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ON CERTAIN DOUBLE SIZED INTEGRAL OPERATORS
OVER MULTIDIMENSIONAL CONES

P. JAIN, P. K. JAIN AND B. GUPTA

ABSTRACT. We study certain double sized multidimensional integral
operators where the two integrals are taken over cones, respectively, in
RM and RN. The boundedness and, in some cases, the compactness
of these operators are studied between weighted Lebesgue spaces.
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1. INTRODUCTION

In 1920, Hardy [6] studied the boundedness of the Hardy operator

(H)(x) = / £(t) dt

between suitable weighted Lebesgue spaces. During the last two decades,
the corresponding Hardy inequality has drawn the attention of many math-
ematicians and tremendous amount of work has been done on this subject.
A collection of such work can be found in the book [17] and also in a very
recent book [16].

One of the directions in which this subject is progressing is to consider
the boundedness of the Hardy operator in higher dimensional setting. Many
people have contributed in this direction. Drabek, Heinig and Kufner [4]
have considered the operator

(Hx ) (x) = / F(t)dt,
By (x)
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where By (z), € RY | is an N-dimensional ball centered at origin and with
radius |z|.
Next, the two dimensional Hardy operator

(HQf)(xvy)/z/yf(s,t)dtds
00

needs special attension. The boundedness of this operator between weighted
Lebesgue spaces (with usual norm) has been characterized by Sawyer [18]
(see subsection 2.1 below). As a variant, Appell and Kufner [1] considered
Lebesgue spaces with mixed norm and obtained necessary and sufficient
conditions for the boundedness of Hs. Very recently, the authors [12] have

given the same treatment as Appell and Kufner to two different operators,
b(x) b(y)
namely, the Hardy-Steklov operator (Tof)(z,y) = [ [ f(s,t)dtds and

a(z) a(y)
zy

the geometric mean operator (Gaf)(x,y) = exp(%y [ [In f(s,t)dtds).
00

Towards the further generalization of the subject, Heinig, Kufner and
Persson [8] studied the so called double-sized multidimensional Hardy op-
erator

(Hun f)(z,y) = / / f(s,t)dtds, z,s e RM y t e RV,

B (z) By (y)

In the present paper, we further investigate the operators of the type
Hys . In fact, we consider the operators in which the integrals are taken
over certain “cones” in RY and note (c.f. Remark 1) that these operators
are more general than Hpsny. Apart from studying the boundedness of
these operators, we also study the compactness in certain cases. The paper
is organized as follows.

In Section 2, we define and study a double sized multidimensional oper-
ator

(He.rf)(z,y) = / / J(s,t)dtds, v.s€E, yteF,

Snmy, SNy

where E,F are cones in RM RY and Sy, Sy, are parts of E, I’ with
“radii” not greater than |z|, |y|, respectively. In fact, we characterize the
boundedness of Hg r in terms of the boundedness of H> and then, to obtain
the precise criterion, we apply Sawyer’s result. As a corollary, the bound-
edness of Hy n obtained by Heinig, Kufner and Persson [8] is achieved.
Section 3 is devoted to the case of mixed norms. Here two other double
sized multidimensional operators, namely, Tr r and Gg r are defined and
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for the boundedness of these operators, necessary as well as sufficient con-
ditions are obtained. The compactness of the operator T r in Lebesgue
spaces with mixed norm is studied in Section 4.

Throughout, we assume without any loss of generality that the functions
involved (f, g, h, fn, gn Or h,, in this paper) are non-negative. However, for
the case of geometric mean operators G, G, F, we avoid the situation where
the functions take value zero since the operators are not defined thereat.

2. BOUNDEDNESS OF Hg r

2.1. Sawyer’s Result. The following result of Sawyer [18] characterizes
the boundedness of the two dimensional operator Hs : LP((0, 00)x(0, 00), W)
— L1((0,00) x (0,00), Wy) defined by

)

(Hzg)(x,y)=//g(s,t) dt ds.

0 0

Theorem A. Let 1 < p < q < oo and W, Wy be weight functions on
(0,00) x (0,00). Then the inequality

(//WO ,y)(Hag)* (,y) dyda:)q <
<77W(x,y)g”(:ﬂ,y) dy d:c) g0, W
0 0

holds for some constant C' > 0 if and only if the following three conditions
are satisfied:

b= sup ( Wo(s dtds) (//Wl ” (s,t) dtds) <o (2)
x>0,y>0

Yy

8=

S e

x S

O/O/(//Wl Yo7 dep) Wo(s,t)dtds <

< C§<//W1P’(s,t) dtds); (3)
0 0

o} 00 00
Y

and

7/(//% (o7 )deP) W (s,1) dt ds <

x s t
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’

< Cg'(/ Wo(s, ) dtds)q , (4)
z Yy

where p' and ¢’ are conjugate exponents to p and q, respectively.

