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ON CERTAIN DOUBLE SIZED INTEGRAL OPERATORS

OVER MULTIDIMENSIONAL CONES

P. JAIN, P. K. JAIN AND B. GUPTA

Abstract. We study certain double sized multidimensional integral

operators where the two integrals are taken over cones, respectively, in

R
M and R

N . The boundedness and, in some cases, the compactness

of these operators are studied between weighted Lebesgue spaces.

îâäæñéâ. ê�öîëéöæ á�áàâêæèæ� çëêñïâ�äâ à�êï�ä�ãîñèæ éî�ã�è-

à�êäëéæèâ�æ�êæ ÿ�îáæï ëìâî�ðëîæï öâéëï�ä�ãîñèë�� á� çëéì�ó-

ðñîë�� ûëêæ�ê èâ�âàæï ïæãîùââ�öæ.

1. Introduction

In 1920, Hardy [6] studied the boundedness of the Hardy operator

(Hf)(x) =

x
∫

0

f(t) dt

between suitable weighted Lebesgue spaces. During the last two decades,
the corresponding Hardy inequality has drawn the attention of many math-
ematicians and tremendous amount of work has been done on this subject.
A collection of such work can be found in the book [17] and also in a very
recent book [16].

One of the directions in which this subject is progressing is to consider
the boundedness of the Hardy operator in higher dimensional setting. Many
people have contributed in this direction. Drábek, Heinig and Kufner [4]
have considered the operator

(HNf)(x) =

∫

BN (x)

f(t) dt,
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where BN (x), x ∈ R
N , is an N -dimensional ball centered at origin and with

radius |x|.
Next, the two dimensional Hardy operator

(H2f)(x, y) =

x
∫

0

y
∫

0

f(s, t) dt ds

needs special attension. The boundedness of this operator between weighted
Lebesgue spaces (with usual norm) has been characterized by Sawyer [18]
(see subsection 2.1 below). As a variant, Appell and Kufner [1] considered
Lebesgue spaces with mixed norm and obtained necessary and sufficient
conditions for the boundedness of H2. Very recently, the authors [12] have
given the same treatment as Appell and Kufner to two different operators,

namely, the Hardy-Steklov operator (T2f)(x, y) =
b(x)
∫

a(x)

b(y)
∫

a(y)

f(s, t) dt ds and

the geometric mean operator (G2f)(x, y) = exp
(

1
xy

x
∫

0

y
∫

0

ln f(s, t) dt ds
)

.

Towards the further generalization of the subject, Heinig, Kufner and
Persson [8] studied the so called double-sized multidimensional Hardy op-
erator

(HM,Nf)(x, y) =

∫

BM(x)

∫

BN (y)

f(s, t) dt ds, x, s ∈ R
M , y, t ∈ R

N .

In the present paper, we further investigate the operators of the type
HM,N . In fact, we consider the operators in which the integrals are taken
over certain “cones” in R

N and note (c.f. Remark 1) that these operators
are more general than HM,N . Apart from studying the boundedness of
these operators, we also study the compactness in certain cases. The paper
is organized as follows.

In Section 2, we define and study a double sized multidimensional oper-
ator

(HE,F f)(x, y) =

∫

SMx

∫

SNy

f(s, t) dt ds, x, s ∈ E, y, t ∈ F,

where E, F are cones in R
M , R

N and SMx
, SNy

are parts of E, F with
“radii” not greater than |x|, |y|, respectively. In fact, we characterize the
boundedness of HE,F in terms of the boundedness of H2 and then, to obtain
the precise criterion, we apply Sawyer’s result. As a corollary, the bound-
edness of HM,N obtained by Heinig, Kufner and Persson [8] is achieved.
Section 3 is devoted to the case of mixed norms. Here two other double
sized multidimensional operators, namely, TE,F and GE,F are defined and
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for the boundedness of these operators, necessary as well as sufficient con-
ditions are obtained. The compactness of the operator TE,F in Lebesgue
spaces with mixed norm is studied in Section 4.

Throughout, we assume without any loss of generality that the functions
involved (f , g, h, fn, gn or hn in this paper) are non-negative. However, for
the case of geometric mean operators G2, GE,F , we avoid the situation where
the functions take value zero since the operators are not defined thereat.

2. Boundedness of HE,F

2.1. Sawyer’s Result. The following result of Sawyer [18] characterizes
the boundedness of the two dimensional operator H2 :Lp((0,∞)×(0,∞), W )
→ Lq((0,∞) × (0,∞), W0) defined by

(H2g)(x, y) =

x
∫

0

y
∫

0

g(s, t) dt ds.

Theorem A. Let 1 < p ≤ q < ∞ and W , W0 be weight functions on

(0,∞) × (0,∞). Then the inequality

(

∞
∫

0

∞
∫

0

W0(x, y)(H2g)q(x, y) dy dx

)
1
q

≤

≤ C

(

∞
∫

0

∞
∫

0

W (x, y) gp(x, y) dy dx

)
1
p

, g ≥ 0, (1)

holds for some constant C > 0 if and only if the following three conditions

are satisfied:

C0 := sup
x>0,y>0

(

∞
∫

x

∞
∫

y

W0(s, t) dt ds

)
1
q
(

x
∫

0

y
∫

0

W 1−p′

(s, t) dt ds

)
1
p′

<∞ (2)

x
∫

0

y
∫

0

(

s
∫

0

t
∫

0

W 1−p′

(ρ, τ) dτ dρ

)q

W0(s, t) dt ds ≤

≤ C
q
0

(

x
∫

0

y
∫

0

W 1−p′

(s, t) dt ds

)

q
p

(3)

and

∞
∫

x

∞
∫

y

(

∞
∫

s

∞
∫

t

W0(ρ, τ) dτ dρ

)p′

W 1−p′

(s, t) dt ds ≤
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≤ C
p′

0

(

∞
∫

x

∞
∫

y

W0(s, t) dt ds

)

p′

q′

, (4)

where p′ and q′ are conjugate exponents to p and q, respectively.

