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TWO-WEIGHTED INEQUALITY FOR SINGULAR
INTEGRALS IN LEBESGUE SPACES, ASSOCIATED WITH
THE LAPLACE-BESSEL DIFFERENTIAL OPERATOR

A.D. GADJIEV AND E. V. GULIYEV

ABSTRACT. In this paper, the authors establish several general the-
orems for the boundedness of singular integrals, associated with the
Laplace-Bessel differential operator on a weighted Lebesgue space.
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1. INTRODUCTION

The classical Calderon and Zygmund singular integral operators are an
important technical tool in harmonic analysis, theory of functions and par-
tial differential equations. The maximal functions, singular integrals, po-
tentials and related topics associated with the Laplace-Bessel differential
operator

n—1
o2 2 4 0
A = 3.9 Bn; By, =~ a0 >0,
B Z ox? + ox? + Ty, OTn, U

which is known as an important differential operator in analysis and its
applications, have been the research areas many mathematicans such as B.
Muckenhoupt and E. Stein [22], I. Kipriyanov and M. Klyuchantsev [21, 20],
K. Trimeche [30], L. Lyakhov [25, 26], K. Stemlak [27, 28], A. D. Gadjiev
and I. A. Aliev [5, 6, 7, 8], V. S. Guliyev [9, 10, 11, 12] and others.

In this paper we consider the generalized shift operator, generated by
Laplace-Bessel differential operator Ap by means of which singular inte-
grals (B, singular integral) are investigated.
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The singular integral operators that have been considered by Mihlin [23],
and Calderon and Zygmund [3] are playing an important role in the the-
ory Harmonic Analysis and in particular, in the theory partial differential
equations. Klyuchantsev [20] and Kipriyanov and Klyuchantsev [21] have
firstly introduced and investigated by the boundedness in L,-spaces of mul-
tidimensional singular integrals generated by the Ap, Laplace-Bessel differ-
ential operator (B, singular integral). Aliev and Gadziev [8] have studied
the boundedness of B, singular integrals in weighted L,-spaces with radial
weights.

In this paper, the author establishes the boundedness of B, singular
integral operators in weighted L, spaces on R’'. Sufficient conditions on
weighted functions w and w; are given so that B,, singular integral operator
is bounded from the weighted Lebesgue spaces L, ., (R ) into Ly, o, (R"}).

2. NOTATIONS AND BACKGROUND

Suppose that R™ is the n-dimensional Euclidean space, x = (21,..., %),
& =(&,...,&,) are vectors in R™, (z,€) = 2161 + .. . + 2nén, 2] = / (2, 2).
Let R} ={z = (21,...2,): 2, >0}, v > 0. E(z,7) ={y€ R} : |[z—y| <
r}, Xy ={z e R} : |z| =1}

For measurable set E C R% let |E|, = [,a}dz, then |E(0,r)], =
w(n,y)r" ™7, where w(n,v) = |E(0,1)],.

An almost everywhere positive and locally integrable function w : R’} —
R will be called a weight. We shall denote by L, . ,(R") the set of all
measurable function f on R} such that the norm

(Al

1/p
by — Hf”p,w,v = </|f(x)|pw(x)mgdx> / ) 1<p<oo
R%
is finite. For w = 1 the space L, ., (R’ ) is denoted by L, (R’ ), and the
norm [|fll, by I£l,, -
The operator of generalized shift (B,, shift operator) is defined by the
following way (see [24], [20]):

TVf(x) = C, / f (x' — o', /22 — 22, cOS Oty + y,%) sin” ! aday,
0

where C = 73l (v+3) 71 (v).

Note that this generalized shift operator is closely connected with Apg,
Laplace-Bessel differential operator (see [24], [20]).

The translation operator TY generated the corresponding B,,-convolution

(f ©9)(x) = / )T F (@) dy,
iy
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for which the Young inequality

£ @sls,, <IFls, ol 1<par<os, —4o=T+1
holds.
Lemma 1. [8] Let 1 <p < co. Then
1T F (), <, . Yy e RL 1)

The main goal of this paper is to establish weighted L,-estimates for
the norms of the singular integral operator generated by a generalized shift
operator ( B, singular integral operator ) :

R 1)
Tf(x) =p. / @)y

n
+

. QO) o
~tm [ @iy = i T o) @)

where 6 = y/|y|, and the characteristic (6) belong to some function space
on the hemisphere Sy = {z € R} : |z| = 1} and satisfying the ”cancella-
tion” condition

/Q(H)@%do(@) =0 (3)
S+

(do(0) is the area element of the sphere |#] = 1). The existence of the
limit (2) for all # € R} and for Schwartz test functions f(z) can be
proved in the standard way if we take into account the well-known esti-

mate [T f(z) = f(x)| < c(z)[y|-
The theorem below is known about the behavior of the B,, singular in-
tegral operator T in Ly, - (see [20, 21] ).

