (1)
b) there exists a positive number cy, such that for every pair z, y € Q
Co 1
p(2) — p(y)| < ———, when p(z,y) < 5. (2)
log p(z,y) 2

Then the mazimal operator M is bounded in LP() space.

We need some lemmas to prove this theorem.
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Lemma 1. Let Q) be a bounded set and ro > 0. Then there exist positive
numbers s, a and 3, such that

a) uB(x,r) < pre, when x € Q and r > ro;

b) uB(z,r) > ar®, when x € Q and r < rg.

Proof. Let us suppose that ro = 1 and k(z) = pB(z,1), x € Q. As Qis a
bounded set there exists a ball By, such that  C By. We can suppose that
By is sufficiently large so that B(z,1) C 2By for every x € Q. Consequently

kE(x) < u(2By) = K < 0.

For the other side, it’s easy to show that there exists a natural number
N, independent of z, such that @ C B(z,N). Thus uQ? < uB(z,N) <
Q
apB(z,1) and k(z) > B — k> 0. So we have
C1

0<k<k(x) <K<oo, z€.
Using the doubling condition several times we get:
pB(z,2") < "uB(x,1) = k(z)(2")'°82¢ < K(2")%,
1 _ _n\logsc —n\s
uB(2,57) = ¢ uB, 1) = k(z)(27) ' = k2T

where s = log, c.
Now let > ro=1. There exists a natural number n, such that 27~ <r < 2",
Then

uBa,r) < uB(x,2") < K(2")° < K(2r)° = K2r* = fr",
In the same way, if r < rg = 1, there exists a natural number n, such that
27" <y < 27" and
pB(z,r) > uB(x,27") > k(g) =k27°r° = ar®.

In the case of an arbitrary ry the proof is analogous. The lemma is
proved. O

Lemma 2. Let 2 be a bounded set and the condition (2) holds. Then
there exists a positive number cq, such that for every ball B

(nB)P* " <) (3)
when u(2N B) > 0.
Proof. As Q is a bounded and (2) holds, it is obvious that 1 < p < Py <
Pp <P <oc. If uB > 1 then (uB)?s P2 <1 and (3) holds. Let uB < 1

and diam(B) > % As we have seen in the proof of Lemma 1, in this

case uB > k > 0. Hence, (uB)2s P8 < k2P, Thus we can assume that
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diam(B) < =. Let us choose a pair u, v € QN B, so that 0 < %( —Pp) <
p() — p(v). Since p(u,v) < 1,

70~ 0)] < o™

Hence,
e€o > (p(,U/’V))_‘p(u)_p('U)‘ > (p(u,’U))%(BBiﬁB)-

By Lemma 1 p(u,v) < 2r(B) < ¢(uB)*. So,
-5 1 _ =
@0 > (p(u,v))"> 7" = e(uB) P2 T,

or B
(Ma B)EB_pB < ce?0s = C1.

and the lemma is proved. O

Lemma 3. Let Q be a bounded set and the conditions (1) and (2) hold.

Then there exists a positive number c such that for every f € LP()(Q), with
[fllp) <1

| M, f ()" < c(l + M (|f (PO (), >0 (4)
M f ()" < e(1+ MO (@) (5)
Proof. Let r > %:
p(a) 1 »(=)
| M, f ()" = (m / |f(y)| dﬂ(?/)) <
B(z,r)NQ
1 () p()
< (WB(/) (1 + ‘f(y)| ) dﬂ(?J)) .

As we have seen while proving the Lemma 1 pB(z,1) > k. Hence,

1
uB(xz,r) > /LB(:L’, 5) > cuB(x,1) > ck,

sl < (G )" < (o)

Nowlet0<r<§:

P = (i f If(y)ldu(y))p(w)é

B(z,r)NQ

and

p(x)

B(z,r)
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p(z)

: <ﬁ / (1+ >f<y>}”<”)du<y>) e <

B(z,r)NQ

p(x)
p(z)

< (uB(z,r)) =" ( / |f(y)‘p(y) du(y) + pB(x, r)) ZB(er)
B(.r)NQ
Since uB(x,r) < uB(x,1) <k,
/ 1f W)Y duly) + pB(a,r) < 1+ K.
B(a.r)nQ
Thus,

M, f(a)[' <

(5 [ PP i)+ 5252) " <

[SES]

p(z)

< (uB(:c,r))im (1+K)

I sl

B(z,y)NQ
- p(z) B 1 (y) MB(Ia T)
< (uB(z,r))2EEn (1+ K)* (H—K )| duly) + 1+7K) =
B(z,y)N2
— o= B_g 1 (¥)
= (pB(z,r)) 2pen (1+K)E (m / | )" dp(y) + 1> =
B(z,r)NQ

PB(x,r) “PB(x,r)

< (uB(z,r)) TBG» (1JrK)g_l(l+Mr(|f(')‘p(.)(m)))-

By virtue of Lemma 2, (uB(z,7))2z P85 < ¢;. Hence,

Pp—PB

(uB(z,7)) 2z < max(1, c%)
and
(M f(@)" < e(1+ M (|F0) ] @))).
The inequality (4) is proved. Taking the supremum by r we obtain (5). O