Towards the first aim of this paper, we characterize the boundedness of
a higher dimensional analogue of the operator Hs. This is the so called
“double sized multidimensinal operator” which is obtained by replacing the
two integrals in Ho by integrals over certain 'cones’ in R™ and RV.

2.2. A double sized multidimensional operator. Let £¥ ! be the unit
ball in RM | that is, ¥M~! = {z € RM : |z| = 1}. Let By be a measurable
subset of ¥M~1 and E ¢ RM be a spherical cone, that is,

E:{xERM:x=50,0§5<oo,a€BM}.
Let Syr,, * € RM denote the part of E with 'radius’< |z|, i.e.,
SMz:{yERM:yzsa,0§s<|x|,a€BM}.

Further, we denote by aSy;,a > 0, the part of £ with 'radius’ < «. Note
that E = LiOaSM. For x € E \ {0}, we denote by |Ss|, the volume

of Syr,. The symbols By, F, Sy, and [Sy,| are defined similarly for an
N-dimensional setting.
We, now, define a double sized multidimensional operator

HEVFZLP(EXF,M)HLq(EXF,wo)
by
(HE7Ff)(ac,y)://f(s,t)dtds, reE, yePF

Snm, SNy

2.3. The Main Results. Now, we prove the following result which charac-
terizes the boundedness of the operator Hg r. In fact, the characterization
is obtained in terms of the boundedness of the operator Hs.

Theorem 1. Let1 < p, g < oo, E, F, Snr,, Sny be as defined above
and wg, w be weight functions on B x F. Then the inequality

1
q

(//WO(w,y) (Hp,rf)(z,y) dydx) <

SC(E/!w(x,y)fp(:c,y) dyda:)%, f>0, (5)
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holds if and only if (1) holds with

0(o,y0) / /wo zox’,yoy )zy'tyg Tt dy' dz’,  wo,y0 >0, (6)
By B

1-p
W (0, y0) <// acox Yoy )xg/l ! N by’ dm) , (7D

By By
o, Yo > 0.

Moreover, the constants in (1) and (5) are the same.

Proof. Suppose (1) holds. Fix a locally integrable function f : E x F' — R.
Define

g(aﬂo,yo)://f(aﬂoas’,yoy’)ﬂcéVHyév’1 dy' dz',  wo,y0>0  (8)
By By

so that on making the changes of variables + = zgz’ where z € E, xg =
|z| € (0,00), ' € By and similarly y = yoy’, s = sos’, t = tot’, we have

(Hp rf)(z,y) = / / F(s.t) dt ds —

Sng SNy,

Zo Yo

:////f(sos tot')sM N1 at’ ds’ dty dso =
0

0 By By

Zo Yo

://g(so,to)dto dso = (Hag)(xo,%0)- 9)
00

Now making variable transformation x = zgz’, y = yoy’, using (6), (9)
and then using (1), we have

<//w°(x’y)(HE,Ff)q(x7y) dy d:c) "

o 1

o0
= (// wo(zox’, yoy') (Hag) (w0, o)z 'yl dy' da'dyo dmo)
00

Bny B

¥

2

Q=

o0
/Wo 0, y0)(H29)? (w0, yo) dyo dxo) <
0

C’(//W z0,%0)g" (%0, Yo) dyod$o> -
00

0\8
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Next, we use (8), apply Holders inequality for the inner integral and then
1

use (7) to get
<//w0(x7y)(HE,Ff)q(l‘,y) dyd:c); <

o0 p 1
( /W 20, Yo (//f zox’, yoy') yéVIdy'd33') dyodxo) <
0
o0

By BN

[
/

< ( /w 0, Yo ( / /fp 2o, yoy (o', yoy )y tyg ! dy/dﬂf/)x
0 By By
X ( / acox Yoy )xg/l _1 dy’ da:') ' dy, dmo) "
By By
:C(//w(ac,y)fp(x,y) dydx)p
E F
Thus (5) holds. O