Theorem 1. Suppose that the characteristic Q(0) of the B, singular inte-
gral (2) satisfies the conditions

/Q(e)egda(e) ~0, (/|Q(9)|qegda(e)) "R <00 ()
Sy Sy
for some ¢ > 1. Then

||TfHL,m <CR, ||f||Lp,7 ) 1 <p<oo.
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3. WEIGHTED ESTIMATES FOR THE B, SINGULAR INTEGRAL
OPERATOR

The aim of this paper is the following assertion about the behavior of the
B,, singular integral operator (2) in weighted spaces.

We establish the boundedness in weighted L,, spaces for the B,, singular
integrals.

Theorem 2. Suppose that the characteristic Q(6) of the B, singular inte-
gral (2) satisfies the conditions

/Q(e)egda(e) —0,  sup [20)] < oo, 5)
0cSy
Sy
Moreover, let w(x), wi(x) be weight functions on R} and the following
three conditions are satisfied:
(a) there exist b > 0 such that

sup wi(y) <bw(z) for a.e. v €RY,

|z /4<]y|<4|x]
p—1
(b) Asup< / wl(m)|m|_(”+7)pm;{dz>< /wl_p/(m)deaz) <00,
0 R?\E(0,2r) E(0,r)
p—1
(¢) Bzigg( /wl(x)acgdac)( / wlp/($)|x|(”+7)p1xldx) < 00,
E(0,r) R7\E(0,2r)

where 1 <p < oo, pp’ =p+p'. Then,
i) There exists a constant K7, independent of f and € such that for all
feLpw(RY)

/ITsf(x)l”m(x)fE%dx <Ky / (@) [w @)z de. (6)
R R?
i) The limit Ehil(l) T. f, which will be denoted by T f, exists in the sense of
Lyw~RY), and
[1rt@Pa @ < K [ |f@Po@ds @
R R?
Moreover, condition (a) can be replaced by the condition
(a%) there exist b > 0 such that

w1 (99)( sup .

) <b forae., xeR".
ol /4<]y|<4lz| @ (Y)
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Proof. We note that the coefficients c¢; in the estimates below depend in

general on the parameters n, p and 7y, but not the function f and the

parameter € > 0. We first prove part i) of the theorem. Part i) follows

from part ¢). Without loss of generality we assume that f(z) is an infinitely

differentiable function, because such functions are dense in Ly, ., (R} ).
Note that

Q Qz/|x
T.f(x) = [xe(y)%[ﬂf@ﬂy%dy / 7 o) SEE i

where x. is the characteristic function of the set R} \ E(0,¢).

For simplicity we let K.(z) = x(z) ng”f{‘fﬁ

For k € Z we define By, = {z € R": 2F < |z| < 2*1} By = {z € R":
|£L’| < Qkil}, Ek’g = {IL’ € R™: 2k—1 |£L’| < 2k+2}, Ek73 = {l‘ € R": |l‘| >
2k+21. Then Eyo2 = FEr_1UERU EL; and the multiplicity of the covering
{Ek,2} e, is equal to 3.

Given f € Ly, (R), we write

IT-f (@) = Y T f (@)X (2) < Y 1T fua(@)] X, (2)+

kez keZ

+ Y T frea (@) xe (@) + Y 1T frs(@)] b, (@) =

kez kez
=T cf(x) + T2 f(2) + T3 f (), (8)
where x g, is the characteristic function of the set Ey, fri = fxg, ., i =
1,2,3.
First we shall estimate ||T1,5f||prwm. Note that for z € Ey, y € Ej1 we
have |y| < 2~ < |z|/2. Moreover, Ej Nsupp fr1 = 0 and |z — y| > |z|/2.
Hence by (5)

T f(a) <KoY ( / V|| |fk,1<y)|yzdy)xEk <

keZ Ri
< Ky / lz =yl f ()| yady <
{yeRry: |y|<|z|/2}
<Rl [ ) vy

{yeRy: |y|<|=|/2}

for any x € Ej, where Ko = sup |Q(6)]. Hence we have
0eSy

/‘Tl,sf(ﬂf)\pm(x) 2 dx <

RY



6 A.D. GADJIEV AND E. V. GULIYEV

p
< (2”+’VKO)p/ |f(y)‘ ygdy) ||~ (P, () 2 de.
By (yerr: fyl<|zl/2)