Towards the first aim of this paper, we characterize the boundedness of
a higher dimensional analogue of the operator H2. This is the so called
“double sized multidimensinal operator” which is obtained by replacing the
two integrals in H2 by integrals over certain ’cones’ in R

M and R
N .

2.2. A double sized multidimensional operator. Let ΣM−1 be the unit
ball in R

M , that is, ΣM−1 = {x ∈ R
M : |x| = 1}. Let BM be a measurable

subset of ΣM−1 and E ⊂ R
M be a spherical cone, that is,

E =
{

x ∈ R
M : x = sσ, 0 ≤ s < ∞, σ ∈ BM

}

.

Let SMx
, x ∈ R

M denote the part of E with ’radius’≤ |x|, i.e.,

SMx
=

{

y ∈ R
M : y = sσ, 0 ≤ s < |x|, σ ∈ BM

}

.

Further, we denote by αSM , α > 0, the part of E with ’radius’ ≤ α. Note
that E = ∪

α>0
αSM . For x ∈ E \ {0}, we denote by |SMx

|, the volume

of SMx
. The symbols BN , F , SNy

and |SNy
| are defined similarly for an

N -dimensional setting.
We, now, define a double sized multidimensional operator

HE,F : Lp(E × F, w) → Lq(E × F, w0)

by

(HE,F f)(x, y) =

∫

SMx

∫

SNy

f(s, t) dt ds, x ∈ E, y ∈ F.

2.3. The Main Results. Now, we prove the following result which charac-
terizes the boundedness of the operator HE,F . In fact, the characterization
is obtained in terms of the boundedness of the operator H2.

Theorem 1. Let 1 < p, q < ∞, E, F , SMx
, SNy be as defined above

and w0, w be weight functions on E × F . Then the inequality

(
∫

E

∫

F

w0(x, y) (HE,F f)q(x, y) dy dx

)
1
q

≤

≤ C

(
∫

E

∫

F

w(x, y) fp(x, y) dy dx

)
1
p

, f ≥ 0, (5)
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holds if and only if (1) holds with

W0(x0, y0) =

∫

BM

∫

BN

w0(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′, x0, y0 > 0, (6)

W (x0, y0) =

(
∫

BM

∫

BN

w1−p′

(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′

)1−p

, (7)

x0, y0 > 0.

Moreover, the constants in (1) and (5) are the same.

Proof. Suppose (1) holds. Fix a locally integrable function f : E × F → R.
Define

g(x0, y0) =

∫

BM

∫

BN

f(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′, x0, y0 > 0 (8)

so that on making the changes of variables x = x0x
′ where x ∈ E, x0 =

|x| ∈ (0,∞), x′ ∈ BM and similarly y = y0y
′, s = s0s

′, t = t0t
′, we have

(HE,F f)(x, y) =

∫

SMx

∫

SNy

f(s, t) dt ds =

=

x0
∫

0

y0
∫

0

∫

BM

∫

BN

f(s0s
′, t0t

′)sM−1
0 tN−1

0 dt′ ds′ dt0 ds0 =

=

x0
∫

0

y0
∫

0

g(s0, t0) dt0 ds0 = (H2g)(x0, y0). (9)

Now making variable transformation x = x0x
′, y = y0y

′, using (6), (9)
and then using (1), we have

(
∫

E

∫

F

w0(x, y)(HE,F f)q(x, y) dy dx

)
1
q

=

=

(

∞
∫

0

∞
∫

0

∫

BM

∫

BN

w0(x0x
′, y0y

′)(H2g)q(x0, y0)x
M−1
0 yN−1

0 dy′ dx′dy0 dx0

)
1
q

=

=

(

∞
∫

0

∞
∫

0

W0(x0, y0)(H2g)q(x0, y0) dy0 dx0

)
1
q

≤

≤ C

(

∞
∫

0

∞
∫

0

W (x0, y0)g
p(x0, y0) dy0 dx0

)
1
p

.
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Next, we use (8), apply Hölders inequality for the inner integral and then
use (7) to get

(
∫

E

∫

F

w0(x, y)(HE,F f)q(x, y) dy dx

)
1
q

≤

≤C

(

∞
∫

0

∞
∫

0

W (x0, y0)

(
∫

BM

∫

BN

f(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′

)p

dy0 dx0

)
1
p

≤

≤C

(

∞
∫

0

∞
∫

0

w(x0, y0)

(
∫

BM

∫

BN

fp(x0x
′, y0y

′)w(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′

)

×

×

(
∫

BM

∫

BN

w1−p′

(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′

)

p

p′

dy0 dx0

)
1
p

=

= C

(
∫

E

∫

F

w(x, y)fp(x, y) dy dx

)
1
p

.

Thus (5) holds. �

To prove the converse, suppose (5) holds and fix a locally integrable
function g : (0,∞) × (0,∞) → R. Define f : E × F → R by

f(x0x
′, y0y

′) = g(x0, y0)W
p′−1(x0, y0)w

1−p′

(x0x
′, y0y

′), (10)

x0, y0 > 0, x′ ∈ BM , y′ ∈ BN .

Then, using (7)
∫

BM

∫

BN

f(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′ = g(x0, y0).

