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1 Formulation of the main results

In the rectangle Q = [0,w;] X [0,ws] consider the boundary value problem

u(™) = Z pa(x)u(o‘) +q(x), (1.1)

a<m
G- ) = (@) (G=1,...,m), hp(u™O(zy, ) = (@) (k=1,...,ma), (1.2)
where x = (z1,22), m = (m1,m2), @ = (a1, a2),

Qortazy(x)
(o) -z =\
u(x) dzrtors?

P € C(Q) ( < 2), ¢ € C(Q), p; € C™([0,w2]) (j = 1,...,m1), ¥, € C"™([0,w1]), and ¢; :
C™~1([0,w1]) 2 R (j =1,...,mq) and hy : C™271([0,w2]) = R (k =1,...,mz) are bounded linear
functionals such that

ljohy=hgol; (G=1,...m1; k=1,...,ma). (1.3)

Throughout the paper the following notations will be used:

m = (my,ms), @ = (a1, as).

0=1(0,0),1=(1,1), 1; = (1,0), 15 = (0, 1).

a=(a,a2) < B=(01,02) = a; < f; (1=1,2) and o # 3.

a=(a,a2) <B=(f1,52) <= a< P, ora=0

lal| = a1+ az, O ={a<m: |af is odd}.

Xa = (x(a1)x1, X(@2)x2), where x(a) =0 if @« =0, and x(a) =1 if @ > 0.

X(k) = (X(F)z1, x(k)22).

Xo = X — Xo; X(j,k) = X — Xq. If @ = (a1,a2) and oy az > 0, then xo = x and X = 0.
If a = (aq,0), (&= (0,2)), then x4 will be identified with x; g(with x3).

By C™ () denote the Banach space of functions u :  — R, having continuous partial derivatives
u(®) (o < m), endowed with the norm

[ullem ) = ZHU )”C(Q)

a<m

If 4;(z) = 20~V () (j = 1,...,m;), where 2o € [0,w;], then conditions (1.2) turn into the
initial-boundary conditions

w9 (20, 20) = @j(x2) (G=1,...,m1), he(u™(z, )= 1/’1(:11)(951) (k=1,...,ma)., (14)

In the present paper we will only briefly touch on the initial-boundary value problem (1.1), (1.4),
since its more general version, where hy, : C"™271([0,ws]) — C([0,w1]) (k = 1,...,m2) are bounded
linear operators, was studied in detail in [12,13].

In [12] there were established necessary and sufficient conditions of well-posedness of problem
(1.1),(1.4).

A complete description of uniquely solvable ill-posed problems (1.1),(1.4) was given in [13]. In
particular, necessary conditions of solvability of problem (1.1),(1.4) (compatibility conditions) and
sharp a priori estimates for its solutions were established.

In [19] there were established necessary and sufficient conditions of strong well-posedness of initial-
boundary value problems for higher order nonlinear hyperbolic equations with two independent vari-
ables.

Initial-boundary value problems, as well as problems on periodic and bounded solutions for second
order linear hyperbolic systems were studied in detail in [4].
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Several special cases of initial-boundary value problem for nonlinear hyperbolic equations and
systems were investigated in [14,15].

Dirichlet type boundary value problems for fourth and higher order linear hyperbolic equations
were studied in [6,7,10,11,21].

Several special cases of nonlocal boundary value problems for linear and quasi-linear hyperbolic
equations of higher order were investigated in [3,18].

One of the most important special cases of conditions (1.2) are the periodic boundary conditions,
i.e. the case, where

1i(2) = 2979(0) = 20U V() (G=1,...,m1),
hi(z) = 2F790) — 26 D(wy)  (k=1,...,ma).

As it follows from Theorem 1.1 below, the nonhomogeneous periodic problem is not well-posed in
the sense of Definition 1.1 below. On the other hand, it is natural to study the periodic problem with
homogeneous boundary conditions and periodic coefficients. In other words, it makes sense to study
a problem on periodic solutions for equations with periodic coefficients.

Problems on doubly-periodic solutions for second order linear hyperbolic systems were studied
in [5].

Problems on doubly-periodic solutions for nonlinear hyperbolic equations were studied in [8,16].

Multidimensional periodic problems for higher order linear hyperbolic equations were studied in
detail in [20].

One may think that the boundary conditions

CGiu(-@2) =9j(22) (G=1,....m1), hy(u(@1, ) = Tk(z1) (k=1,...,m2), (12)
are more natural than conditions (1.2). All the more so, conditions (f2) obviously imply conditions
(1.2).

The main reason for studying problem (1.1),(1.2) instead of problem (1.1),(1.2) is that problem
(1.1),(1.2) is ill-posed, since functions ¢; and 1 should satisfy certain compatibility conditions.
Indeed if u € C™+™2()) is an arbitrary function satisfying conditions (1.2) then, in view of (1.3), we
have

i (¥r) = €5 0 hy(u) = hy o Lj(u) = hy(e;)-

By a solution of problem (1.1), (1.2) we understand a classical solution, i.e., a function u € C™(£2)
satisfying equation (1.1) and boundary conditions (1.2) everywhere in (.