Since A < 0o, the Hardy inequality

P
/wl(x)‘x‘_(n—ww( / ‘f(y)‘ ygdy) z)dr <

RY {yery: |yl<|z|/2}

<c / (@) [Pw(@) ayda
J

holds and C' < ¢/ A, where ¢’ depends only on n and p. In fact the condition
A < oo is necessary and sufficient for the validity of this inequality (see [1],
[16]). Hence, we obtain

/ Ty o (@) Pon () e < cr / (@) Pw(z) o]dz, (9)
R? R"

where ¢, is independent of f and e.

Next we estimate ||, €f||L o . As is easy to verify, for z € Ej, y € Ej 3
we have |y| > 2|z| and |z — y| > |y|/2 Since Ey N supp fr,3 = 0, for z € Ey
by (5) we obtain

Tyof(z) < Ky / TV]a| | ()] yldy <
{y€eRn: |y|>2|z|}

<K, / F@)lle -y~ yidy <
{wern: Ty|>2lal}

S R

{yeR?: |y|>2]z|}
Hence we have
[ 18 p@ o) e <
R}
» p
s [ [ 1 ) i) s
R} {yeR%: |y|>|2z|}
Since B < oo, the Hardy inequality
p
/ wl(x)< [ i y,Zdy) e <C | f(@)Pw(@)rde

RY {yery: [y|>[2z]} R}
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holds and C' < ¢’ B, where ¢’ depends only on n and p. In fact the condition
B < oo is necessary and sufficient for the validity of this inequality (see [1],
[16]). Hence, we obtain

[Tt @pore) s < o [ 1f@P0le) ds, (10)
R% R7%
where ¢, is independent of f and e.

Finally, we estimate |[Tocf[|, _- By the L, (R} ) boundedness of T

and condition (a) we have

[1Bct@Pin) ade = [ (3 Tpale) xe @) o @)aide =
R}

keZ
R%

— [ (ol xo o) for @)agda =3 [Tefual@)l” or(e) aydo

]R" keZ EZE

S sup wn (z /|T Jr2(z x'ydx<022 sup wi(x )/|fk72(x)|p x)de=
ez "B En ez *€Fx En

= 02 sup w1 (y / |f(z)|P x)dx.

kez VEER

Since, for z € Ey 2, 2871 < |z| < 2872 we have by condition (a)

sup w(y) = sup wi(y) < sup wi1(y) <bw(z)
veBy 2h—1<|y| <orte ] /4<]y] <Alz|

for almost all € Ej 5. Therefore

/|T2,ef(96)|p wi(z)x)dr <
RW,

<02b2/|f )Pw(z x”dm<03/|f )Pw(z)x) de, (11)

keZE

where ¢ = 3¢2b, since the multiplicity of covering {Ej 2} rez 1s equal to 3.

Inequalities (3), (9), (10), (11) imply (2) which completes the proof of the
first part of the theorem. Now let us proceed to the second part. We prove
that the limit ill% T.f = Tf exists in the sense of L, ,(R"}) and hence

the estimate (7) hold for T'f. It suffices to prove that the limit exists for
functions that have compact support, are smooth, and are even with respect
to the variable z,,. Indeed, representing any function f in Ly, (R’ ) in the
form of a sum f = f; + f2, where f; is a function that has compact support,
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is smooth, and is even with respect to x, and fs is such that |[f|z, . is

sufficiently small, we have from the equality T; f = T. f1 + 1. f2 and (6) that

ITef = Tefilloyo, s < cllflliyny <96,

where ¢ is a sufficiently small number.
Therefore, it suffices to prove the existence of the limit 1ir% T.f =Tf
E—

(in the sense of Ly, ~(R?) ) for smooth compacly supported functions that
is even with respect to the variable x,,. Taking f(z) as such a function and
using the ”cancellation” condition (5), we have

T.of(@) - Tof (@) = T )y =
{y€R1:51<\y\<52}
_ Q@YD 1w ey — )
- R - i@l

{y€R} e1<|y|<e2}

where x € R’
By using the Taylor-Delsarte formula [24] for TY f (z) is not hard to show
that

1T f () = (@)L, < clyl-

Therefore,

cly|
1Tey f = T2 fllp, . < |y|n+7ygdy <

{yeRn a1 <Jyl<e2}

=c(e2 —e1).

