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Abstract. Quasilinear ordinary differential equations are considered without assuming monotoni-
city conditions of nonlinear terms. New existence results of rapidly decaying positive solutions are
established.
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1 Introduction and statement of the results
Let us consider the ordinary differential equation

(POl 1*"y) +a(t)f(y) =0, t=1to (>0), (L.1)

without assuming monotonicity conditions on f(y). The following conditions (A1l)—(A4) are assumed
throughout the paper without further mention:

(Al) a > 0 is a positive constant;

(A2) f:(0,00) = (0,00) is a continuous function satisfying

0/ F(y) dy < oo;

(A3) p: [to,00) — (0,00) is a continuous function satisfying

It '
ORCI

(A4) q: [to,00) — R is a continuous function such that p(t)}/“¢(t) is of class C*.

A C! positive-valued function y = y(t) defined for sufficiently large ¢ is called a positive solution
of equation (1.1) if p(t)|y’|* 1y’ is also of class C'! and satisfies (1.1) for sufficiently large .
By the assumptions (A2) and (A3), we can introduce the auxiliary functions 7(¢t) and F(y) by

oo

ﬂ(t)z/p(j)sl/a and F(y)z/f(z)dz,
t 0

respectively. Note that F' : (0,00) — (0, 00) becomes automatically an increasing function. This fact
is essentially employed in this paper.

Let ¢(t) > 0 and y(t) be an arbitrary positive solution of (1.1). Then (p(¢)|y’|*'y’)’ < 0, which
shows that y(¢) satisfies the estimates

e(t) < y(t) < co for sufficiently large ¢

for some positive constants ¢; and ¢o [2]. So, to investigate those positive solutions which behave like
positive constant multiples of m(t) is of some theoretical interest. In the present paper, we call such
positive solutions as rapidly decaying solutions.

Definition. A positive solution y of equation (1.1) is called a rapidly decaying positive solution if

eyt y(t)
lminf 2% < limsup 22 < o0, 1.2
0 < limin 1) = e S (12)

Remark.

(i) Even though ¢(t) changes the sign near oo, we call positive solutions y(¢) satisfying (1.2) rapidly
decaying positive solutions.

(ii) As will be seen in the sequel, some rapidly decaying positive solutions y may satisfy the property

t
tli)rglo ijr((ti = const > 0, (1.3)

which shows more precise behavior than (1.2).
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(iii) When ¢(t) > 0, equation (1.1) may have positive solutions y(¢) which decay slower than rapidly
decaying positive solutions (see [2] for the details).

The main object of this article is to present a new existence criterion of rapidly decaying positive
solutions of (1.1) without assuming monotonicity conditions on f(y). Such a problem was discussed
in [5] under the conditions that p(t) = t, 3 > a and ¢(t) > 0 without the integrability assumption of
f in (A2). In the present paper, we intend to consider this problem based on the other calculation.
Note that related results are found in [1].

As an initial result of this problem, we can introduce the following [2]

Theorem 1.1. Suppose that q(t) > 0 and there is a nondecreasing continuous function f* : (0,00) —
(0,00) satisfying f(y) < f*(y) and

o0

/q(t)f*(kﬂ'(t)) dt < oo for some constant k > 0.

Then equation (1.1) has a rapidly decaying positive solution y satisfying (1.3).

Though Theorem 1.1 itself is not given explicitly in [2], the close look at the proof of [2, Theo-
rem 1.2] enables us to establish Theorem 1.1.
Our main results are as follows:

Theorem 1.2. Suppose that there is a constant k > 0 satisfying
@
2(a+1)

lim sup p(t)"/*|q()|F (km (1)) < ot
t—o0

and

oo
[ 16 2ate)y | Fin(e) de < .
Then, equation (1.1) has a rapidly decaying positive solution.
Corollary 1.1. Suppose that there is a constant k > 0 satisfying
Tim p(t)/ () F(k (1)) = 0

and

(oo}
[ 16 2ate)y | Fin(e) de < .
Then equation (1.1) has a rapidly decaying positive solution y satisfying (1.3).

Corollary 1.2. Suppose that .
q(t) >0 and [p(t)"/*q(t)]" < 0.
Then equation (1.1) has a rapidly decaying positive solution y satisfying (1.3).

This paper is organized as follows. In Section 2, the proofs of our results are given. Section 3
provides illustrative examples.