Therefore, as in the first part of the proof, we have

(

∞
∫

0

∞
∫

0

W0(x0, y0)(H2g)q(x0, y0) dy0 dx0

)
1
q

=

=

(
∫

E

∫

F

w0(x, y)(HE,F f)q(x, y) dy dx

)
1
q

.

Now, using (5) and then making use of (7) and (10), we have

(

∞
∫

0

∞
∫

0

W0(x0, y0)(H2g)q(x0, y0) dy0 dx0

)
1
q

≤
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≤ C

(
∫

E

∫

F

w(x, y)fp(x, y) dy dx

)
1
p

=

=C

(

∞
∫

0

∞
∫

0

∫

BM

∫

BN

w(x0x
′, y0y

′)fp(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′ dy0 dx0

)
1
p

=

= C

(

∞
∫

0

∞
∫

0

gp(x0, y0)W
p′

(x0, y0)

)

×

×

(
∫

BM

∫

BN

w1−p′

(x0x
′, y0y

′)xM−1
0 yN−1

0 dy′ dx′ dy0 dx0

)
1
p

=

= C

(

∞
∫

0

∞
∫

0

W (x0, y0)g
p(x0, y0) dy0 dx0

)
1
p

.

Thus, (1) holds.
Combining Theorems A and 1, and using the definitions of W0, W in

(2), (3) and (4), we immediately obtain the precise necessary and sufficient
conditions for the boundedness of HE,F .

Corollary 1. Let 1 < p ≤ q < ∞ and all the assertions of Theorem 1
are satisfied. Then the inequality (5) holds if and only if the following three

conditions are satisfied:

A := sup
α>0,β>0

(
∫

E\αSM

∫

F\βSN

w0(x, y) dy dx

)
1
q

×

×

(
∫

αSM

∫

βSN

w1−p′

(x, y) dy dx

)
1
p′

< ∞,

∫

SMx

∫

SNy

(
∫

SMξ

∫

SNη

w1−p′

(ρ, τ) dτ dρ

)q

w0(ξ, η)dη dξ ≤

≤ Aq

(
∫

SMx

∫

SNy

w1−p′

(ξ, η) dη dξ

)

q
p

,

∫

E\SMx

∫

F\SNy

(
∫

E\SMξ

∫

F\SNη

w0(ρ, τ) dτ dρ

)p′

w1−p′

(ξ, η) dη dξ ≤
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≤ Ap′

(
∫

E\SMx

∫

F\SNy

w0(ξ, η) dη dξ

)

p′

q′

,

for every x ∈ E, y ∈ F .

Remark 1. As a special case, if we take E = R
M and F = R

N , then SMx
=

BM (x) and SNy
= BN (y), where BM (x) and BN (y) are the balls in R

M

and R
N , respectively, centered at origin with radii |x| and |y|, respectively.

We immediately obtain the following corollary to Theorem 1.

Corollary 2. Let 1 < p ≤ q < ∞ and let w0 = w0(x, y) and w = w(x, y)
be weight functions on R

M × R
N . Then, the inequality

(
∫

RM

∫

RN

w0(x, y)

(
∫

BM (x)

∫

BN (y)

f(s, t) dt ds

)q

dy dx

)
1
q

≤

≤ C

(
∫

RM

∫

RN

w(x, y)fp(x, y) dy dx

)
1
p

, f ≥ 0,

holds for some constant C > 0 if and only if the following three conditions

are satisfied :

C1 := sup
α>0,β>0

(
∫

|x|≥α

∫

|y|≥β

w0(x, y) dy dx

)
1
q

×

×

(
∫

|x|≤α

∫

|y|≤β

w1−p′

(x, y)dy dx

)
1
p′

<∞,

∫

BM (x)

∫

BN (y)

(
∫

BM (ξ)

∫

BN (η)

w1−p′

(ρ, τ) dτ dρ

)q

w0(ξ, η) dη dξ ≤

≤ C
q
1

(
∫

BM (x)

∫

BN (y)

w1−p′

(ξ, η) dη dξ

)

q
p

,

∫

RM\BM (x)

∫

RN\BN (y)

(
∫

RM\BM (ξ)

∫

RN\BN (η)

w0(ρ, τ)dτ dρ

)p′

w1−p′

(ξ, η) dη dξ≤

≤ C
p′

1

(
∫

RM\BM (x)

∫

RN\BN (y)

w0(ξ, η) dη dξ

)

p′

q′

for every x ∈ R
M , y ∈ R

N .
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Remark 2. Corollary 2 characterizes the boundedness of another (but
special case of HE,F ) double sized multidimensional operator

(HM,Nf)(x, y) =

∫

BM(x)

∫

BN (y)

f(s, t) dt ds.

The boundedness of HM,N has already been obtained by Heinig, Kufner
and Persson [8]. However, their characterization is not in terms of the
characterization of H2. Thus, Theorem 1 extends their result and also the
approach in our case is quite different than what those authors used.

Remark 3. Theorem 1 is true for all p, q with 1 < p, q < ∞ but Corol-
lary 1 has the restriction that 1 < p ≤ q < ∞. This is because we are
applying Theorem 1 which demands this restriction. Thus, if one obtains
a result (corresponding to Theorem A) that characterizes the boundedness
of the operator H2 for the case q < p, then by applying Theorem 1, a char-
acterization for the boundedness of HE,F (and also HM,N ) can be obtained
for this case.

3. The Case of Mixed Norm

3.1. Mixed normed spaces. Let (X, ‖ ·‖X) and (Y, ‖ ·‖Y ) be two normed
spaces of real functions over Ω1 ⊂ R

M and Ω2 ⊂ R
N , respectively. We

denote by [X, Y ] the space of all real functions f on Ω1 × Ω2 such that
(i) the function f(x, ·) is in Y for each x ∈ Ω1;
(ii) the function g(x) = ‖f(x, ·)‖Y is in X .
The space [X, Y ] is usually equipped with the norm

‖f‖[X,Y ] = ‖g‖X = ‖x → ‖f(x, ·)‖Y ‖X .