To prove the converse, suppose (5) holds and fix a locally integrable
function ¢ : (0,00) x (0,00) — R. Define f : E x F — R by

f($0$/7 yoyl) = g(x07 yO)Wp/_l(x07 yo)wl_p ($0x17 9091)7 (10)
z0,% >0, 2’ € By, v € By.
Then, using (7)
/ /f(acoac’,yoy’)aﬂy”yéV*1 dy' dz’ = g(zo,10).
By By

Therefore, as in the first part of the proof, we have

Q=

(77WO(IO’yO)(H29)q(Io,yo) dyodxo) _

- <//w°(x’y)(HE,Ff)q(x7y) dyd:c>

Now, using (5) and then making use of (7) and (10), we have

Q=

( 0/ 0/ Wolzo,0)(Hag) (o) ) <
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<o [ [wnren i) -
E F
00 00 1
C</// /w(xox’,yoy’)fp(xom’,yoy’)xéd_lyév‘ldy' dx’ dy dxo)p
0 0 By By
(/ / :L'ol‘ , Yoy ):céV[ 71 dy' dz’ dy, d:co) =

By By

0\8

o0
/gp xo, yo) WP ($07y0)>
0

S =

1

(//W %o, Y0)9" (z0,Yo) dyonUO)
00

Thus, (1) holds.

Combining Theorems A and 1, and using the definitions of Wy, W in
(2), (3) and (4), we immediately obtain the precise necessary and sufficient
conditions for the boundedness of Hg p.

Corollary 1. Let 1 < p < g < oo and all the assertions of Theorem 1
are satisfied. Then the inequality (5) holds if and only if the following three
conditions are satisfied:

1
A:= sup < / wo(z,y) dyd:c) X
a>0,8>0
E\CESMF\ﬁSN

1
Iy

x(/ /wl (xy)dyd:c) < o0,

aSn BSN
/ / (/ / de/’>qw0(§,n)dnd§§
Sy SNy M& N77
<o [ [ orenms)

/ / (/ / wo(ﬂv”dfdp)p/wl"”(é,n)dnd&s

E\S}ux F\SNy E\S]W& F\SN,,]
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’
P
FY

SAP'( / /wo(é,n)dndé) ,
F\Sa, F\Sw,

for everyx e E, y € F.

Remark 1. As a special case, if we take E = RM and F = RY, then Sy;, =
By (z) and Sy, = By (y), where By(z) and By(y) are the balls in R
and R respectively, centered at origin with radii || and |y|, respectively.
We immediately obtain the following corollary to Theorem 1.

Corollary 2. Let 1 < p < g < oo and let wyg = wo(z,y) and w = w(x,y)
be weight functions on RM x RN . Then, the inequality

(//wo(x’y)(/ /f(svt)dtdS)qdyd:c)ég

RNI RN BA{(I) BN(y)

SC(//w(:c,y)f”(:c,y) dydx)%, =

RM RN

holds for some constant C' > 0 if and only if the following three conditions

are satisfied :
1
Cy:= sup </ /wo(x,y)dyd:c> X
a>0,8>0

|z|>a|y|>B
1
7

X / / wlfp/(:c,y)dy d:c> ' <00,

|z|<a|y|<B

q
/ / / / w'™P (p, ) dep> wo (&, n) dnd§ <
By (xz) BN(y)  Bwm(€) Bn(n)

scf(/ /wl_”/(é,n)dndf)g,

B (z) Br(y)

p/
wo(p, T)dT dp> w' P (&,n) dndé <

RM\ By (z) RN\Bn (y)  RM\Buy (§)RN\Bn ()

’
L
Py

<cv / / wo(«f,n)dndf)
RM\ By (z) RN\ Bn (y)

for every x € RM |y ¢ RV,
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Remark 2. Corollary 2 characterizes the boundedness of another (but
special case of Hg ) double sized multidimensional operator

e = [ [ rendds
Bu(z) BN (y)

The boundedness of Hys n has already been obtained by Heinig, Kufner
and Persson [8]. However, their characterization is not in terms of the
characterization of Hy. Thus, Theorem 1 extends their result and also the
approach in our case is quite different than what those authors used.

Remark 3. Theorem 1 is true for all p, ¢ with 1 < p, ¢ < oo but Corol-
lary 1 has the restriction that 1 < p < ¢ < oo. This is because we are
applying Theorem 1 which demands this restriction. Thus, if one obtains
a result (corresponding to Theorem A) that characterizes the boundedness
of the operator Hy for the case ¢ < p, then by applying Theorem 1, a char-
acterization for the boundedness of Hg (and also H M, ~) can be obtained
for this case.