2 Proof of the results

Proof of Theorem 1.2. A rapidly decaying positive solution y(¢) will be obtained as a positive solution
of the following integral equation:

a+1
«

)= (1) [pteefen st ps)
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with some constants Cy > 0 and Ty > tg. We employ the fixed point theorem to solve this equation.
For t > ty, we put

/| )/ %q(s))|F(kn(s)) ds.
t
Let mo > 0 be a constant satisfying

1/« « a+1 >
OO n(0) < ma < 5 Sk 2 T

where 17 > t¢ is a sufficiently large number. For this mq, we can choose a constant m; > 0 satisfying

k’a+1

a1 and m; —mo > 0.

my + mao <

Then there is a sufficiently large T' > T} satisfying

«
I(T) < —— kot! 2.1
m1+m2+()7a+1 (2.1)
and
ml—mg—I(T)>O.
We put
— - I(T) = 2.2
mi — M2 () +1 1 ( )

(Note that automatically 0 < ky < k.)
Let C[T, ) be the Frechét space with the topology of uniform convergence of functions on every
compact subinterval of [T, 00). We define the closed convex subset Y C C[T, 00) as

Y ={yeC[T,00) | kin(t) <y(t) < kn(t) for t >T}.

For y € Y, we put

By(t) = my — p(t)/ gt / OVeq(s)] Fly(s))ds, t> T,
and .
Fut) = () [ eley(e) T ds, =

t
Below, we will show that the Schauder—Tychonoff fixed point theorem [4, Theorems 2.3.8 and 4.5.1]
is applicable to F and Y.

(i) We show that F(Y) CY. Let y € Y. By (2.1), we have

y(t) < ma +p(t)*|g(t)|F(kn (1))

—~

+ / ) a() | F k() ds < mn + o+ 1(T) € 2 k™, 42,
T
Similarly, we find from (2.2) that
dy(t) > my —mg — I(T) = EOTL > T,

a—|—1

Therefore, we have
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and
oo

Fu0) 2 () T (L) [t ds =k, 12T

t
Consequently, Fy € Y, and hence F(Y) C Y.

(ii) We show that F is a continuous mapping. Let {y,} CY and y € Y be, respectively, a sequence
and an element which satisfy lim y,(¢) = y(¢) uniformly on every finite interval of [T, 00). Let T" > T
n—oo

be an arbitrary constant. We show that lim Fy,(¢t) = Fy(t) uniformly on [T,T"].
n—oo
As a first step, we show that

n— oo

lim / |p(s)"*a(s)]'| [ F(yn(s)) = Fly(s))] ds = 0. (2.3)

In fact, since

() a()] || F (ya(s)) = Fy(s)| < 2[lp(s)" “a(s)] | F(km(s)), s > T,

and -
b as)|Fdm(s)) ds < oo,
T
the Lebesgue dominated convergence theorem implies (2.3). Therefore,
lim ®y,(t) = ®y(t) uniformly on [T,T"].
n—00

Next, we notice that

Funtt) = Fy0) < () [ o) e l@ae) @) ds, 12T,

T

Since 0 < ®y, (t), Py(t) < my + ma + I(T), we find that

p(s) V| [y (5)] 75T — [@y(s)]55T | < 2(my + my + I(T) 7 p(s) "V, s> T.

By assumption (A3), the Lebesgue dominated convergence theorem implies that

lim sup |Fy,(t) — Fy(t)| = 0.

n—oo [T,OO)

Therefore, {Fy,} converges to Fy uniformly on [T, T"].
(iii) We show that FY is relatively compact. Since F(Y) C Y, the set F(Y) is bounded on every
compact subinterval of [T, 00). Next, let y € Y. Then we obtain

Fn)' )] = (CE2) T p) e ()

Oé+]. %Jrl 71/( (6] 1 %4»1 _
< )~ 7k0‘+> =kp(t) Ve, t>T.
< (=)o (o p(t) ™/, ¢ 2

So, the set {(Fy)' | y € Y} is bounded on every compact subinterval of [T, 00). By the Ascoli-Arzela
theorem, we find that FY is relatively compact.

By the above consideration, the Schauder-Tychonoff fixed point theorem shows that there is a
fixed element y € Y : Fy = y. The element y satisfies

a—+1
«

)" [ o) ey ds, 2

t

y(t) = (
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We show that y(¢) is a solution of (1.1). From this formula, we know that

a+1
o

P 0y = () T ey, > 1

So,

atl 41

O3] = S = 00 a7 0) -~ [ [ o) P as], =7 (2a)

Differentiating both sides, we obtain

L )] GO = S 0 a0 f) (), £ T,

Since y'(t) < 0, we get
which is equivalent to equation (1.1).
Since y € Y, y(t) satisfies (1.2) by the definition of Y. This completes the proof. O

Proof of Corollary 1.1. Since the assumptions imply those of Theorem 1.2, we can find a rapidly
decaying positive solution y(¢) of (1.1) satisfying (2.4). We show that actually (1.3) holds. Since

