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Let J be a subinterval of R. Suppose that p is measurable function on J with the
condition
1<p-(J) <px) <py(J) < oo,
where
p—(J) =infp; pi(J) = Supp.
Suppose also that p is an almost everywhere positive locally integrable function on J,
i.e. pis a weight. We say that a measurable function f : J — R, belongs to Lﬁ(')(J) (or
L)) it

Soo( = [ 1@p@|"de < x.
J

It is known that Lp(x) J) is a Banach space with the norm
P
”f” g(r,:)( ) = illf{)\ >0: Spyp(f/)\) S 1}.

If p = const, then Lg(') (J) coincides with the classical Lebesgue space with the weight
p. Further, if p = 1, then we use the symbol LP()(J) for L,’;(')(J).

For some basic properties of LP(") spaces we refer, e.g., to [4-6].

We say that p : J — R satisfies the Dini-Lipschitz (log-Ho6lder continuity) condition
on J ( p € DL(J)) if there exists a positive constant A such that

Ip(@) —p(w)| < —— 2

<——— zyeld; Jz—yl <1/2
—In|z -y

A weight function p satisfies the doubling condition on J (p € DC(J)) if there exists
a positive constant b such that

p<b / p
I(x,2r) I(z,r)

for all z € J and r > 0, where I(z,7):= (x — 7,z + 7).
Let T := [—7, ] and let

o0
flx) ~ a0 + Z (agcoskx + by sinkz)
2 k=1

be the Fourier series of the function f € L1(T).
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The Cesaro mean of order a > 0, 0%, is defined as

no

1 - n—k+a
(f x) = _ A , >0
o5 (f,2) (Ha)kZ_O( Rl PHE R
n
where
Ap = a?o and Ay (z) = agcoskx + by sinkx.
Let also

ur(fix) =+ Y At
k=1

be the Abel-Poisson means of function f(z).
The following statements are true:

Theorem 1. Let 1 < p_(T) < p(z) < py(T) < 00 and let p € DL(T). If (w(-))~?'©)
satisfies the doubling condition on T, then the following conditions are equivalent:

. alf

1) lIsupy o3 (fs M oe) oy < lfll o6y ()

i) ||supg<y<1 ur(f, ')”LZ(‘)(T) < C”f”L{jj(‘)(T)

iii) there exists a constant ¢ > 0 such that

/(v(:v))p(””) (M(wfp,(‘)(-)xj(-))(z))p(z) dx < c/wfp/(z)d:v 1)
T T

for an arbitrary interval I C T'.

Theorem 2. Let 1 < p_(T) < p(z) < p+(T) < oo and let p € DL(T). Suppose
that (w(-))_pl(') € DC(T) and the condition (1) holds with v = w. Then for arbitrary
f e LE(T) we have

Jm 1506 = FOll 0 oy =0
and

lim lur(f, ) = FOlle, () = 0.

Two-weight estimates for the Cesaro means enable us to obtain the extended Bern-
stein inequality for the derivative of trigonometric polynomial and its conjugate in two-
weighted setting.

Theorem 3. Let 1 < p_(T) < p(z) < p4+(T) < 0o and let p € DL(T). Suppose that
(w(-))_pl(') € DC(T) and condition (1) is satisfied. Then for an arbitrary trigonometric
polynomial ty(z) and its conjugate tn(x) we have

0l oy < enllbnwol uc o
and
||?nU||LP(')(T) < C””tnw”Lp(-)(T)-

For special pairs (v, w) the above mentioned results were obtained in [1]. For the
constant p we refer to [2].
Now we discuss the Hardy-Littlewood maximal operators.
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Let Mr and MR be maximal operators given by

1
(M f)@) =sw oo [ f@ld v e Ry
(zf'r,z+'r)ﬁR+
1 x+r
(Mef)@) =swp = [ If@®ldt ce R
r>0 27

respectively.
We have the following statements:

Theorem 4. Let1 < p_(R4) < p(z) < p+(R4) < oo and let p € DL(RL). Suppose
that there is a bounded interval [0, a] such that (w(-))fpl(') € DC([0,a]) and p is constant
outside [0,a]. Then Mg, is bounded from qu(')(RjL) to Lﬂ(')(R+) if and only if there
is a positive constant ¢ such that for all bounded subintervals I of R,

Mg, (wfp/(‘)XI)lngm(I) <l P OO g gy < 00

Theorem 5. Let 1 < p_(R) < p(z) < p+(R) < oo and let p € DL(R). Suppose
that there is positive number a such that (w(-))"?'¢) € DC([—a,a]) and p := p. =
const outside [—a,a]. Then for the boundedness of Mg from Lﬁ,(‘)(R) to Lﬁ(‘)(R) it is
necessary and sufficent that there exists a positive constant ¢ such that for all bounded
subintervals I of R,

| Mr (w™ Ox )| < ellw P O Loy gy < 0.

LEO(R)

Finally we notice that two-weight Sawyer-type criteria for maximal functions in Lebesgue
spaces defined on finite intervals were announced in [3].
In the sequel by V we denote the «class of all measurable functions

f: R' — R! for which
o o]
/ L)de < oo.
(1+|2)
—oo
Theorem 6. Let the conditions of Theorem 5 hold with v = w. Then for arbitrary

feLL(RYNV we have
Jm L = Ut Al oy =0

where
LT
Ut($,f):; / mdy-

—o0
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