Proof of Theorem 1. First of all we should mention that if f € LP()(Q)
then f € LY(Q), as Q is bounded. Define a function ¢ by the quality
p(z)

q(x) = &= It is obvious that 1 < g(z) < p(z) <P < oo and there exists

a positive number A, such that 1 £llacy < Allfllp( for every f e LPO(Q).
Let || f[lp¢) < %- Then [|f[l4) < 1 and by virtue of Lemma 3

M f| = (MO gy < le@LFOI) + 1) o) <

) P . P
SC(CIHU(')‘(] HLR(Q)"’HlnLa(Q)) SC(CIH‘f(')|q()||L£(Q)+H1HL2(Q)> =
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= C(Cl(‘f‘p(.))E + H1HL£(Q))2 < €1 <00

Thus, [M f|p) < c1 when | f|,) < %. Then [M f|,) < c2 when |f],) < 5.
But this means that the operator M is bounded in LP(). The theorem is
proved. O

Theorem 2. Let X be a homogenous type space, p : X — [1,00) satisfy
the conditions (1) and (2) and p be a constant outside some ball. Then the
operator M is bounded in LP()(Q):

||Mf||Lp<«>(X) < CHfHLg«)(x)-

Proof. Let us suppose that p(z) = po when « ¢ By = B(xo, R) and By =
B(wo,2r). Let p(z) = f(x)1p,(z) and ¥ (x) = f(z)1x\p, () . It is obvious
that M f < Mo+ M. We are going to show that |M f|,) < ¢ < oo when
|flpy < 1. We will do it separately for [Ml,.) and |M1],.). We start
with [Mp|,c.y. Let x € By. Then

Mso(w):sgpm / le(y)|du(y) =
B(z,r)

1
swp—pies [ | wldut) = M, @
B(z,r)NB;

and by virtue of Theorem 1

[ Ot duta) = [ (o, @) o) < e (6)
B1 B
as || fllpc),50 < I fllpcy < 1.
Now let x € X \ By and B(z,r) N By = @:

m lo(y)|du(y) =

B(z,r)N(B1\Bo)

Mrcp(x) =

1

= uBr) / |f (W) - 1B W) |dp(y) < M(f-1p,\5,)(x)  (7)

B(z,r)

Now suppose that x € X \ By and B(x,r) N By # @. It is not difficult to
check that in this case By C B(x,9r). Let h = |f|p, - 1B,, where |f|p, =
ﬁ [, |f1dp. Tt is obvious that h € LP*(X) and

[P0 0y = (B, = () [ | hduto) <
By
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< (uBy)™ (/\flmdu)_ By < (/\f )PP du(y) ) <1. (8)

Now we estimate M, p(z):

Mv'@(fc):ﬁ / |io(y)]dn( )Sﬁ/\f@)\du(yK
B(z,r) B,
c 1
@ 9,, /|f )|du(y) gr)uBluBlj?/\f(y)\du(y)=
= B B/ |A(y)|du(y) = B /9 | |h(y)|du(y) <
< CMh(x). (9)

From (7) and (9) follows that
Mo(x) < M(f-1p,\B,)(x) +cMh(z), =€ X\B.
Taking into consideration (8) we get:

| 1e@)" aut@) = [ (a1pt))" duo) <

X\B1 X\B1

<c / (M(f - 1pn\5,) ()" du(z) + ¢ / (Mh(2))"” du(x) <

X\ B X\ By

<c [ (¢ tman)@) " dut@ e [ (b@)" duto) <

X\B1 X\B1
<c / |f(:c)‘p(z) dp(x) + ¢ < ¢ < 0. (10)
X\B1

Combining (6) and (10) we have:

/ (M(p(ac))p(x) du(z) < e+ e < 0. (11)

Now we start to estimate [M1|,.). Let x € By. If r < R then B(x,r) N
(X \ B1) = @ and, therefore, M,3(z) = 0. So we can suppose that r > R.
Then:

M4(x) = %T) / |f(y)|du(y) <

B(z,r)N(X\B1)
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1 Po
_ 1 <
< BGT) (L+[f@)]") duly) <
B(z,r)N(X\B1)
< pB(z,r)+1 1
wBwr) B

As x € By and r > R, by virtue of Lemma 1 puB(z,7) > k > 0 and
1
sz(x)gl—i—E:m,

which immediately gives

/ (Mw(x))p(x) dp(z) < mPuBy = c3 < 0. (12)

Bo
As a last step we are going to estimate fX\Bo (qu(m))lﬂ(m) dp(z):

[ 0@ du) = [ (1) due) < [ (M0()" duto) <

X\Bo X\Bo X

< c/ |w(x))p0 du(z) < c/|f(x)‘p(x) du(z) < ¢4 < 0. (13)

From (12) and (13) follows that

/ (M) du(z) < 5+ e (14)

X

and (11) and (14) gives

/ 2 du(z) <

< 2*’( / (Mep(@)™™ dp(z) + / (M(a))"™ du(w)) <
: <2 (C1+02+c:+04)

Thus, |M fl,) < ¢ when || f|[,.y < 1, which signifies the boundedness of the
operator M and the proof of Theorem 2 is completed. O
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