3. THE CASE OF MIXED NORM

3.1. Mixed normed spaces. Let (X, ||-||x) and (Y, ||-||y) be two normed
spaces of real functions over ; C RM and Qy C RY, respectively. We
denote by [X, Y] the space of all real functions f on Q; x Q3 such that
(i) the function f(x,-) is in Y for each z € Q;
(ii) the function g(x) = || f(z, )|y is in X.
The space [X, Y] is usually equipped with the norm
[ levy = llgllx = [l = 1F () lly llx-

We shall consider the case when X and Y are weighted Lebesgue spaces.
Certain basic properties of the corresponding spaces have been studied by
Benedek and Panzone [2].
3.2. The operator Tr r. We define the operator

Te.F: [Lpl (E,U), LP*(F, V)} — [L‘“ (E,u),L‘h(F,v)]
by

(Te,rf)(z,y) = / / f(s,t)dtds, x € E, y € F,
b(lz)Snm\a(lz])Sa d(ly)Sn\e(ly) Sn
where a, b, ¢, d are strictly increasing differenciable functions on [0, co]
satisfying
a(0)=b(0)=0, a(z) < b(z) for 0 <z < 00, a(co) = b(c0) = o0, (11)
c(0) =d(0) =0, c(z)<d(z) for 0 <z <00, ¢(o0)=d(c0) =00, (12)
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Swm, Sy, E, F are as defined in Section 2, U, u are weight functions on E
and V, v are weight functions on F.

Remark 4. The operator Tk r is a higher dimensional analogue of the
two dimensional operator

b(x) d(y)
(Tof)(,y) = / / F(s,t) dtds,
a(z) c(y)

where a, b, ¢, d satisfy (11) and (12). In [12], the authors have studied the
necessary as well as sufficient conditions for the boundedness of the operator
T5 when ¢ =a and d = b.

Remark 5. The operator Tb, in some sense, is a generalized version of
H,. However, Hy can not be obtained from 75 since for that the natural
choice of the functions a, b, ¢, d would be a = ¢ = 0 and b(z) = d(x) = «z,
x € (0,00) but then this choice does not satisfy (11) and (12). Thus T3 is
different than H,. For the same reason Tg r is also a generalized version of
(but different than) Hg p.

In what follows, we obtain necessary as well as sufficient conditions for
the boundedness of Tr r between suitable weighted Lebesgue spaces with
mixed norm. The boundedness of Hg p (with mixed norm) can be studied
similarly.

Remark 6. As mentioned in Remark 4, the boundedness of T5 has been
studied in [12]. The proof for boundedness of the operator T r can be
obtained on the same lines with some obvious modifications and therefore
we only state the results.

Theorem 2. Let E and F be two cones in RM and RN, respectively.
Suppose that 1 < p; < 00, 0 < q; < 00,i=1,2; U, u are weight functions
on E and V,v are weight functions on F. Then, a necessary condition for
the validity of the inequality

([uo( [ owrn®w dy> dx);l <

sc( / U<x>( [V dy)_ dx)%, fz0,  (13)

is the validity of at least one of the following inequalities:

([urTse @) dx)qll <af [ver@ d:c)pll (14)



ON CERTAIN DOUBLE SIZED INTEGRAL OPERATORS 49

([emaeneo) dy)_ <af [vom) dy)_ (15)

where Ty : LPY(E,U) — L%(E,u) and T : LP2(F,V) — L%(F,v) are
defined, respectively, by

(Trg)(z) = g(s)ds, z€E,
b(|z)Sa\a(|z])Sn
and
(Teh)(y) = h(t)dt, yeF.
d(ly)Sn\e(lyl)Sn

Theorem 3. Let the assertions of Theorem 2 be satisfied and assume
in addition that either py < pa < q1 or p1 < q2 < q1. Then, a sufficient
condition for the validity of the inequality (13) is that both (14) and (15)
hold.

Remark 7. Theorems 2 and 3 give the necessary and the sufficient con-
ditions for the boundedness of Tz r in terms of the boundedness of Tr and
Tr. The necessary and sufficient conditions for the boundedness of such
operators have already been established by Sinnamon [19]. In fact, in Sin-
namon’s results, ' and F' are taken to be certain ’star-shaped regions’ in
RY but those results also hold for cones in RY. Thus, using those, the
precise conditions for the boundedness of Tr r can be obtained. For the
sake of conciseness, we present only the precise sufficient conditions.

