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ON SHARP WEIGHTED BOUNDS FOR ONE–SIDED
OPERATORS NORMS

Introduction

One of the important problems of Harmonic Analysis is to characterize
a weight w guaranteeing the boundedness of a given integral operator T in
the weighted Lp

w space. An important class of such weights is Ap. It is
well-known that it guarantees one-weight characterization for many oper-
ators, e.g., for the Hardy–Littlewood maximal operator, singular integrals,
etc (see, for example, the papers by B. Muchenhoupt [16], R. Hunt, B.
Muckenhoupt, and R. Wheeden [8], R. Coifman and R. Fefferman [4], etc.).
However, the sharp dependence of the operator norm ‖T‖Lp

w
in terms of Ap

characteristic of w is known only for some operators. The interest in the
sharp weighted norm for singular operators is motivated by application in
partial differential equations (see e.g the papers by K. Astala, T. Iwaniec
and E. Saksman [2], S. Petermichl and A. Volberg, [19], etc).

Let us denote by M the Hardy–Littlewood maximal operator defined
on Rn

Mf(x) = sup
Q3x

1
|Q|

∫

Q

|f(y)|dy,

where the supremum is taken over all cubes Q 3 x with sides parallel to the
coordinate axes.

According to the Muckenhoupt [16] theorem, if 1 < p < ∞, then M is
bounded in Lp

w(Rn) if and only if w ∈ Ap(Rn).
In 1993 S. Buckley [3] investigated the sharp Ap bound for M . In par-

ticular, he proved that

‖M‖Lp
w(Rn) ≤ cp,n‖w‖

1
p−1

Ap(Rn), 1 < p < ∞,

Moreover, he showed that the power 1
p−1 is best possible in the sense that

we can not replace ‖w‖
1

p−1
Ap

by ψ(‖w‖Ap) for any positive non-decreasing
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function ψ growing slowly than x
1

p−1 . From here, in particular, it follows
that for any λ > 0,

sup
w∈Ap

‖M‖Lp
w

‖w‖
1

p−1−λ

Ap

= ∞.

Sharp weighted bounds for fractional maximal functions and Riesz po-
tentials on Euclidean spaces were established in the paper [12]. We refer
also to [5] for mixed type weighted bounds for these operators. Similar
problems for maximal functions and singular integrals were studied in [17],
[19], [6], [10], [14], [11] etc.

Our aim in this note is to give sharp weighted estimates for one–sided
maximal and potential operators.

Finally we mention that we also proved Buckley type theorems for strong
maximal functions, multiple potentials and singular integrals. The latter
results will be announced later.

1. Preliminaries

Let w be a weight function on a subset Ω of Rn. We denote by Lp
w(Ω),

1 < p < ∞, the set of all measurable functions f : Ω → R for which the
norm

‖f‖Lp
w(Ω) =

( ∫

Ω

|f(x)|pw(x)dx

) 1
p

is finite. If w ≡ const, then we denote Lp
w(Ω) = Lp(Ω).

We denote by Lp,∞
w (Ω) the weak weighted Lebesgue space on Ω.

Let us introduce one–sided Ap characteristics:

Definition 1.1. Let 1 < p < ∞. We say that a weight function w
defined on R satisfies A+

p (R) condition (w ∈ A+
p (R)), if

‖w‖A+
p (R) := sup

x∈R
h>0

A+(p, x, h) < ∞,

where

A+(p, x, h) :=
(

1
h

x∫

x−h

w(t)dt

)(
1
h

x+h∫

x

w1−p′(t)dt

)p−1

< ∞.

Further, a weight function w defined on R satisfies A−p (R) condition (w ∈
A−p (R)) if

‖w‖A−p (R) := sup
x∈R
h>0

A−(p, x, h) < ∞,
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where

A−(p, x, h) :=
(

1
h

x+h∫

x

w(t)dt

)(
1
h

x∫

x−h

w1−p′(t)dt

)p−1

.

Remark 1.1. It is easy to see that any increasing weight satisfies A+
p (R)

condition, while any decreasing weight w belongs to A−p (R). In fact, A+
p (R) ⊂

Ap(R), A−p (R) ⊂ Ap(R). More precisely, Ap(R) = A+
p (R)∩A−p (R). Further,

the Lebesgue differentiation theorem yields that

2. One–sided Maximal Functions

Let 0 ≤ α < 1. We define one-sided (fractional) maximal operators:

M+
α f(x) = sup

h>0

1
h1−α

x+h∫

x

|f |dx x ∈ R,

M−
α f(x) = sup

h>0

1
h1−α

x∫

x−h

|f |dx x ∈ R.