Jim p(t)q(t) F(y(1)) =0,

we find from (2.4) that

. e (ot a1
Jim p(1) [y ()" = (% =m )
By L’Hospital’s rule, we find that
. M_ . 1 af 1 T L al/a_(a+1 )a-lu
Jim L8 = tim p(t)!/* (~y/ (1) = Jim [p(0)(=/(@)"]""" = (S ) 7
This completes the proof. O

Proof of Corollary 1.2. Recall that tlim F(kr(t)) = 0 for any constant k > 0. The assumptions imply
that there is a limit tli}m p(t)*q(t) € [0,00). So, the assumptions of Corollary 1.1 hold.
This completes the proof. O

3 Examples

Example 3.1. Let 5 > 0, 6 > 2 and r > 1 be the constants. Let us define the sequence of closed

intervals {I,,} by
1 1 1 1
In=|-——5.-1t-5
n n®’'n n
for sufficiently large n € N. There is a sufficiently large ng € N such that

L,NI,y1 =9, and r " < m for n > ny.
Define the function f;(y) on (0, (1/ng) + (1/ng)) by
1 1 1 1 1
WP y— ) i o - <y <=, g,
n nf n nd n
57ﬁ( 1)+1 'f1< <1+1 S
={!-n - = — if = —+ =, n>n
hi(y) Y70 nb n=Y=p TR TET
(oo}
0 if y¢ |J In-
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Further, define the function f>(y) by

1
n+1

1
—, n>ng.
n

foly) =r—" if <y<

Put
£ = max { W), £} for ye (0.7],

and for y € [1/ng, 00) we define f(y) in such a way that f(y) is a continuous positive function. Then
it is found that f : (0,00) — (0,00), f(4+0) = 0, f is continuous and f(y) < y” near +0. Further, we
find that for some constants Cy,Cy > 0,

Y
Cry®P1 < F(y) = /f(z) dz < Coy®tP~1 for y near +0. (3.1)
0

Note that f(y) is not a monotone function near +0.
Let us consider the equation

(' 1* ) + 72 f(y) =0, t > to(> 0), (3.2)

where p > a > 0 and A € R. This equation satisfies conditions (A1)-(A4). We find that for equation
(3.2), w(t) is given by
)= 2
m( p—
Since f(y) < y”? near +0 and y” is an increasing function, Theorem 1.1 asserts that equation (3.2)
has a rapidly decaying positive solution if

A1 Ple—a)
!
On the other hand, in view of (3.1), Corollary 1.1 asserts that equation (3.2) has a rapidly decaying
positive solution if
(B+6-2)(p—0a)

(07

A>1-—

Since ¢ > 2, the latter condition is weaker than the former.

Example 3.2. This example gives an application of our results to the semilinear Laplace equations
via the supersolution-subsolution method in [3]. (See [3] for the definitions of supersolutions and
subsolutions of elliptic equations under consideration.)

Suppose that N > 2 is an integer, and put Qg = {x € RY | |z| > R} for large R > 0. Let us
consider the following semilinear Laplace equation near the co of RV:

Au+b(z)f(u) =0, (3.3)
where x = (z;) € RV and
Y 0%
Au = Au(z) = 2 Pl

We assume that b(z) is a nonnegative and locally Holder continuous function (with exponent 6 €
(0,1)), and f : (0,00) — (0,00) is a locally Lipschitz continuous function satisfying

/ﬂww<w- (3.4)

Let b* : [Rg,00) — [0,00) be a C'-function such that

0 <b(x) <b*(|z]), =€ Qpry,
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where Ry > 0 is a sufficiently large number, and
(PP =Dp*(1)) <.

Then we can show that equation (3.3) has a positive solution u € C2t(Qg), R > Ry, satisfying

loc

0 < liminf|z|Y 2u(z) < limsup |z|Y ~2u(z) < co. (3.5)

To see this, we employ the supersolution-subsolution method in [3]. It is easily seen that a radial
positive function v(r),r = |z| satisfying

(rN =Y + N7 (r) f(v) = 0, near oo, (3.6)

is a supersolution of equation (3.3). By assumption (3.4), we find that assumptions (A1)—(A4) hold for
equation (3.6). Employing Corollary 1.2, we find that equation (3.6) has a rapidly decaying positive
solution v(r) satisfying

S N-2 _
TILI&T v(r) =c € (0,00).

On the other hand, the function
w(z) = el V2 0<e <o,
is a subsolution of equation (3.3) satisfying
w(z) <wv(|x]), near co.

Therefore, [3, Theorem 3.3] implies that there is a solution u(z) of equation (3.3) of the class Cﬁ;rce
satisfying
w(z) <u(z) <o(|z]), near oco.

Consequently, u satisfies (3.5).
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