Since the space Ly, (R’ is complete, this implies that the limit 1in%) T.f =
E—
T f exists and belongs to Ly, ., (R"). Thus the proof is complete. 0

Theorem 3. Suppose that the characteristic Q(0) of the B, singular in-
tegral (2) satisfies the conditions (5). Moreover, let p € (1,00), w(t) be a
weight function on (0,00), wi(t) be a positive increasing function on (0,00)
and w(|z]), wi(|x|) be satisfied the conditions (a), (b).
Then there exists a constant ¢ > 0, such that for all f € Ly, ., ,(R")
/ |Tf(:v)|pw1(|x|)x?ldx < c/ |f(x)‘pw(|x|)x?ldx (12)
R? R%

Proof. Suppose that f € L, (R’ ) and w; are positive increasing functions
on (0,00) and w(|z]), wi(]z|) be satisfied the conditions (a), (b).
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Without loss of generality we can suppose that w; may be represented
by

w1(t) = w1 (04) + [ Y(N)dA,
/

where wi(0+4) = lim_o w1 (t) and wy(t) > 0 on (0, 00). In fact there exists a
sequence of increasing absolutely continuous fuctions w,,, such that w, (t) <
wi(t) and lim w,(t) = wi(t) for any t € (0,00) (see [4],[13] for details).
n—oo
We have
/ |Tf(x)‘pw1(|ac|)x;{dac =w1(0+4) / |Tf(x)‘pacgdac+

R} R}

|z
+/ }Tf(x)}p</1/)()\)d>\> zldr = Jy + Ja.
R 0

If w1 (0+) = 0, then J; = 0. If w1(04) # 0 by the boundedness of T in
Ly ~(R") thanks to (a)

Ty < T |Pun (04) / (@) Pade <
R
< |7 / (@) Pan(|2])aldz < b|T|? / | (@) Pz d.
R"” R"”

T T
After changing the order of integration in Jo we have

Jy = 71/)(>\)< / \Tf(x)\ngdx) dX <
0

|z| >\
<ot /wm( SO @ e ﬁT(fx{m/g}xx)\%zdx) dr=
0 /> 2>

= Jo1 + Jaa.

Using the boundeedness of 7" in L, (R ) and condition (a) we have

|l few( [ 1P i)a-
0 {yeR}:[y[>N/2}

2]y

= ||THPR{\f(y)\p<O/w(A)dA>ygdyg
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<N [ 15wl @)y < |77 [ 15w s
R R7

Let us estimate Joo. For || > A and |y| < A\/2 we have |z|/2 < |z —y| <
3|z|/2, and so

oo

P

Joo §c4/¢(x) / < / Ty\x\””\f(y)\ygdy) zgdx) d\<
0 {weRT:[x|>\} {yeRy:[y|<A/2}

oo

p
< ¢ /ww( / < / If(yﬂyzdy) \w|("”)pwzdaz)dx
0 {zeRY:|x[>A}  {yeR}:|y|<r/2}

oo

p
= w<A>A—<"+7><P—”( / |f<y>|yzdy) i

{yeR%:|y|<A/2}

The Hardy inequality

°° p
/ w(A)A“"”)(”‘l’( / \f<y>\yzdy) ir <
0 {yeRY :|y|<A/2}
<c / 17 (0) s (ly)) v dy
K}

for p € (1,00) is characterized by the condition C' < ¢/ A" ([1], [16], see also
[2], [17]), where

o0 p—1
A’ = sup </w(t)t_("+7)(p_1)d7> ( / wi? (m)x%d:ﬂ) < 00.
7>0
27

E(0,7)

Note that

[e.e]
z/j(T)Tf(nJrv)(pfl)dT —

2t
00 oo

—(n+)p—1) [ G [ AT eDg -
[so]
%) A

=(n+y)p-1) [ ATT0IETNAN [ y(r)dr <
/ /
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< (n+7)p-1) / AT g (V)dA =
2t
— w w1(|x|)|x|_("+7)px?ld:c.

w(n,v)
R \E(0,2t)

Condition (b) of the theorem guarantees that A < ("J;znizl)fl < oo.
Hence, applying the Hardy inequality, we obtain

Ja2 < C7/‘f w(|z])z) de.