We shall consider the case when X and Y are weighted Lebesgue spaces.
Certain basic properties of the corresponding spaces have been studied by
Benedek and Panzone [2].

3.2. The operator TE,F . We define the operator

TE,F :
[

Lp1(E, U), Lp2(F, V )
]

→
[

Lq1(E, u), Lq2(F, v)
]

by

(TE,F f)(x, y) =

∫

b(|x|)SM\a(|x|)SM

∫

d(|y|)SN\c(|y|)SN

f(s, t) dt ds, x ∈ E, y ∈ F,

where a, b, c, d are strictly increasing differenciable functions on [0,∞]
satisfying

a(0)=b(0)=0, a(x) < b(x) for 0 < x < ∞, a(∞) = b(∞) = ∞, (11)

c(0) = d(0) = 0, c(x) < d(x) for 0 < x < ∞, c(∞) = d(∞) = ∞, (12)
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SM , SN , E, F are as defined in Section 2, U , u are weight functions on E

and V , v are weight functions on F .

Remark 4. The operator TE,F is a higher dimensional analogue of the
two dimensional operator

(T2f)(x, y) =

b(x)
∫

a(x)

d(y)
∫

c(y)

f(s, t) dt ds,

where a, b, c, d satisfy (11) and (12). In [12], the authors have studied the
necessary as well as sufficient conditions for the boundedness of the operator
T2 when c ≡ a and d ≡ b.

Remark 5. The operator T2, in some sense, is a generalized version of
H2. However, H2 can not be obtained from T2 since for that the natural
choice of the functions a, b, c, d would be a ≡ c ≡ 0 and b(x) = d(x) = x,
x ∈ (0,∞) but then this choice does not satisfy (11) and (12). Thus T2 is
different than H2. For the same reason TE,F is also a generalized version of
(but different than) HE,F .

In what follows, we obtain necessary as well as sufficient conditions for
the boundedness of TE,F between suitable weighted Lebesgue spaces with
mixed norm. The boundedness of HE,F (with mixed norm) can be studied
similarly.

Remark 6. As mentioned in Remark 4, the boundedness of T2 has been
studied in [12]. The proof for boundedness of the operator TE,F can be
obtained on the same lines with some obvious modifications and therefore
we only state the results.

Theorem 2. Let E and F be two cones in R
M and R

N , respectively.

Suppose that 1 < pi < ∞, 0 < qi < ∞, i = 1, 2; U , u are weight functions

on E and V, v are weight functions on F . Then, a necessary condition for

the validity of the inequality

(
∫

E

u(x)

(
∫

F

v(y)(TE,F f)q2(x, y) dy

)

q1
q2

dx

)
1

q1

≤

≤ C

(
∫

E

U(x)

(
∫

F

V (y)fp2(x, y) dy

)

p1
p2

dx

)
1

p1

, f ≥ 0, (13)

is the validity of at least one of the following inequalities:

(
∫

E

u(x)(TEg)q1(x) dx

)
1

q1

≤ C1

(
∫

E

U(x)gp1(x) dx

)
1

p1

(14)



ON CERTAIN DOUBLE SIZED INTEGRAL OPERATORS 49

(
∫

F

v(y)(TF h)q2(y) dy

)
1

q2

≤ C2

(
∫

F

V (y)hp2(y) dy

)
1

p2

, (15)

where TE : Lp1(E, U) → Lq1(E, u) and TF : Lp2(F, V ) → Lq2(F, v) are

defined, respectively, by

(TEg)(x) =

∫

b(|x|)SM\a(|x|)SM

g(s) ds, x ∈ E,

and

(TF h)(y) =

∫

d(|y|)SN\c(|y|)SN

h(t) dt, y ∈ F.

Theorem 3. Let the assertions of Theorem 2 be satisfied and assume

in addition that either p1 ≤ p2 ≤ q1 or p1 ≤ q2 ≤ q1. Then, a sufficient

condition for the validity of the inequality (13) is that both (14) and (15)
hold.

Remark 7. Theorems 2 and 3 give the necessary and the sufficient con-
ditions for the boundedness of TE,F in terms of the boundedness of TE and
TF . The necessary and sufficient conditions for the boundedness of such
operators have already been established by Sinnamon [19]. In fact, in Sin-
namon’s results, E and F are taken to be certain ’star-shaped regions’ in
R

N but those results also hold for cones in R
N . Thus, using those, the

precise conditions for the boundedness of TE,F can be obtained. For the
sake of conciseness, we present only the precise sufficient conditions.

Corollary 3. Let E and F be two cones in R
M and R

N , respectively.

Suppose U , u be weight functions on E and V , v be weight functions on F .

Then, the inequality (13) holds if the following hypothesis are satisfied:

Case (a) : The conditions

sup
0<t≤s

a(s)≤b(t)

B1(s, t) =

= sup
0<t≤s

a(s)≤b(t)

(
∫

b(t)SM\a(s)SM

U1−p′
1

)
1

p′
1

(
∫

sSM\tSM

u

)
1

q1

< ∞ (16)

and

sup
0<t≤s

c(s)≤d(t)

B2(s, t) =

= sup
0<t≤s

c(s)≤d(t)

(
∫

d(t)SN\c(s)SN

V 1−p′
2

)
1

p′
2

(
∫

sSN\tSN

v

)
1

q2

< ∞ (17)
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hold and the exponents satisfy either

1 < p1 ≤ p2 ≤ q1 < ∞, p2 ≤ q2 < ∞

or

1 < p1 ≤ q2 ≤ q1 < ∞, 1 < p2 ≤ q2.

