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1. Introduction

On an arbitrary Carleson curve Γ = {t ∈ C : t = t(s), 0 ≤ s ≤ ℓ ≤ ∞} (finite
or infinite) we consider maximal and singular operators and potential type operators.
There are proved theorems on weighted boundedness of maximal and singular operators
in the generalized Lebesgue spaces with variable exponent p(·) and power type weight
and weighted Sobolev-type p(·) → q(·)-theorems for potential operators on Γ.

Let ν(t) = s be the arc-length measure and let Γ(t, r) := Γ ∩ B(t, r), t ∈ Γ, r > 0,
B(t, r) = {z ∈ C : |z − t| < r}, so that ν{Γ(t, r)} ≤ c0r for a Carleson curve, with c > 0
not depending on t ∈ Γ and r > 0.

We consider along Carleson curves Γ the following operators within the frameworks

of weighted spaces Lp(·)(Γ, w), w(t) =
n
∏

k=1
|t− tk |

βk , tk ∈ Γ with variable exponent p(t):

Mf(t) = sup
r>0

1

ν{Γ(t, r)}

∫

Γ(t,r)

|f(τ)|dν(τ) (1.1)

SΓf(t) =
1

πi

∫

Γ

f(τ)

τ − t
dν(τ), Iα(·)f(t) =

∫

Γ

f(τ) dν(τ)

|t − τ |1−α(t)
(1.2)

where it is supposed that

α− := inf
t∈Γ

α(t) > 0, α+ := sup
t∈Γ

α(t) < 1. (1.3)

2. Definitions

Let p be a measurable function on Γ such that p : Γ → (1,∞). In what follows we
assume that p satisfies the conditions

1 < p− := ess inf
t∈Γ

p(t) ≤ ess sup
t∈Γ

p(t) =: p+ < ∞, (2.1)

∣

∣p(t) − p(τ)
∣

∣ ≤
A

ln 1
|t−τ |

, t ∈ Γ, τ ∈ Γ, |t − τ | ≤
1

2
. (2.2)

Definition 2.1. By P = P(Γ) we denote the class of exponents p satisfying condition
(2.1) and by P = P(Γ) the class of those p for which the maximal operator M is bounded

in the space Lp(·)(Γ).
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The generalized Lebesgue space with variable exponent is defined via the modular

Ip
Γ(f) :=

∫

Γ

∣

∣f(t)
∣

∣

p(t)
dν(τ)

by the norm
∥

∥f
∥

∥

p(·)
= inf

{

λ > 0 : Ip
Γ

(

f

λ

)

≤ 1

}

.

By Lp(·)(Γ, w) we denote the weighted Banach space of all measurable functions f :

Γ → C such that ‖f‖
Lp(·)(Γ,w) := ‖wf‖p(·) < ∞. We denote p′(t) =

p(t)
p(t)−1

.

3. The main statements

We consider the power weights of the form w(t) =
n
∏

k=1
|t − tk |

βk , tk ∈ Γ in the case

of finite curve and the weights, and w(t) = |t − z0|β
n
∏

k=1
|t − tk |

βk , tk ∈ Γ, z0 /∈ Γ in the

case of infinite curve.

Theorem A. Let i) Γ be a simple Carleson curve of a finite length; ii) p satisfy

conditions (2.1)–(2.2). Then the maximal operator M is bounded in the space Lp(·)(Γ, w),

if and only if − 1
p(tk)

< βk < 1
p′(tk)

, k = 1, . . . , n.

Theorem B. Let i) Γ be an infinite simple Carleson curve; ii) p satisfy conditions
(2.1)–(2.2) and let there exist a circle B(0, R) such that p(t) ≡ p∞ = const for t ∈

Γ\(Γ ∩ B(0, R)). Then the maximal operator M is bounded in the space Lp(·)(Γ, w), if
and only if

−
1

p(tk)
< βk <

1

p′(tk)

and

−
1

p∞
< β +

n
∑

k=1

βk <
1

p′∞
.

The Euclidean space versions of Theorems A and B for variable exponents were proved
in [9] and [4], respectively.

Theorem C. Let i) Γ be a simple Carleson curve of a finite length; ii) p satisfy con-
ditions (2.1)–(2.2); iii) α(t) satisfy assumptions (1.3) and the condition sup

t∈Γ
α(t)p(t)< 1.

Then the operator Iα(·) is bounded from the space Lp(·)(Γ) into the space Lq(·)(Γ) with
1

q(t)
= 1

p(t)
−α(t). This statement remains valid for infinite Carleson curves if, in addi-

tion to conditions i)–iii), p ∈ P, in particular, if p(t) = p∞ = const outside some circle
B(0, R).

Theorem D. Let Γ be a finite Carleson curve. Under assumptions i)–iii) of Theorem

C, the operator Iα(·) is bounded from the space Lp(·)(Γ, w) into the space Lq(·)(Γ, w)

where 1
q(t)

= 1
p(t)

− α(t), if

α(tk) −
1

p(tk)
< βk < 1 −

1

p(tk)
, k = 1, . . . , n.

Theorem E. Let i) Γ be a simple Carleson curve; ii) p satisfy conditions (2.1)–(2.2),
and the following condition at infinity

∣

∣p(t) − p(τ)
∣

∣ ≤
A∞

ln 1

| 1t − 1
τ |

,
∣

∣

∣

1

t
−

1

τ

∣

∣

∣
≤

1

2
, |t| ≥ L, |τ | ≥ L (3.1)
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for some L > 0 in the case Γ is an infinite curve. Then the singular operator SΓ is
bounded in the space Lp(·)(Γ, w), if and only if

−
1

p(tk)
< βk <

1

p′(tk)
, k = 1, . . . , n

and also

−
1

p(∞)
< β +

n
∑

k=1

βk <
1

p′(∞)

in the case Γ is infinite.

