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ON MAPPING PROPERTIES OF BELLMAN TRANSFORM IN
WEIGHTED LEBESGUE SPACES
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In the present report we present the results on the boundedness of the Fourier operator
generated by the Bellman transform [1] from one weighted Lebesgue space into the other.
Moreover, we consider weighted Lebesgue spaces both with constant and with variable
exponent.

Let f(z) be a 2m-periodic function. Almost everywhere positive function p is called a
weighted function.

The weighted Lebesgue space Lg(fﬂ', m) is called the Banach space of all those mea-
surable 27-periodic functions for which

7 1/p
17egcnmy = [ 1@ o0 a0) ™ < o

Theorem 1. Let 1 < p < g < co. The weighted functions v and w are assumed to
satisfy the condition

222, <Z )’ </ o)’ <o "

Next, let the even function f € L, (—m,m) and let

oo
f(x) ~ Z an COSNT (2)
n=1
be its Fourier series. Then the trigonometric series
o0
Z Ay cosnz, 3)
n=1
o0
where Ap = Y, G+ Q—I,Lan, is the Fourier series of some function F € L{(—m, ),
k=n+1
and there exists an independent of f constant ¢ > 0, such that
1Flpg <[/ )

The following theorems are valid.

Theorem 2. Let p: (0,7) — [1,00) be a bounded measurable function, p(0) > 1 and
1
li — log — .
 lim, sup (p(z) —p(0)) log — < o0

_1
Assume that 0 < a < FIOR
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If f e ng)(o, ) and
f(z) ~ Z an cosn,
n=1

p(-)

then the trigonometric series (3) is the Fourier series of some function F € L o’, and
<
1E0 0 0.y = €220 0.y

where the positive constant ¢ does not depend on f.
Let now p: (—mw,m) — R’ be the measurable function, such that

1< P <p(r) <p<oo,
where P = essinf p(z) and p = esssup p(x).
ze(—m,m z€(—m,m)
By LPC) (=7, 71) we denote a set of those functions f : (—m,m) for which
1 (@) p)
ANf) = / ‘T‘ dz < oo

-
for some X\ > 0. This set is in fact the Banach space with respect to the norm
£l poer = inf {r >0 A5(f) <1}
The weight space Lg(') is defined as a set of all measurable functions for which
11 2> = Nfll oy < oo
The space Lg(') is likewise the Banach space. In the sequel, the use will be made of
the following notation:

po(z) = essinf p(y), O0<z <.
ye

(0,z)
The following theorem is valid.

Theorem 3. Let p(z) and gq(x) be measurable functions defined on (0, ). Further-
more, we assume that

1< P<po(z)<gz)<g<oo, ze€(0,m).

Let the condition

Flut) N1/ Ty ®
’ T(t
sup / <u_ dt) </ wP0) (1) (1) d7'> T g < o
o<z<m t 5
xT

be fulfilled. Then for any f € qu('), the trigonometric series (3) together with the Fourier
series (2) is the Fourier series of some function F € L, where

HFHLZ(O,W) < CHfHLﬁ,(OJr)'

Note that similar statements are valid for the Fourier sine-series.

The properties of Bellman transforms in different functional classes have been con-
sidered by many authors (see, for e.g., [2], [3]). It should be noted that when proving
Theorem 3 we have, to a certain extent, used the results obtained in [4].
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