Case (b) : The conditions (16),

(

∞
∫

0

∫

tSN\d−1(c(t))SN

(
∫

d(|x|)SN\c(t)SN

V 1−p′
2

)

r2
p′
2

×

×

(
∫

tSN\SNx

v

)

r2
p2

v(x) dxρ(t) dt

)
1

r2

< ∞, (18)

and

(

∞
∫

0

∫

c−1(d(t))SN\tSN

(
∫

d(t)SN\c(|x|)SN

V 1−p′
2

)

r2
p′
2

×

×

(
∫

SNx\tSN

v

)

r2
p2

v(x) dxρ(t) dt

)
1

r2

< ∞, (19)

hold with
1

r2
=

1

q2
−

1

p2
and the exponents satisfy either

1 < p1 ≤ p2 ≤ q1 < ∞, 0 < q2 < p2

or

1 < p1 ≤ q2 ≤ q1 < ∞, q2 < p2 < ∞.

The function ρ in (18) and (19) is the normalizing function defined as fol-

lows: Fix M0 = d−1(1) and define

Mk+1 = c−1(d(Mk)) if k ≥ 0 and Mk = d−1(c(Mk+1)) if k < 0.

The normalizing function ρ is defined by

ρ(t) =
∑

k∈Z

χ(Mk,Mk+1)(t)
d

dt
(d−1 ◦ c)k(t),

where (d−1 ◦ c)k denotes k times repeated composition.

Remark 8. In view of Remark 1, we can obtain a special case of Corollary 3
when E = R

M , F = R
N . In this case the operator TE,F takes the form

(TM,Nf)(x, y) =

∫

a(|x|)≤|s|≤b(|x|)

∫

c(|y|)≤|t|≤d(|y|)

f(s, t) dt ds.



ON CERTAIN DOUBLE SIZED INTEGRAL OPERATORS 51

The precise sufficient conditions for the boundedness of TM,N are given in
the following corollary. Corresponding necessary conditions can be stated
similarly.

Corollary 4. Let U , u be weight functions on R
M and V , v be weight

functions on R
N . Then, the inequality

(
∫

RM

u(x)

(
∫

RN

v(y)(TM,Nf)q(x, y) dy

)

q1
q2

dx

)
1

q1

≤

≤ C

(
∫

RM

U(x)

(
∫

RN

V (y)fp2(x, y) dy

)

p1
p2

dx

)
1

p1

, f ≥ 0,

holds if the following hypothesis are satisfied:

Case (a) : The conditions

sup
0<t≤s

a(s)≤b(t)

(
∫

a(s)≤|x|≤b(t)

U1−p′
1(x) dx

)
1

p′
1

(
∫

t≤|x|≤s

u(x) dx

)
1

q1

< ∞, (20)

sup
0<t≤s

c(s)≤d(t)

(
∫

c(s)≤|x|≤d(t)

V 1−p′
2(x) dx

)
1

p′
2

(
∫

t≤|x|≤s

v(x) dx

)
1

q2

< ∞ (21)

hold and the exponents satisfy either

1 < p1 ≤ p2 ≤ q1 < ∞, p2 ≤ q2 < ∞

or

1 < p1 ≤ q2 ≤ q1 < ∞, 1 < p2 ≤ q2.

Case (b) : The conditions (20),

(

∞
∫

0

∫

d−1(c(t))≤|x|≤t

(
∫

c(t)≤|y|≤d(|x|)

V 1−p′
2(y) dy

)

r2
p′
2

×

×

(
∫

|x|≤|y|≤t

v(y) dy

)

r2
p2

v(x) dxρ(t) dt

)
1

r2

< ∞

and

(

∞
∫

0

∫

t≤|x|≤c−1(d(t))

(
∫

c(|x|)≤|y|≤d(t)

V 1−p′
2(y) dy

)

r2
p′
2

×

×

(
∫

t≤|y|≤|x|

v(y) dy

)

r2
p2

v(x) dxρ(t) dt

)
1

r2

< ∞
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hold with 1
r2

= 1
q2

− 1
p2

, ρ being the normalizing function, defined in Corol-

lary 3, and the exponents satisfy either

1 < p1 ≤ p2 ≤ q1 < ∞, 0 < q2 < p2

or

1 < p1 ≤ q2 ≤ q1 < ∞, q2 < p2 < ∞.

3.3. The operator GE,F . We define the double sized multidimensional
geometric mean operator

GE,F :
[

Lp1(E, U), Lp2(F, V )
]

→
[

Lq1(E, u), Lq2(F, v)
]

by

(GE,F f)(x, y) = exp
( 1

|SMx
| |SNy

|

∫

SMx

∫

SNy

ln f(s, t) dt ds
)

,

where |SMx
| and |SNy

| denote the volumes of SMx
and SNy

, respectively.

Remark 9. The operator GE,F is a higher dimensional analogue of the
two dimensional geometric mean operator G2 : [Lp1(U), Lp2(V )] → [Lq1(u),
Lq2(v)] defined by

(G2f)(x, y) = exp

(

1

xy

x
∫

0

y
∫

0

ln f(s, t) dt ds

)

.

The boundedness property of G2 in the context of Lebesgue spaces with
usual norm has been studied in [7], [11], [15] while in the context of mixed
norm in [12].

In the following two theorems, we give, respectively, the necessary and
the sufficient condition for the boundedness of GE,F . Since the proofs are
on similar lines as those of G2, we only state the theorems.