Corollary 3. Let E and F be two cones in RM and RY, respectively.
Suppose U, u be weight functions on E and V', v be weight functions on F.
Then, the inequality (13) holds if the following hypothesis are satisfied:
Case (a) : The conditions

sup Bi(s,t) =

0<t<s
a(s)<b(t)

= sup ( / Ulp,l) " ( / u) " < o0 (16)
0<t<s
a(s)<b(t) b(t)SM\a(s)SM SS]W\tS]W
and

sup DBa(s,t) =
0<t<s
e(s)<d(t)

= sup < / leé) " < / v) ¥ <o (17)
0<t<s

c(s)<d(t) d(t)SN\C(S)SN SSN\tSN
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hold and the exponents satisfy either
l<pr<p2<q1 <00, p2<q2 <0

or
I<pr<@<q<oo, 1<p<q.
Case (b) : The conditions (16),

(f ] (] e

0 tSn\d=1(c(t))Sn  d(|z])Sn\c(t)SN

To

x( / v) (@) dap(t) dt)rl? < 0, (18)

tSN\SnN,
and
0o T2
Vl—pé) "
0 c=1(d(t))Sn\tSn  d(t)Sn\c(|z])Sn
X ( / v> v(x) dxp(t) dt> < o0, (19)
Sng \tSN
o1 1 1 . .
hold with — = — — — and the exponents satisfy either
T2 q2 D2
1<pi<p2<qr<oo, 0<g2<po
or

1<pr<g<qg<oo, g <p2<oo.

The function p in (18) and (19) is the normalizing function defined as fol-
lows: Fiz My = d~'(1) and define

M1 =c Hd(My)) if k>0 and My =d *(c(Myy1)) if k <0.
The normalizing function p is defined by
d ._
p(t) = %thng(t)E(d Lo o)t (1),

where (d~! o ¢)¥ denotes k times repeated composition.

Remark 8. In view of Remark 1, we can obtain a special case of Corollary 3
when F = RM, FF = RY. In this case the operator Tg,r takes the form

(Tas v ) (2 y) = / / F(s.0) di ds.
a(lz|)<|s|<b(|z]) c(ly) <[t <d(|y])
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The precise sufficient conditions for the boundedness of Ths,n are given in
the following corollary. Corresponding necessary conditions can be stated
similarly.

Corollary 4. Let U, u be weight functions on RM and V, v be weight
functions on RY . Then, the inequality

<Rl u(x)<R[v(y)(TMva)q(IE,y) dy>:gdx>qll .
sl ool o

RM

holds if the following hypothesis are satisfied:
Case (a) : The conditions

1
7

sup / Ulp’l(x)dx)”1< / u(z) d;c)qll<oo, (20)

0<t<s
@96 a(s)<[a|<b(t) t<f|<s
1 1
/ ) a2
sup ( / VP2 (g) d:c) ’ < / v(x) d:c) <oco (21)
0<t<s
cOAD ()< [xl<d(?) t<||<s

hold and the exponents satisfy either
I1<pi<p2<q1 <00, p2<ge<o0

or
l<pr<@<q <o, 1<p2<gq.
Case (b) : The conditions (20),

r2
VITPa(y) dy) " x
0 d-r(e)<lel<t e(®)<lyl<d(l])

X / v(y) dy) mv(x) dxp(t) dt) 7 <o
lz|<|y|<t

and

oo

I (] o)

t<|z[<cm 1 (d(?))  e(lz))<|y|<d(?)

T3
[S ™)

r2

><< / o(y) dy> " o(z) dzp(t) dt) e < 00

t<|y|<|z|
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hold with % = qiz — piz, p being the normalizing function, defined in Corol-

lary 3, and the exponents satisfy either
1<p1<p2<qr<oo, 0<g2<po

or
1<pr<g<qg<oo, g <p2<oo.

3.3. The operator Gg r. We define the double sized multidimensional
geometric mean operator

GE,F : [Lpl (Ea U)a LP> (Fv V)] - [qu (Ea ’U,), L (Fa ’U)]
by

(Ge,rf)(z,y) = exp (m/ /lnf(s,t) dtds),
219w, ]

Mg O Ny
where [Sy, | and |Sy, | denote the volumes of Sy, and Sy, , respectively.
Remark 9. The operator G, r is a higher dimensional analogue of the

two dimensional geometric mean operator Gy : [LP*(U), LP? (V)] — [L? (u),
L% (v)] defined by

(G2f)(2,y) = exp <£/x/ylnf(s,t) dtds).
0 0

The boundedness property of G2 in the context of Lebesgue spaces with
usual norm has been studied in [7], [11], [15] while in the context of mixed
norm in [12].