Combining the estimates of J1 and Jo, we get (12) for wq(t) = w1 (0+) +
¢
J w(7)dr. By Fatou’s theorem on passing to the limit under the Lebesgue
0
integral sign, this implies (12). The theorem is proved. O

Example 1. Let
(1) = t(nt)(p—1) In?1, for te(0,3)
T (2P mP2) P, for te [3,00)
iy = [ 1D ot (0.3
0Pt for te [3,00)
where 0 < a < B < (n+7v)(p—1). Then the pair (w,w1) satisfies the
condition of Theorem 3.

Theorem 4. Suppose that the characteristic Q(0) of the B, singular in-
tegral (2) satisfies the conditions (5). Moreover, let p € (1,00), w(t) be a
weight function on (0,00), wi(t) be a positive decreasing function on (0,00)
and w(|z|), wi(|z|) be satisfied the conditions (a), (c). Then inequality (12)
1s valid.

Proof. Without loss of generality we can suppose that w; may be repre-

sented by
wi(t) = wy (+00) + / b(r)dr
t

where wy (+00) = tlggo w1(t) and wq(t) > 0 on (0,00). In fact there exists a
sequence of decreasing absolutely continuous fuctions w,, such that <o, (t) <
wi(t) and lim w,(t) = wi(t) for any t€(0,00) (see [4],[13] for details).
We havgéoo
/‘Tf | )| w1 (Jz]) 27 da = wi (+o00 /|Tf |p:c'yd:c+
RY

RY
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+R{ i) ([ oo Jeide =1+ 1o

||

If wy(4+00) = 0, then I; = 0. If wy(+00) # 0, by the boundedness of T" in
Ly (R%) and condition (a) we have

I < Ter(4o0) [ |5(e)ardo <
]Rn

+

<17 [ 5@ (ol)a7de <bIT [ [5(0)Pw(lalarde.
R} R}
After changing the order of integration in Jo we have

Jy = 7%\)( / |Tf(z)|px1dx> dX <
0

{z€RY: |z|<A}

<ot [ wu)( [ U@ et
0 {z€R?: |z|<A}

+ / |T(fX{x22)\})(:E)|pl‘ld:E> d\ = Jo1 + Joo.
{z€R}: |z|<A}

Using the boundeedness of T in L,(R™) and condition (a) we obtain

Jmswn]ow(t)( / |f<y>|pygdy)dt:

[y|<2X
=i | If(y)l”( / w<A>dA)yxdyg
R% lyl/2
< |7 / F@)Pwr(yl/2)u3dy < b|IT| / F@)Pw(u)vldy.
R? R?

Let us estimate Jag. For || < A and |y| > 2\ we have |y|/2 < |z —y| <
3|y|/2, and so

Jog <

gcsjww( /(] Ty|x|"V|f<y>|yxdy>pxxdx>du

{zeR?: |z|<A}  {yeR%: |y|>2A}
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zncsfwm( /(] |yr”—”|f<y>|yzdy)pxxdx)dA:

{z€R%: |z|<A} {y€RT: |y|>2X}

chw(w”( / »|"”»f<y>»yzdy>pdx
0

{yeRY: |y|>2A}

The Hardy inequality

/ w(A)A”“( / ly| "7 f(w) \zﬂdy> dx <
0

{yeRy: |y[>2A}

<c / |7 ()P () dy

n
R%

for p € (1,00) is characterized by the condition C' < eB’ ([1], [16], see also
[2], [17]), where

’ p—1
= sup </w t"+7d7) ( / w17p1(|:c|)|:c‘7(n+wp :c?ld:c) < 00.

7>0
R \E(0,27)

Note that

T

/w(t)t”Jrth =(n+7) /w(t)dtO/A"”ld)\ _

0

T

¢
=(n+7) /)\"JW Ldx / dT<(n+'y)/)\”+7 tw(N)dX =
A

0 0
n—+-y / ~
= x|)x) dx,
el B
E(0,7)

Condition (c) of the theorem guarantees that B’ < WTE:VV)B < oo. Hence,
applying the Hardy inequality, we obtain

Jaa < 10 / |F (@) Pw(|z])a) da.
R}

Combining the estimates of J; and Ja, we get (12) for wy(t) = wi(+00) +
ftoo ¥ (7)dr. By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this implies (12). The theorem is proved. (]
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Example 2. Let

1 v 1
In” for t<d
— tn+y to
wit) = { (Ao’ Yo for t>d
e In” 1, for t<d
wit) = (d_"_’y_)‘lnﬁ l) A, for t>d ’
d b -
B

where B <v <0, —n—v<A<a<0,d=-er. Then the pair (w,w1)
satisfies the condition of Theorem 4.

10.

11.

12.

13.

14.

15.
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