Theorem 4. Let 0 < pi, qi < ∞, i = 1, 2; U, u be weight functions on

E and V , v be weight functions on F . Then a necessary condition for the

inequality

(
∫

E

u(x)

(
∫

F

v(y)(GE,F f)q2(x, y) dy

)

q1
q2

dx

)
1

q1

≤

≤ C

(
∫

E

U(x)

(
∫

F

V (y)fp2(x, y) dy

)

p1
p2

dx

)
1

p1

, f ≥ 0, (22)

to hold is that either of the following two inequalities holds

(
∫

E

u(x)(GEg)q1(x) dx

)
1

q1

≤ C1

(
∫

E

U(x)gp1(x) dx

)
1

p1

, g ≥ 0, (23)
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(
∫

F

v(y)(GF h)q2(x) dx

)
1

q2

≤ C2

(
∫

F

V (y)hp2(y) dy

)
1

p2

, h ≥ 0, (24)

where GE and GF are defined respectively by

(GEg)(x) = exp

(

1

|SMx
|

∫

SMx

ln g(s) ds

)

,

(GF h)(x) = exp

(

1

|SNx
|

∫

SNx

lnh(t) dt

)

.

Theorem 5. Let the hypothesis of Theorem 4 be satisfied and assume

in addition that either p1 ≤ p2 ≤ q1 or p1 ≤ q2 ≤ q1. Then, a sufficient

condition for the validity of (22) is the validity of both (23) and (24).

Remark 10. The precise necessary and the sufficient conditions for the in-
equality (22) can now be obtained using any known criterion for the bound-
edness of single sized geometric mean operators GE and GF , e.g., one may
use the criterion given in [5].

4. Compactness of TE,F with Mixed Norm

4.1. Preliminaries. Let X be a normed linear space and let X∗ denote
the conjugate space of X . A sequence {xn} in X is said to be strongly
convergent (or simply convergent), written xn → x, if there exists x ∈ X

such that ‖xn−x‖ → 0 as n → ∞. A sequence {xn} in X is said to converge

weakly to x ∈ X , written xn
w

−→x, if f(xn) → f(x), for each f ∈ X∗. We
say that a sequence {fn} in X∗ is weak∗ convergent to f ∈ X∗, written

fn
w∗

−→ f , if fn(x) → f(x) for each x ∈ X . The strong convergence implies
the weak convergence which in turn implies the weak∗ convergence. The
implications in the reverse direction do not hold in general. However, if X

is reflexive then weak∗ convergence implies the weak convergence.
For a bounded linear operator A between two normed linear spaces X

and Y , we denote by A∗, the conjugate of A acting between the conjugate
spaces Y ∗ and X∗.

It can be seen that the operators TE,F and

T ∗
E,F :

[

Lq′
1(E, u1−q′

1), Lq′
2(F, v1−q′

2 )
]

→
[

Lp′
1(E, U1−p′

1), Lp′
2(F, V 1−p′

2)
]

defined by

(T ∗
E,F g)(x, y) =

∫

a−1(|x|)SM\b−1(|x|)SM

∫

c−1(|y|)SN\d−1(|y|)SN

f(s, t) dt ds,

x ∈ E, y ∈ F
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are mutually conjugate, i.e.,

〈TE,F f, g〉 = 〈f, T ∗
E,F g〉.

Similarly, the operators TE and T ∗
E :Lq′

1(E, u1−q′
1) → Lp′

1(E, U1−p′
1) defined

by

(T ∗
Ef)(x) =

∫

a−1(|x|)SM\b−1(|x|)SM

f(s) ds, x ∈ E

and the operators TF and T ∗
F : Lq′

2(F, v1−q′
2 ) → Lp′

2(F, V 1−p′
2) defined by

(T ∗
F f)(y) =

∫

c−1(|y|)SN\d−1(|y|)SN

f(t) dt, y ∈ F

are also mutually conjugate. The proofs of the results presented in this sec-
tion require certain well known assertions which we collect in the following
theorems.

Theorem B. Let X and Y be Banach spaces.

(a) A bounded linear operator A : X → Y is compact if and only if its

conjugate A∗ : Y ∗ → X∗ is compact.

(b) If A : X → Y is compact and {xn} is a sequence in X such that

xn
w

−→x, for some x ∈ X, then Axn → Ax.

(c) An operator A : X → Y is compact if A∗ : Y ∗ → X∗ is weak ∗-norm

sequentially continuous, i.e., for each sequence {fn} in Y ∗ with {fn}
w∗

−→ f

for some f ∈ Y ∗, we have ‖A∗(fn) − A∗f‖ → 0.

Theorem C. Let Ω be any domain in R
N .

(a) Let 1 ≤ p < ∞. A sequence {fn} in Lp(Ω) converges weakly to f ∈
Lp(Ω) if and only if

(i) sup ‖fn‖ < ∞
(ii)

∫

M

fn(t) dt →
∫

M

f(t) dt, for every measurable subset M ⊂ Ω.

(b) Let 1 < p < ∞. A sequence {fn} in Lp(Ω) is weakly null if

(i) sup ‖fn‖ < ∞
(ii) fn(s) → 0, for almost all s ∈ Ω.

These results can be found in any standard book on functional analysis,
e.g., [3], [9], [10]. In particular, Theorem B(c) is taken from [3, p15] and
C(b) from [10].

4.2. The compactness results. We prove below two theorems which give,
respectively, the necessary and the sufficient conditions for the compactness
of TE,F .