If α = 0, then we have one-sided Hardy-Littlewood maximal operators
denoted by M+ and M−, respectively.

E. Sawyer [20] proved that if 1 < p < ∞, then M+ is bounded in Lp
w(R) if

and only if w ∈ A+
p (R); M− is bounded in Lp

w(R) if and only if w ∈ A−p (R).
Our result regarding M+ and M− reeds as follows:

Theorem 2.1. Let 1 < p < ∞. Then
(a) there is a positive constant depending only on p such that

‖M+‖Lp
w(R) ≤ c‖w‖

1
p−1

A+
p (R)

and the exponent 1
p−1 is best possible.

(b) there is a positive constant c depending only on p such that the in-
equality

‖M−‖Lp
w(R) ≤ c‖w‖

1
p−1

A−p (R)

holds and the exponent 1
p−1 is best possible.

Let 1 < p, q < ∞. We say that a weight function w defined on R satisfies
the A+

p,q(R) condition (w ∈ A+
p,q(R)), if

‖w‖A+
p,q(R) := sup

x∈R
h>0

(
1
h

x∫

x−h

wq(t)dt

)(
1
h

x+h∫

x

w−p′(t)dt

)q/p′

< ∞.
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Further, a weight function w satisfies the A−p,q(R) condition (w ∈ A−p,q(R)),
if

‖w‖A−p,q(R) := sup
x∈R
h>0

(
1
h

x+h∫

x

wq(t)dt

)(
1
h

x∫

x−h

w−p′(t)dt

)q/p′

< ∞.

K. Andersen and E. Sawyer [1] showed that if 1 < p < ∞, 0 < α < 1/p,
q = p

1−αp , then:
(a) M+

α is bounded from Lp
wp(R) to Lq

wq (R) if and only if w ∈ A+
p,q(R);

(b) M−
α is bounded from Lp

wp(R) to Lq
wq (R) if and only if w ∈ A−p,q(R).

We derived the following statement:

Theorem 2.2. Suppose that 0 < α < 1 and 1 < p < 1/α. We set q = p
1−αp .

Then
(a) there is a positive constant c depending only on p and α such that the

inequality

‖wM+
α ‖Lq ≤ c‖w‖

p′
q (1−α)

A+
p,q(R)

‖f‖Lp(R)

holds and the exponent p′

q (1− α) is best possible.
(b) there is a positive constant c depending only on p and α such that the

inequality

‖wM−
α ‖Lq ≤ c‖w‖

p′
q (1−α)

A−p,q(R)
‖f‖Lp(R)

holds and the exponent p′

q (1− α) is best possible.

3. One–sided Potentials

Now we give the sharp weighted bounds for one–sided fractional integrals.
Let Rα and Wα be operators defined as follows:

Rαf(x) =

x∫

0

f(t)
(x− t)1−α

dt, x > 0,

Wαf(x) =

∞∫

x

f(t)
(t− x)1−α

dt, x > 0.

K. Andersen and E. Sawyer [1] proved that Rα is bounded from Lp
wp(R)

to Lq
wq (R) if and only if w ∈ A−p,q(R); further, Wα is bounded from Lp

wp(R)
to Lq

wq (R) if and only if w ∈ A+
p,q(R);

We proved the following statements:
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Theorem 3.1. Let 0 < α < 1, 1 ≤ p < 1/α and let q satisfy q = p
1−αp .

Then
(a)

‖Rα‖Lp
wp→Lq

wq
≤ c‖w‖(1−α) max{1,p′/q}

A−p,q(R)
.

Furthermore, this estimate is sharp in the sense that the exponent (1 −
α)max{1, p′/q} is best possible;

(b)
‖Wα‖Lp

wp→Lq
wq
≤ c‖w‖(1−α) max{1,p′/q}

A+
p,q(R)

.

Moreover, the exponent (1− α)max{1, p′/q} is best possible.

The proofs of these results are based on two-weight criteria established
under the conditions of Gabidzashvili–Kokilashvili type (see the monograph
[7], Ch. 2, for these criteria).

Let

(Iαf)(x) =
∫

R

f(t)
|x− t|1−α

dt, x ∈ R,

be the Riesz potential operator on R, where 0 < α < 1. The appropriate
fractional maximal function on R is given by

(Mαf)(x) =
1

h1−α

x+h∫

x−h

|f(t)|dt, x ∈ R,

where 0 ≤ α < 1.
The following pointwise inequalities can be checked immediately:

(Mαf)(x) ≤ (M+
α f)(x) + (M−

α f)(x);

max
{
(M+

α f)(x), (M−
α f)(x)

} ≤ (Mαf)(x),

(Iαf)(x) = (Rαf)(x) + (Wαf)(x);

max
{
(Rαf)(x), (Wαf)(x)

} ≤ (Iαf)(x), f ≥ 0.