In the following two theorems, we give, respectively, the necessary and
the sufficient condition for the boundedness of Gg r. Since the proofs are
on similar lines as those of G5, we only state the theorems.

Theorem 4. Let 0 < p;, q; < oo, i = 1,2; U,u be weight functions on
E and V, v be weight functions on F. Then a necessary condition for the

inequality
([uo( [ewi@rrnmw dy> dx)“ll <

gc( / U(x)( [V dy) dx>”11, F20, (2

to hold is that either of the following two inequalities holds

([uorceam @ dx)qll < v dz)pll, 920, (23)
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([eGene a)™ < [vipro a)™ nzo. @
F F
where Gg and G are defined respectively by

(Gro)(x) = exp (@ [ s ds>,

Mg

(Gph)(z) = exp (@ / In h(t) dt>.

Ng

Theorem 5. Let the hypothesis of Theorem 4 be satisfied and assume
in addition that either py < po < q1 or p1 < q2 < q1. Then, a sufficient
condition for the validity of (22) is the validity of both (23) and (24).

Remark 10. The precise necessary and the sufficient conditions for the in-
equality (22) can now be obtained using any known criterion for the bound-
edness of single sized geometric mean operators Gg and G g, e.g., one may
use the criterion given in [5].

4. COMPACTNESS OF Tg p WITH MIXED NORM

4.1. Preliminaries. Let X be a normed linear space and let X* denote
the conjugate space of X. A sequence {z,} in X is said to be strongly
convergent (or simply convergent), written x,, — x, if there exists x € X
such that ||z, —z| — 0 asn — oo. A sequence {x,} in X is said to converge
weakly to z € X, written z, — x, if f(z,) — f(z), for each f € X*. We
say that a sequence {f,} in X* is weak® convergent to f € X*, written

fnw*i f,if fn(z) — f(z) for each x € X. The strong convergence implies
the weak convergence which in turn implies the weak* convergence. The
implications in the reverse direction do not hold in general. However, if X
is reflexive then weak™ convergence implies the weak convergence.

For a bounded linear operator A between two normed linear spaces X
and Y, we denote by A*, the conjugate of A acting between the conjugate
spaces Y* and X*.

It can be seen that the operators Tr r and

Th e (L% (B ul—oh), L (F, o )] — [LV4(B,U17), 174(F, V1 7%)]
defined by
(Tg pg)(z,y) = / / f(s,t)dtds,

a= (|z))Sar\b= (|2))Sm e (Jy))Sn\d= (Jy))Sw
zreklk, yekF
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are mutually conjugate, i.e.,

<TE,Ff7 g> = <f7 TE,Fg>

Similarly, the operators Tg and Tj (L9(B,ul~%) — [Py (B, UYP1) defined
by

TEH@ = [ fe)ds wcE
a= (=) Sa\b~ ! (|z])Sm
and the operators Tr and T} : L% (F,v'~%) — LP>(F,V'~P2) defined by

(T2)(0) = [ swd yer
ety Sn\d= (ly)) SN

are also mutually conjugate. The proofs of the results presented in this sec-
tion require certain well known assertions which we collect in the following
theorems.

Theorem B. Let X and Y be Banach spaces.

(a) A bounded linear operator A : X — Y is compact if and only if its
conjugate A* : Y* — X* is compact.

(b) If A: X — Y is compact and {x,} is a sequence in X such that
Tp—x, for some x € X, then Az, — Ax.

(c) An operator A : X —Y is compact if A* : Y* — X* is weak *-norm

sequentially continuous, i.e., for each sequence {f,} in Y* with {fn}L f
for some f € Y*, we have || A*(fn) — A*f|| — 0.

Theorem C. Let Q be any domain in RY.
(a) Let 1 < p < oco. A sequence {fn} in LP(2) converges weakly to f €
LP(Q) if and only if
(i) sup [ fn | < 00
(ii) [ fu(t)dt — [ f(t)dt, for every measurable subset M C .
M M

(b) Let 1 < p < oo. A sequence {fn} in LP(QY) is weakly null if

(i) sup [ fu] < o0
(ii) fn(s) — 0, for almost all s € ).