Theorem 6. Let E and F be two cones in R
M and R

N , respectively,

E = ∪α>0αSM and F = ∪α>0αSN . Suppose that 1 < pi, qi < ∞, i = 1, 2;
U, u are weight functions on E and V , v are weight functions on F . Then, a
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necessary condition for the compactness of TE,F : [Lp1(E, U), Lp2(F, V )] →
[Lq1(E, u), Lq2(F, v)] is the compactness of at least one of the operators TE :
Lp1(E, U) → Lq1(E, u) and TF : Lp2(F, V ) → Lq2(F, v).

Proof. In view of Theorem B (c), it suffices to show that at least one of the

operators T ∗
E : Lq′

1(E, u1−q′
1) → Lp′

1(E, U1−p′
1) and T ∗

F : Lq′
2(F, v1−q′

2 ) →

Lp′
2(F, V 1−p′

2) is w∗-norm sequentially continuous. Fix two w∗-null se-

quences {gn} and {hn} in Lq′
1(E, u1−q′

1) and Lq′
2(F, v1−q′

2 ), respectively.

Since the spaces Lq′
1(E, u1−q′

1) and Lq′
2(F, v1−q′

2 ) are reflexive, {gn} and
{hn} are weakly null sequences. Define fn(s, t) = gn(s)hn(t), s ∈ E, t ∈ F ,

n ∈ N. Then {fn} is a weakly null sequence in [Lq′
1(E, u1−q′

1), Lq′
2(F, v1−q′

2 )].
Therefore, by Theorem B ((a) and (b)), we have

∥

∥T ∗
E,F fn

∥

∥

[Lp′
1(E,U

1−p′
1 ),Lp′

2(F,V
1−p′

2 )]
→ 0.

Moreover, since

(T ∗
E,F fn)(x, y) = (T ∗

Egn)(x)(T ∗
F hn)(y),

we have
∥

∥T ∗
E,F fn

∥

∥

[Lp′
1(E,U

1−p′
1 ),Lp′

2(F,V
1−p′

2 )]
=

=

(
∫

E

U1−p′
1(x)

(
∫

F

V 1−p′
2(y)(T ∗

E,F fn)p′
2(x, y) dy

)

p′
1

p′
2

dx

)
1

p′
1

=

=

(
∫

E

U1−p′
1(x)(T ∗

Egn)p′
1(x) dx

)
1

p′
1

(
∫

F

V 1−p′
2(y)(T ∗

F hn)p′
2(y) dy

)
1

p′
2

=

=
∥

∥T ∗
Egn

∥

∥

Lp′
1(E,U1−p′

1)
·
∥

∥T ∗
F hn

∥

∥

Lp′
2(F,V 1−p′

2 )
.

It follows, now, that at least one of the two sequences ‖T ∗
Egn‖L

p′
1(E,U

1−p′
1)

and ‖T ∗
F hn‖L

p′
2(F,V

1−p′
2)

converge to 0. �

Theorem 7. Let all the assertions of Theorem 6 be satisfied. Then, a

sufficient condition for the compactness of TE,F : [Lp1(E, U), Lp2(F, V )] →
[Lq1(E, u), Lq2(F, v)] is the compactness of both the operators TE:Lp1(E, U)→
Lq1(E, u) and TF : Lp2(F, V ) → Lq2(F, v).

Proof. It suffices to show that the operator T ∗
E,F : [Lq′

1(E, u1−q′
1), Lq′

2(F,

v1−q′
2)] → [Lp′

1(E, U1−p′
1), Lp′

2(F, V 1−p′
2)] is w∗-norm sequentially continu-

ous. Let {fn} be any w∗-null sequence in [Lq′
1(E, u1−q′

1), Lq′
2(F, v1−q′

2 )] and
since it is a reflexive space, {fn} is weakly null in it. For each s ∈ E, define
hn,s : F → R by

hn,s(t) = fn(s, t), s ∈ E, t ∈ F, n ∈ N.
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Then, for each s ∈ E, {hn,s} is a weakly null sequence in Lq′
2(F, v1−q′

2 ), so
that by the compactness of TF and Theorem B ((a) and (b)), we have

∥

∥T ∗
F hn,s

∥

∥

L
p′
2(F,V

1−p′
2 )

→ 0, s ∈ E. (25)

Now define

gn(s) =
∥

∥T ∗
F hn,s

∥

∥

L
p′
2(F,V

1−p′
2)

, n ∈ N, s ∈ E.

Then, {gn} is a sequence in Lq′
1(E, u1−q′

1) since using the boundedness of
T ∗

F , we have

(
∫

E

u1−q′
1(s)g

q′
1

n (s) ds

)
1

q′1

=

=

(
∫

E

u1−q′
1(s)

(
∫

F

V 1−p′
2(y)(T ∗

F hn,s)
p′
2(y) dy

)

q′1
p′
2

ds

)
1

q′1

≤

≤ C

(
∫

E

u1−q′
1(s)

(
∫

F

v1−q′
2(y)h

q′
2

n,s(y) dy

)

q′1
q′2

ds

)
1

q′1

=

= C

(
∫

E

u1−q′
1(s)

(
∫

F

v1−q′
2(y)f

q′
2

n (s, y) dy

)

q′1
q′2

ds

)
1

q′1

< ∞.

Moreover, since {fn} is weakly null by Theorem C (a)

sup
n

∥

∥gn

∥

∥

L
q′1 (E,u

1−q′1 )
≤ sup

n

∥

∥fn

∥

∥

[Lq′1 (E,u
1−q′1 ),Lq′2(F,v

1−q′2 )]
< ∞

and by (25), gn(s) → 0, s ∈ E. Thus, by Theorem C(b), {gn} is weakly
null. Now, by the compactness of TE and Theorem B ((a) and (b)),

∥

∥T ∗
E gn

∥

∥

L
p′
1(E,U

1−p′
1 )

→ 0.