For constant p Theorem D is due to G. David [3] in the non-weighted case, for the
weighted case with constant p see [2] and [5]. For earlier results on the subject we refer
to [6], Theorem 2.2. The statements of Theorem D and Theorem E for variable p(·) was
proved in the case of finite Lyapunov curves or curves of bounded turning without cusps
in [7] and [8] respectively.

Theorem F. Let a ∈ C(Γ) and in the case where Γ is an infinite curve starting

and ending at infinity, let a ∈ C(Γ̇), where Γ̇ is the compactification of Γ by a single
infinite point, that is, a(t(−∞)) = a(t(+∞)). Then under conditions of Theorem E, the
operator

(

SΓaI − aSΓ

)

f =
1

πi

∫

Γ

a(τ) − a(t)

τ − t
f(τ)dν(τ)

is compact in the space Lp(·)(Γ, w).

We observe that the proofs are essentially based on the following statements we pre-
liminary prove.

Lemma 3.1. Let t0 ∈ Γ and 0 ≤ β < 1. Then

Jβ(t, τ ; r) :=
|t − t0|β

ν(Γ(t, r))

∫

Γ(t,r)

dν(τ)

|τ − t0|β
≤ c < ∞ (3.2)

where c > 0 does not depend on t, t0 ∈ Γ and r > 0.

For the sharp maximal function

M#f(t) = sup
r>0

1

ν(Γ(t, r))

∫

Γ(t,r)

∣

∣f(τ) − fΓ(t,r)

∣

∣ dν(τ) (3.3)

where fΓ(t,r) = 1
ν(Γ(t,r))

∫

Γ(t,r)

f(τ) dν(τ), there is valid the following extension to the

case of variable exponent p(·) of the result known for Euclidean space.

Theorem 3.2. Let Γ be an infinite Carleson curve. Let p(t) satisfy conditions (2.1)–
(2.2) and p(t) = p∞ outside some ball B(t0, R). Let w(t) = |t − t0|β, t0 ∈ C, where

− 1
p(t0)

< β < 1
p′(t0)

and − 1
p∞

< β < 1
p′

∞

, if t0 ∈ Γ and − 1
p∞

< β < 1
p′

∞

, if t0 /∈ Γ.

Then for f ∈ Lp(·)(Γ, w)

‖f‖
Lp(·)(Γ,w) ≤ c

∥

∥M#f
∥

∥

Lp(·)(Γ,w)
. (3.4)

Theorem 3.3. Let p(t) satisfy conditions (2.1)–(2.2). If 0 ≤ β < 1
p′(t0)

, then

[

1

r

∫

Γ(t,r)

( |t − t0|

|τ − t0|

)β ∣

∣f(τ)
∣

∣ dν(τ)

]p(t)

≤ c

(

1 +
1

r

∫

Γ(t,r)

∣

∣f(τ)
∣

∣

p(τ)
dν(τ)

)

(3.5)

for all f ∈ L(p(·)(Γ) such that ‖f‖p(·) ≤ 1, where c = c(p, β) is a constant not depending
on t, t0 ∈ Γ and r > 0.
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Lemma 3.4. Let Γ be a bounded Carleson curve of the length ℓ, 0 < r < ℓ, t, t0 ∈ Γ,
σ > −1 and a bounded measurable function h(t) defined on Γ satisfy the conditions
sup
x∈Γ

|h(t)| := H < ∞, sup
t∈Γ

[h(t) + 1] := −d0 < 0 and sup
t∈Γ

[h(t) + 1 + σ] := −d1 < 0. Then

A(t, t0; r) :=

∫

Γ\Γ(t,r)

∣

∣t − τ
∣

∣

h(t)∣
∣τ − t0

∣

∣

σ
dν(τ) ≤ Crh(t)+1

(

r + |t − t0|
)σ

, t ∈ Γ. (3.6)

Let χr(ρ) =

{

1, if ρ > r
0, if ρ < r

, let gδ(t, τ, r) = |t − τ |δ(t)χr(|t − τ |), (where δ(t) =

α(t) − 1) and nδ,κ ,p(t, r) = ‖gδ(t, τ, r)‖
Lp(·)(Γ,|τ−t0|

κ(τ)) .

Theorem 3.5. Let Γ be a bounded Carleson curve, t0 ∈ Γ, let p ∈ P(Γ), κ ∈ L∞(Γ)
and δ ∈ L∞(Γ) and let also κ(t) satisfy the logarithmic condition at the point t0

∣

∣κ(τ) − κ(t0)
∣

∣ ≤
A2

ln 1
|τ−t0|

, τ ∈ Γ, |τ − t0| ≤
1

2
(3.7)

and let κ(t0)p(t0) > −1. If sup
t∈Γ

[δ(t)p(t) + 1] := −d0 < 0, sup
t∈Γ

{

1 + [δ(t) + κ(t)]p(t)
}

:=

−d1 < 0 and sup
t∈Γ

{

1 + [δ(t) + κ(t0)]p(t)
}

:= −d2 < 0, then

nδ,κ ,p(t, r) ≤ Cr
δ(t)+ 1

p(t) (r + |t − t0|)
κ(t). (3.8)

for all t ∈ Γ, 0 < r < ℓ, where C > 0 does not depend on t and r.

Proposition 3.6. Let Γ be a simple Carleson curve. Then the following pointwise
estimate is valid

M# (|SΓf |s) (t) ≤ c[Mf(t)]s, 0 < s < 1, (3.9)

where the constant c > 0 may depend on Γ and s, but does not depend on t ∈ Γ and f .

Proposition 3.6 for singular integrals in the Euclidean space was proved in [1].
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