These results can be found in any standard book on functional analysis,
e.g., [3], [9], [10]. In particular, Theorem B(c) is taken from [3, p15] and
C(b) from [10].

4.2. The compactness results. We prove below two theorems which give,
respectively, the necessary and the sufficient conditions for the compactness
of TE,F-

Theorem 6. Let E and F be two cones in RM and RN, respectively,
E =UysoaSy and F = UysoaSy. Suppose that 1 < p;, q; < 00, i =1,2;
U, u are weight functions on E and V, v are weight functions on F'. Then, a
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necessary condition for the compactness of Tg g : [LP*(E,U), LP*(F, V)] —
[LY(E,u), L2 (F,v)] is the compactness of at least one of the operators Tg :
LPY(E,U) — L9 (E,u) and Tp : LP2(F,V) — L%(F,v).

Proof. In view of Theorem B (c), it suffices to show that at least one of the
operators Tj, : L9 (E,u'~9) — LPi(E,U""P1) and T} : L%(F,0'"%) —
LPo (F,Vlfpé) is w*-norm sequentially continuous. Fix two w*-null se-
quences {gn} and {h,} in L% (E,u'"%) and L%(F,v'"%), respectively.
Since the spaces L9 (E,u'~%) and L% (F,v'~%) are reflexive, {g,} and
{h,} are weakly null sequences. Define f,(s,t) = gn(s)h,(t), s€ E, t € F,
n € N. Then {f,} is a weakly null sequence in [L9 (B, u'~9), L% (F,v'~%)].
Therefore, by Theorem B ((a) and (b)), we have

175, r f"H[LP’l(E,Ulfpll),LP&(F,Vl’p/?)] -0

Moreover, since

(T, p fo)(@,y) = (Tpgn) (€)(TEhn)(y),

we have

||TE,F [ || [LP1(B,UM"P1),LP2(F,V1~P2)] —

= ([t ( [y a)

1
2

S
s

@) -

1
Ph

- (/Ulp'l(x)(TEQn)P'l (2) dac) (/le’z(y)(T;hn)p;(y) dy) _

- HTEQWHLPE(E,U“PE) ' HT;h”HLT’&(F,Vl*Pé)'

It follows, now, that at least one of the two sequences | T g ||
and ||T%

LPY(B,UMP1)

holl Lob (y1-vy) CONVerge to 0. 0

Theorem 7. Let all the assertions of Theorem 6 be satisfied. Then, a
sufficient condition for the compactness of Tg p : [LP*(E,U), LP2(F, V)] —
[LY(E,u), L (F,v)] is the compactness of both the operators Tg:LP* (E,U)—
LY (E,u) and Ty : LP*(F,V) — L% (F,v).

Proof. 1t suffices to show that the operator T . : [L9 (B, u'~%), L% (F,
V=) — [LPY (B, UYP1), LP2 (F, V1=P2)] is w*-norm sequentially continu-
ous. Let {f,,} be any w*-null sequence in [L% (E,u'~%), L% (F,v'~%)] and
since it is a reflexive space, {f,,} is weakly null in it. For each s € E, define
hn,s 1 F'— R by

hns(t) = fu(s,t), s€E, teF, neNlN.
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Then, for each s € E, {hy..} is a weakly null sequence in L% (F,v'~%), so
that by the compactness of Tr and Theorem B ((a) and (b)), we have

HTf‘th”vsHLl’é(F,Vl’Pé) —0, sck. (25)
Now define
gn(s) = |‘T}hn,5HLp'2(F7V17p12), neN, sck.

Then, {g,} is a sequence in L% (E,ul’qll) since using the boundedness of

Tr, we have
1
1—q; i @ _
</u (8)gn*(s) ds> =
E

= ([t [vrwaim.gio o)

F

)
<o fusde( [ostwnto a)® o)

Kb 1

o furto( [oturten a)® a) T <o

Moreover, since {f,} is weakly null by Theorem C (a)

3 |.a
oo
A

IN

s
S
S

S%p HgnHLq,l (Eut™91) =< S%p anH[qul (BEu™91),L9% (F,v'~92)] <000

and by (25), gn(s) — 0, s € E. Thus, by Theorem C(b), {g.} is weakly
null. Now, by the compactness of T and Theorem B ((a) and (b)),

175 g"HLPi(E,Ul*Pi) — 0.
But, using the Minkowski’s integral inequality, we have

HTng‘fnH[Lpll(E7U17p11)7Lpl2(F7V17pl2)]