But, using the Minkowski’s integral inequality, we have
∥

∥T ∗
E,F fn

∥

∥

[Lp′
1(E,U1−p′

1 ),Lp′
2(F,V 1−p′

2 )]
=

=

(
∫

E

U1−p′
1(x)

(
∫

F

V 1−p′
2(y)

(
∫

a−1(|x|)SM\b−1(|x|)SM

×

×

(
∫

c−1(|y|)SN\d−1(|y|)SN

fn(s, t) dt

)

ds

)p′
2

dy

)

p′
1

p′
2

dx

)
1

p′
1

≤

≤

(
∫

E

U1−p′
1(x)

(
∫

a−1(|x|)SM\b−1(|x|)SM

(
∫

F

V 1−p′
2(y)×
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×

(
∫

c−1(|y|)SN\d−1(|y|)SN

fn(s, t) dt

)p′
2

dy

)
1

p′
2

ds

)p′
1

dx

)
1

p′
1

=

=
∥

∥T ∗
Egn

∥

∥

L
p′
1(E,U

1−p′
1)

.

Now the compactness of TE,F follows by Theorem B(c). �

4.3. The precise criterion. The precise necessary and sufficient condi-
tions for the compactness of TE,F can now be obtained by using any known
criterion for the compactness of TE and TF . In [13], the authors character-
ize the compactness of TE and TF in a more general setting but the same
holds for cones also. We state the result below:

Theorem D. Let E be a cone in R
N and S be a part of E with radius 1.

Suppose u, v are weight functions on E. Then, the operator TE : Lp(E, u) →
Lq(E, v) defined by

(TEf)(x) =

∫

b(|x|)S\a(|x|)S

f(t) dt, x ∈ E

where a and b are functions as defined in Section 3, is compact if and only

if either

Case (a) : p ≤ q and the following conditions hold:

sup
0<t≤s

a(s)≤b(t)

S(s, t) = sup
0<t≤s

a(s)≤b(t)

(
∫

b(t)S\a(s)S

u1−p′

)
1
p′

(
∫

sS\tS

v

)
1
q

< ∞

lim
s→t+

S(s, t) = lim
s→a−1(b(t))−

S(s, t) = 0, for every t > 0

lim
t→s−

S(s, t) = lim
t→b−1(a(s))+

S(s, t) = 0, for every s > 0

or

Case (b) : q < p,
1

r
=

1

q
−

1

p
and the following conditions hold :

(

∞
∫

0

∫

tS\b−1(a(t))S

(
∫

b(|x|)S\a(t)S

u1−p′

)
r

p′
(

∫

tS\Sx

v

)
r
p

v(x) dxρ′(t) dt

)
1
r

< ∞

(

∞
∫

0

∫

a−1(b(t))S\tS

(
∫

b(t)S\a(|x|)S

u1−p′

)
r
p′

(
∫

Sx\tS

v

)
r
p

v(x) dxρ′(t) dt

)
1
r

< ∞,

where

ρ′(t) =
∑

k∈Z

χ(Mk,Mk+1)(t)
d

dt
(b−1 ◦ a)k(t), t ∈ (0,∞).



58 P. JAIN, P. K. JAIN AND B. GUPTA

Here (b−1 ◦ a)k denotes k times repeated composition and {Mk}k∈Z is

defined as

M0 = b−1(1), Mk+1 = a−1(b(Mk)) if k ≥ 0,

Mk = b−1(a(Mk+1)) if k < 0.

Following corollary gives precise sufficient conditions for the compactness
of TE,F .

Corollary 5. Let all the assertions of Theorem 6 be satisfied. Then, the

operator TE,F : [Lp1(E, U), Lp2(F, V )] → [Lq1(E, u), Lq2(F, v)] is compact if

either

Case (a) : p1 ≤ q1, p2 ≤ q2 and the conditions (16), (17)

lim
s→t+

B1(s, t) = lim
s→a−1(b(t))−

B1(s, t) = 0, for every t > 0, (26)

lim
t→s−

B1(s, t) = lim
t→b−1(a(s))+

B1(s, t) = 0, for every s > 0, (27)

lim
s→t+

B2(s, t) = lim
s→c−1(d(t))−

B2(s, t) = 0, for every t > 0, (28)

lim
t→s−

B2(s, t) = lim
t→d−1(c(s))+

B2(s, t) = 0, for every s > 0 (29)

are satisfied.

Case (b) : p1 ≤ q1, q2 < p2 and the conditions (16), (18), (19), (26) and

(27) hold.

Case (c) : q1 < p1, p2 ≤ q2 and the conditions (17), (28), (29),

(

∞
∫

0

∫

tSM\b−1(a(t))SM

(
∫

b(|x|)SM\a(t)SM

U1−p′
1

)

r1
p′
1

×

×

(
∫

tSM\SMx

u

)

r1
p1

u(x) dxρ′(t) dt

)
1

r1

< ∞ (30)

and

(

∞
∫

0

∫

a−1(b(t))SM\tSM

(
∫

b(t)SM\a(|x|)SM

U1−p′
1

)

r1
p′
1

×

×

(
∫

SMx\tSM

u

)

r1
p1

u(x) dxρ′(t) dt

)
1

r1

< ∞ (31)

hold, where
1

r1
=

1

q1
−

1

p1
and ρ′ is as defined in Theorem D.

Case (d) : q1 <p1, q2 <p2 and the conditions (18), (19), (30) and (31) hold.
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Remark 11. As mentioned in Remark 8, we can derive a special case of
the operator TE,F by taking E = R

M , F = R
N . The precise conditions for

the compactness of this operator TM,N can then be stated similarly.
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