Taking these estimates into account and the results formulated above we
derive the following corollaries on the real line:

Corollary 3.1 ([3]). Let 1 < p < ∞, then

‖M‖Lp
w(R) ≤ c‖w‖

1
p−1

Ap(R)

and the exponent 1
p−1 is best possible.

Corollary 3.2 ([12]). Suppose that 0 < α < 1, 1 < p < 1/α and that q
is such that 1/q − 1/p− α = 0. Then

‖wMα‖Lq ≤ c‖w‖
p′
q (1−α)

Ap,q(R) ‖f‖Lp(R)
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and the exponent p′

q (1− α) is best possible.

Corollary 3.3 ([12]). Let 0 < α < 1, 1 ≤ p < 1/α and let q satisfy
q = p

1−αp . Then

‖Iα‖Lp
wp→Lq

wq
≤ c‖w‖(1−α) max{1,p′/q}

Ap,q(R) .

and the exponent (1− α)max{1, p′/q} is best possible.

4. Mixed Type Estimates

Observe that taking the limit as p →∞, the following equalities hold:

lim
p→∞

A+
p,x,h =

(
1
r

x∫

x−r

w(x)dx

)
exp

(
1
r

x+r∫

x

log
1

w(t)
dt

)

and

lim
p→∞

A−p,x,h =
(

1
r

x+r∫

x

w(x)dx

)
exp

(
1
r

x∫

x−r

log
1

w(t)
dt

)

There naturally arises a question regarding the mixed type bounds involving
so called one–sided Hruščev [9] A∞,exp characteristics for norms of one-sided
operators.

Let us denote

‖σ‖A+
∞,exp

:= sup
a,r

(
1
r

a∫

a−r

σ(t)dt

)
exp

(
1
r

a+r∫

a

log
1

σ(t)
dt

)
;

‖σ‖A−∞,exp
:= sup

a,r

(
1
r

a∫

a−r

σ(t)dt

)
exp

(
1
r

a+r∫

a

log
1

σ(t)
dt

)
.

We say that w ∈ A±∞ if w ∈ A±r , for some r. For the definition and
properties of one–sided A∞ weights we refer e.g., to [15].

By Jensen’s inequality it follows that

‖w‖A±∞,exp
≤ ‖w‖A±r , r > 1.

The following statements give the mixed type estimates for one–sided
operators:

Theorem 4.1. Suppose that 1 < p < ∞ and 0 < α < 1/p. We set
q = p

1−αp . Then the following statements hold:
(i) there is a positive constant c depending only on p and α such that

‖M+
α ‖Lp

u→Lq
v
≤ c‖w‖1/q

A+
p,q
‖w−p′‖1/q

A−∞,exp
.

(ii) there is a positive constant c depending only on p and α such that
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‖M−
α ‖Lp

u→Lq
v
≤ c‖w‖1/q

A−p,q
‖w−p′‖1/q

A+
∞,exp

.

Theorem 4.2. Let 1 < p < ∞ and 0 < α < 1/p. We set q = p
1−αp . Then

(a)

‖Rα‖Lp
u→Lq,∞

v
≤ c‖w‖1/q

A−p,q
‖wq‖1/p′

A−∞,exp

where the positive constant c depends only on p and α.

(b) if v ∈ A+
∞, then

‖Wα‖Lp
u→Lq,∞

v
≤ c‖w‖1/q

A+
p,q
‖wq‖1/p′

A+
∞,exp

where the positive constant c depends only on p and α.

Theorem 4.3. Let 1 < p < ∞ and 0 < α < 1/p. We set q = p
1−αp . Then

(a) there is a positive constant c depending only on p and α such that

‖Rα‖Lp
u→Lq

v
≤ c‖w‖1/q

A−p,q

(
‖wq‖1/p′

A−∞,exp
+ ‖w−p′‖1/q

A+
∞,exp

)
;

(b) there is a positive constant c depending only on p and α such that

‖Wα‖Lp
u→Lq

v
≤ c‖w‖1/q

A+
p,q

(
‖wq‖1/p′

A+
∞,exp

+ ‖w−p′‖1/q

A−∞,exp

)
;

Remark 4.4. One–weighted sharp estimates (see Theorems 2.1, 3.1 and
3.1) now follow from Theorems 4.1 and 4.3.
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