(ol frol

a=(|z)Sm\b~ 1 (|z])Sm
2N\
x( / fn(s,t) dt) ds) dy) dm) <
c1(ly)Sn\d=(ly))Sw

< (/Ul—pi(x)( / (/Vl"’é(y)x

a= (=) Sm\b~ (lz)) S F
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Ph s I o
X ( / fn(s,t) dt) dy) ds) dm) =
cH(lySn\d=1(ly))Sn

= HTEQ"HLPE(E,U“P&)'

Now the compactness of Tg p follows by Theorem B(c). O

4.3. The precise criterion. The precise necessary and sufficient condi-
tions for the compactness of Tr r can now be obtained by using any known
criterion for the compactness of T and Tr. In [13], the authors character-
ize the compactness of T and Tr in a more general setting but the same
holds for cones also. We state the result below:

Theorem D. Let E be a cone in RN and S be a part of E with radius 1.
Suppose u, v are weight functions on E. Then, the operator Tg : LP(E,u) —

Li(FE,v) defined by
Teh@ = [ swd seE
b(|z])S\a(|z])S

where a and b are functions as defined in Section 3, is compact if and only
if either
Case (a) : p < q and the following conditions hold:

sup S(s,t) = sup / ul_”l)p ( / ’u>q < oo

0<t<s 0<t<s

as)sb() a()=b®  p(¢)S\a(s)S sS\tS
lim S(s,t) = lim  S(s,t) =0, foreveryt>0
s—tt s—a~1(b(t))~
lim S(s,t) = li S(s,t) =0, f >0
Jim (s,1) t—»b*llgzl(s)ﬁ (s,t) or every s

or
1 1 1

Case (b) : ¢ <p, — = — — — and the following conditions hold :
r q p

(7 / ( 1_”/)1)%( / v)%v(x) dzp/ (1) dt)_' <o
(

S

u
0 tS\b-1(a(t))S b(lz|)S\a(t)S ¢S\ S,
oo o T 1

</ ulp')p < / v> v(z) dap'(t) dt) < 00,
0 a-1(b(1))S\tS b(t)S\a(|z])S S.\tS

where

P = 3 X0 (O 0 @)t (0), 1 e (0,00)
kEZ
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Here (b=1 o a)* denotes k times repeated composition and {Mjy}rez is
defined as

My=b"'(1), My =a *(b(My)) if k>0,
M, = bil(a’(MkH»l)) if k<0.
Following corollary gives precise sufficient conditions for the compactness
of TE,F-

Corollary 5. Let all the assertions of Theorem 6 be satisfied. Then, the
operator Tg g : [LP*(E,U), LP2(F, V)] — [L"(E,u), L= (F,v)] is compact if
either
Case (a) : p1 < q1, p2 < q2 and the conditions (16), (17)

lim Bi(s,t) = lim Bi(s,t) =0, for every t>0, (26)
s—tt s—a~1(b(t))~
lim Bi(s,t) = lim Bi(s,t) =0, for every s> 0, (27)
t—s— t—b=1(a(s))*
lim Ba(s,t) = i Bs(s,t) =0, t>0, 28
li Bals) =l Bals.0) = 0. for cvery (28)
tlﬁir‘?f Bs(s,t) = t_}(]lililr(rcl(s))+ By(s,t) =0, for every s> 0 (29)

are satisfied.
Case (b) : p1 < @1, g2 < p2 and the conditions (16), (18), (19), (26) and

(27) hold.
Case (¢) : ¢1 < p1, p2 < q2 and the conditions (17), (28), (29),
Ulp'l) i X
0 tSap\b='(a(t))Snm  b(|z])Sa\a(t)Sm
1 1
x( / u) ' u(x) dxp'(t) dt) ' < (30)
tSar\ S,
and
o0 o
O O
0 a=1(b(t))Sm\tSnm  b(t)Sm\a(|z])Snm
1 1
x( / u) ' u(x) dxp'(t) dt) ' < (31)
Snr, \tSnm
1 1 . .
hold, where — = — — — and p’ is as defined in Theorem D.

1 q1 P
Case (d) : g1 <p1, g2<p2 and the conditions (18), (19), (30) and (31) hold.
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Remark 11. As mentioned in Remark 8, we can derive a special case of
the operator Tk r by taking E = RM_ F =RN. The precise conditions for
the compactness of this operator Ths x can then be stated similarly.
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