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1. INTRODUCTION

On an arbitrary Carleson curve I' = {t € C : t = t(s),0 < s < £ < oo} (finite
or infinite) we consider maximal and singular operators and potential type operators.
There are proved theorems on weighted boundedness of maximal and singular operators
in the generalized Lebesgue spaces with variable exponent p(-) and power type weight
and weighted Sobolev-type p(-) — ¢(:)-theorems for potential operators on I'.

Let v(t) = s be the arc-length measure and let I'(¢,7) := I'N B(t,r), t € T, r > 0,
B(t,r) ={z € C: |z —t| < r}, so that v{I'(¢,r)} < cor for a Carleson curve, with ¢ > 0
not depending on ¢t € I" and r > 0.

We consider along Carleson curves I' the following operators within the frameworks

n
of weighted spaces LP()(T, w), w(t) = [] |t — tx|®*, t} € T with variable exponent p(t):
k=1

1
MIO =8 T, / el (0
_ 1 [ f) a() gy - [ _f) dv(T)
Sef() = - F/ i 0o = [T (12)
where it is supposed that
o_ = inf a(t) >0, a4 :=supa(t) <Ll (1.3)
tel’ tel

2. DEFINITIONS

Let p be a measurable function on I' such that p : I' — (1,00). In what follows we
assume that p satisfies the conditions

1 < p_ :=essinfp(t) < esssupp(t) =: p4+ < oo, (2.1)
tel tel

A
|P(t)_17(7)‘§1n71, tel, 7el, |t—71|<
[t—]

. (2.2)

N | =

Definition 2.1. By P = P(I') we denote the class of exponents p satisfying condition
(2.1) and by P = P(I") the class of those p for which the maximal operator M is bounded
in the space LP()(T).
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The generalized Lebesgue space with variable exponent is defined via the modular

2(f) = / £ du(r)
T

141l = inf{)\ >0 12 <§) < 1} .

By Lp(')(I‘7 w) we denote the weighted Banach space of all measurable functions f :

I" — C such that ||f||Lp(,)(F’w) = [wfllpey < oo. We denote p'(t) = p(pt()tll.

by the norm

3. THE MAIN STATEMENTS

n
We consider the power weights of the form w(t) = [[ |t — tx|®k, tx € T in the case
k=1

n
of finite curve and the weights, and w(t) = |t — z0|® [] |t — tx|P*, tx €T, 20 ¢ I in the
k=1
case of infinite curve.

Theorem A. Let i) I be a simple Carleson curve of a finite length; ii) p satisfy
conditions (2.1)~(2.2). Then the mazimal operator M is bounded in the space LP() (D, w),
1 1

ifandonlyif—m<,@k<m,k:1,...,n.

Theorem B. Let i) I' be an infinite simple Carleson curve; ii) p satisfy conditions
(2.1)~(2.2) and let there ezist a circle B(0, R) such that p(t) = peo = const for t €
I'\('N B(0, R)). Then the mazimal operator M is bounded in the space LPC) (T, w), if
and only if

1
p(ty) <P < P’ (tx)

and

LBy A< —.

Poo k=1 Poo

The Euclidean space versions of Theorems A and B for variable exponents were proved
in [9] and [4], respectively.

Theorem C. Let i) I' be a simple Carleson curve of a finite length; ii) p satisfy con-
ditions (2.1)—(2.2); iii) a(t) satisfy assumptions (1.3) and the condition sup a(t)p(t) < 1.
tel’

Then the operator 1%¢) is bounded from the space LP()(T) into the space L) (T) with
ﬁ = ﬁ —a(t). This statement remains valid for infinite Carleson curves if, in addi-

tion to conditions 1)iii), p € P, in particular, if p(t) = poo = const outside some circle
B(0, R).

Theorem D. Let I" be a finite Carleson curve. Under assumptions i)-iii) of Theorem
C, the operator I*C) s bounded from the space LP(')(F,w) into the space Lq(‘)(F,w)
where ?lt) = ﬁ —a(t), if

1 1
- 1—— k=1,...,n.
a(ty) 0 < Bk < )’ R

Theorem E. Let i) I' be a simple Carleson curve; ii) p satisfy conditions (2.1)—(2.2),
and the following condition at infinity

A 1 1
lp(®) ~p(n)] < —5—. |5 -] <
T

; >L, |r|>L (3.1)

1
27

n
|

-

=
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for some L > 0 in the case T' is an infinite curve. Then the singular operator Sr is
bounded in the space LPC) (I, w), if and only if
1 1
——— <P < 5,
p(tk) P’ (k)
and also

1 " 1
“hea) <P <

in the case T is infinite.

For constant p Theorem D is due to G. David [3] in the non-weighted case, for the
weighted case with constant p see [2] and [5]. For earlier results on the subject we refer
to [6], Theorem 2.2. The statements of Theorem D and Theorem E for variable p(-) was
proved in the case of finite Lyapunov curves or curves of bounded turning without cusps
in [7] and [8] respectively.

Theorem F. Let a € C(I') and in the case where I' is an infinite curve starting
and ending at infinity, let a € C(T"), where ' is the compactification of I by a single
infinite point, that is, a(t(—o0)) = a(t(+00)). Then under conditions of Theorem E, the

operator
a(r) — a(t)

T—1

(Sral —aSr) f = % / f(m)dv(r)
T

18 compact in the space LP(')(F,w).

We observe that the proofs are essentially based on the following statements we pre-
liminary prove.

