Proc. A. Razmadze Math. Inst. 138(2005), 111-114

D. MCHEDLISHVILI

ON WEIGHTED NORM INEQUALITIES FOR FOURIER MULTIPLIERS
IN LEBESGUE SPACES

(Reported on May 19, 2005)

Let S(R™) be the Schwartz space of rapidly decreasing functions (see [1]). For ¢ €
S(R™) the Fourier transform @ is defined by

. 1 —i
o\ = W / p(x)e AT dg.
]Rn
For the Fourier transform of the function f and its inverse we use the notation F()
and F~1(yp), respectively.
The Fourier transform determines a topological isomorphism of the space .S into itself.
Let S be the space of tempered distributions, i.e., a space of linear bounded functionals
over S(R™). In the sequel, the Fourier transforms will be considered in the framework of
the theory of S-distributions. Here we give a definition of a weighted Triebel-Lizorkin
space. (For a weightless case see [2], [3]).
Let Qm be a subset of R™ given by the inequalities

2Mi < Al <2Mitl g =1,...,n; my; =0;£1;£2;....

We have
1 N )
pla) = X om(@), eml@) = o, (@) = 5 [ BN da.
- 2m)/
Qm
Definition 1. A closure of the Schwartz space with the norm
] p/60 1/p
‘@,L%ﬂ:{/(zwm(zﬂ ) dz} , p>1, 0< oo, (1)

rRn M

will be called the space Lﬁ;e(R") =1n?,

Lﬁ;e(R") is the Banach space which coincides with the Lebesgue space LP (R™ exactly
to the equivalence of norms when 6 = 2 and w = 1, but for another 6-s there take place
the following continuous inclusions:

LPY(R™) € LP(R™), 1<60<2,
LP(R™) C LPY(R™), 0> 2.

The measurable function ¢(A1,A2) is called a multiplier from Lﬁ,’e(RQ) to L?,’Q(RQ) if

the transform T}, : 2% — 199 defined by the equality

Ty = 9(e) = 5 [ 6@ d, @
R2
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is bounded. This means that

In this case we write ¢ € Mﬁ’;ﬁje.

In the present paper the sufficient conditions in order for ¢ € Mf;ﬂ,’e are obtained.

Definition 2. We say that the weight p : R — R, satisfies the reverse doubling
condition if there exists the constant d > 1 such that

p(tydt > d / p(t) dt, 3)

I(z,2r) I(z,r)

where I(z,r) is an arbitrary one-dimensional interval with center at the point = and of
radius r.

In the sequel, the fact that p satisfies the reverse doubling condition will be denoted
by p € RD(R).

Definition 3. We say that the function of two variables u(z,y) belongs to the class

Ao with respect to the variable z uniformly to the variable y (u € Agﬁ)) if there exist
positive numbers ¢ and ¢ such that for any one-dimensional interval I and any measurable
set E C I the inequality

Ju(z,y) dz
E

Ju(z,y) dz
T

< (IEly (4)

111
uniformly for all y-s, is satisfied.

The class A(olé) is defined analogously.

Definition 4. (see [4]) Let 1 <p<¢g<o00,0< a<1,0< 8 <1 Wesay that a pair

of weights (v, w) defined on R? belongs to the class TR ,, if the following two conditions

, 1/p
Ay =: sup |I|7* </ / wl =P (xz,y) dxdy) X

a€R, r>0
IeD I |y—al|<r
1/q
v(z,y
</ / ql2 dmdy) < oo (5)
ly —al
ly—a|>r
and
1/p’
Ao =: sup |I|” Ql(/ / P (z y)\y7a| dzdy) X
a€R, r>0
I |ly—al>r
1/q
</ / v(z,y dzdy) < o0 (6)
I |z—al<r

are fulfilled.
The main results are given in the form of the following

Theorem 1. Let {um}, m = (mi,m2), m; € Z, i = 1,2, be a family of measures
such that for some positive ¢ there takes place

/ ‘d,um| <c
R2

uniformly with respect to m.
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Suppose that in every set Qm the measurable function ¢ is representable in the form

A1 Az

B dpm (t1,t2)
¢(A1;A2) = / / (A1 —t)1mo1 (Mg — )12’ @

— 00 — o0

where 0 < a1 <1, 0 < ag < 1.

If w(z,y) = wi(z)wa(y), where w}_pl € RDR) and v € Aﬁ,ﬁ) uniformly to the
variable y, and if (v, w) € Fg’ﬁaz, 1 < p < q < oo, then the operator Ty is bounded from
L5 (R2) to LYY (R).

Theorem 2. Let 1 < p < ¢ < 00, a1 > -y, a2 > ;. Suppose that v € AP (R)

(Aé?,) (R)) uniformly with respect to y (to x).
If

sup{//v(a:,y) dxdy}\I\q(l/pl_o‘l)|J\q(1/p/_°‘2) < oo (8)
1,J
I J

and in every set Qm the function ¢(A1,A2) is representable in the form (7), then the
operator Ty is bounded from LP-%(R2) to L%’G(Rz).
Theorem 3. Let the function ¢ be continuous outside the coordinate axes and have
continuous partial derivatives
8k

_— <k<2
k ko’
AR axk2

= = 4

k=ki+ko.

Moreover, assume that
\E1ta1—1  ykataz—1 Op(A1, A2)
1 2 2 s
OAT! - 0N,

where M does not depend on A\1 and As.
Suppose that the pair of weights (v, w) satisfies the conditions of Theorem 1, then the

<M, 0<a1<l1l O0<az<l, 9)

operator Ty is bounded from Lﬁ,’e to LZ’G.

Theorem 4. Let1 < p < q < co. If for the function ¢(A1, A2) the conditions (9) hold,
and the weight v satisfies the condition of Theorem 2, then the operator Ty is bounded

from LP%(R2) to L%’Q(RQ).

In the sequel, we will give a more convenient (from the practical point of view) suffi-
cient condition such that the function ¢ is a multiplier of the class Mﬁ’ff,’e. It is known
that the characteristic function of the parallelepiped J with sides parallel to the coordi-
nate axes, belongs to the class Mﬁ’)ﬂ,’e. The generalization of the result is given by the

following
Theorem 5. Let the function ¢(\1, A2) over the parallelepiped J((A1,A2) 1 aj < Aj <
bj; j = 1,2) have the continuous derwatives
oM
AN - ONG?
where m; takes the values 0 and 1, and suppose that these partial derivatives satisfy the
condition

0<m< 2, m=mi+ma,

oM My
< . 10
AN - ONT2 1 = (by — ap)™tar—1(by — ag)m2taz—1 (10)
Then for the pair of weights (v, w) under the conditions of Theorem 1 (Theorem 2),

the function 1 coinciding with the function ¢ over the parallelepiped J and has zero

outside it, belongs to the class Mf;ﬂje‘

the inequality

Moreover, for the operator Ty, there takes place

‘wav L%’e

< CM0|f7LI1:;9|7
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where the constant ¢ does not depend on f and ¢ (in particular, on the location of the
parallelepiped J).

The proofs of all the above-formulated theorems are carried out by the same methods,
i.e., by the representation of the operator under consideration as a composition of certain
elementary transformations.

The one-weighted estimates for the Fourier multipliers in the framework of Mucken-
houpt A, class have been established in [5]. As for the two-weighted theory for multipliers
of Fourier transforms on the line, it has been developed in [6]-[9].

Note that Theorems 1-5 extend the results of papers [3] and [10], [11].
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