Lemma 3.1. Letto €I and 0 < B < 1. Then

N |t—t0\ﬁ dv(T)
Jg(t,T57) = V(F(tﬂ"))r(t/ = to]? <c< oo (3.2)

\T

where ¢ > 0 does not depend on t,tg € I' and r > 0.

For the sharp maximal function

1
M (8) = sup A, / | 17(7) = frgen| du(r) (3.3)

where fr(;,) = mr(tf : f(1) dv(T), there is valid the following extension to the
T

case of variable exponent p(-) of the result known for Euclidean space.

Theorem 3.2. Let I be an infinite Carleson curve. Let p(t) satisfy conditions (2.1)—
(2.2) and p(t) = poc outside some ball B(tg,R). Let w(t) = |t — to|?, to € C, where
< B < A andfpi <ﬁ<p+, iftoercmdfpi<ﬁ<p+, ifto ¢ T

"~ p(to) P’ (to)
Then for f € LPC)(T, w)
”f”Lp(-)(F,w) < CHM#fHLP(*)(F,w)' (3'4)
Theorem 3.3. Let p(t) satisfy conditions (2.1)—(2.2). If0 < 3 < m, then
1 t—to\8 () 1 .
{7 / ( | 0‘) |£(r)] dl/(T)} < c<1 + - / |£(r)[P¢ )du(7)> (3.5)
r |7 — to| r
T(t,r) T(t,r)

for all f € LPC)(T) such that I fllpcy <1, where ¢ = c(p, B) is a constant not depending
ont,to €l and r > 0.
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Lemma 3.4. Let I" be a bounded Carleson curve of the length £, 0 <r < £, t, tg € T,
o > —1 and a bounded measurable function h(t) defined on T satisfy the conditions

sup |h(t)| := H < oo, sup[h(t) + 1] := —do < 0 and sup[h(t) + 1+ o] := —d1 < 0. Then
zel’ ter tel’
A(t, to;r) := / |t77"h(t)|7'7t0‘0 dv(T) gCrh(t)+1(r+|t7to|)a, tel. (3.6)
\I'(t,r)

1, if p>r
Let xr(p) = { 0, if p<r
a(t) = 1) and 15, p(,7) = 195 (& T ) LoC) (1,17 — g0 -

et gs(t, 7, m) = [t — 719 x0 (|t — 7]), (where §(t) =

Theorem 3.5. Let I be a bounded Carleson curve, to € T, let p € P(T'), 3« € L>=(T")
and 6 € L®(T") and let also »(t) satisfy the logarithmic condition at the point to

|52(7) — s(to)| §1A7217 TerT, |Tft0‘§% (3.7)
" Tr—to]
and let s<(to)p(to) > —1. If sup[6(t)p(t) + 1] := —do < 0, sup {1+ [5(¢t) + s(t)]p(t)} :=
tel tel

—d1 <0 and sup {1+ [§(t) + s(to)]p(t)} := —d2 < 0, then
ter

1
N 50 p(t, ) < CrOOTTD (1 4 |t — 1)@, (3.8)
forallt e, 0 <r < ¥, where C > 0 does not depend on t and r.

Proposition 3.6. Let I' be a simple Carleson curve. Then the following pointwise
estimate s valid

M* (IS f1°) (1) < cMF(B)°, 0<s<1, (3.9)
where the constant ¢ > 0 may depend on I' and s, but does not depend ont € I' and f.

Proposition 3.6 for singular integrals in the Euclidean space was proved in [1].

REFERENCES

1. T. Alvarez and C. Pérez, Estimates with Ao, weights for various singular integral
operators. Boll. Un. Mat. Ital. A (7) 8(1994), No. 1, 123-133.

2. A. Bottcher and Yu. I. Karlovich, Carleson curves, Muckenhoupt weights, and Toeplitz
operators. Progress in Mathematics, 154, Birkhaser Verlag, Basel, 1997.

3. G. David, Opérateurs intégraux singuliers sur certaines courbes du plan complexe.
Anm. Sci. Ecole Norm. Sup. (4) 17(1984), No. 1, 157-189.

4. M. Khabazi, Maximal operators in weighted LP(®) spaces. Proc. A. Razmadze Math.
Inst. 135(2004), 143-144.

5. G. Khuskivadze, V. Kokilashvili, and V. Paatashvili, Boundary value problems for
analytic and harmonic functions in domains with nonsmooth boundaries. Applications
to conformal mappings. Mem. Differential Equations Math. Phys. 14(1998), 1-195.

6. B. V. Khvedelidze, The method of Cauchy type integrals in discontinuous boundary
value problems of the theory of holomorphic functions of a complex variable. (Russian,
English) Itogi Nauki Tekh., Ser. Sovrem. Probl. Mat. 7(1975), 5-162; J. Sovr. Math.
7(1977), 309-414.

7. V. Kokilashvili and S. Samko, Sobolev theorem for potentials on Carleson curves in
variable Lebesgue spaces. Mem. Differential Equations Math. Phys. 33(2004), 157—
158.

8. V. Kokilashvili and S. Samko, Singular integrals in weighted Lebesgue spaces with
variable exponent. Georgian Math. J. 10(2003), No. 1, 145-156.



110

9. V. Kokilashvili and S. Samko, Maximal and fractional operators in weighted LP(®)
spaces. Rev. Mat. Iberoamericana 20(2004), No. 2, 493-515.

Authors’ addresses:

V. Kokilashvili

A. Razmadze Mathematical Institute
Georgian Academy of Sciences

1, Aleksidze St., Thilisi 0193
Georgia

S. Samko

University of Algarve

Unidade de Ciéncias Exactas e Humanas
Campus de Cambelas, Faro, 8000
Portugal