Along with problem (1.1), (1.2) consider its corresponding homogeneous problem

™) = Z pa(x)u(a), (1.1p)

a<m
Gu(-2) =0 (F=1,...,m1), hp™ (2, ))=0 (k=1,...,ma), (1.20)
as well as the problems
mi
V) =N ", (21, 23) 0, (1.1y)
j=0
gj(U) =0 (j:L...,ml) (121)
and
ma
p(m2) = mel k(xh, z) ™), (1.15)
k=0
hk(v) =0 (k: 1,...,m2). (122)

Problems (1.11),(1.21) are (1.15), (1.23) called associated problems of problem (1.1), (1.2). No-
tice that problem (1.1;), (1.21) (problem (1.11),(1.21)) is a boundary value problem for a linear ordi-
nary differential equation depending on a parameter x5 (a parameter x7).

The concept of g-associated problems for n-dimensional periodic problems was introduced in [20],
and for two-dimensional Dirichlet type problems in [21].



Nonlocal BVPs for Higher Order Linear Hyperbolic Equations with Two Independent Variables 59

1.1 Necessary conditions of solvability

Theorem 1.1. Let problem (1.1), (1.2) be solvable for arbitrary ¢; € C™2([0,ws]) and ¢, € C([0,w1])
(j=1,...,my; k=1,...,;ma). Then the problem

2 =0, £;(2)=0 (j=1,...,my) (1.5)
has only the trivial solution.

Remark 1.1. If problem (1.5) has on the trivial solution, then problem (1.1y), (1.2¢) is equivalent to
the homogeneous problem

u™ = 37 pa(x)u®),

CGu(-,x) =0 (F=1,...,m1), hp(u(z,-))=0 (k=1,...,my). (1.20)

Theorem 1.2. Let all of the coefficients of equation (1.1) be constants. Furthermore, let the associate
problem (1.11), (1.21) have a nontrivial solution, and let

Dik +DjmePmik =0 for 0<j<mq, 0<k<ma. (1.6)
Then for solvability of problem (1.1), (1.2) it is necessary that for every k € {1,...,ma} the problem
mlfl
0 = 3" Py 09+ (D00 + Py Poms) Uk(21) + i (q(a1, -)), (1.7)
§=0
mg—l
2 k .
ti(v) = hk(tp§m "= powed )) (G=1,...,m), (1.8)
k=0

where Wy, is a solution of the problem
2 = (1), 4(2) = hiley) G=1,...,m) (1.9)
is solvable.

Theorem 1.3. Let all of the coefficients of equation (1.1) be constants and let conditions (1.5) and
(1.6) hold. Furthermore, let the associate problem (1.15),(1.22) have a nontrivial solution. Then for
solvability of problem (1.1), (1.2) it is necessary that for every j € {1,...,m1} the problem

mzfl
vima) = Z Py k0™ + (D00 + Py 0 Do ms )5 (22) + Li(g( -, 22)), (1.10)
k=0
mlfl .
m@) =6 (0= D pima ) (k=10 ma), (1.11)
=0

where Wy, is a solution of the problem (1.9), is solvable.

Remark 1.2. Solvability of ill-posed nonhomogenous associated problem (1.10), (1.11) actually means
additional compatibility conditions between the boundary values ¢; and v, coefficients p, and q.
Indeed, consider the problem

u®? = 29 4 pou+ pru® + pou®? 4 (21, 29), (1.12)
w100, 20) = pj(a2) (j=1,2), ul™(21,0)=0, u!™(zs,7)=0, (1.13)

where p; and p, are positive constants and ¢ € C™%(Q). By Corollary 1.2 from [13] problem
(1.12), (1.13) is solvable if and only if

T o2
/ (Zpk " (0) + q(O,t)) sintdt = 0. (1.14)
0 k=0

Thus, for problem (1.12),(1.13), solvability of ill-posed nonhomogenous associated problem (1.10),
(1.11) is equivalent to the compatibility condition (1.14).
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Remark 1.3. Solvability of the ill-posed nonhomogenous associated problem (1.10), (1.11) is neces-
sary for solvability of problem (1.1), (1.2) and is in no case sufficient, even if the homogeneous problem
(1.1p), (1.29) has only the trivial solution. Indeed, consider the problem

2

uY = cos® xyu — q(z), (1.15)

w(0, 29) = u(m, x2) =0, w0 (2, 7) =u>9(zy,0), (1.16)

where ¢ is a continuous function such that g(w) = ¢(0) = 0. Problem (1.15),(1.16) is ill-posed,
and its corresponding homogeneous problem has only the trivial solution. Furthermore, for problem
(1.15), (1.16) all compatibility conditions hold. Therefore, due to uniqueness, the only possible solution
of problem (1.15), (1.16) should be

q(z1)

cos?2xy

On the other hand, it is clear that problem (1.15),(1.16) has a solution if and only if

u(zy) =

Q(fﬁl) = cos’ x1q(z1),

where ¢ € C1([0,7]). In particular, if ¢(x1) = 1, then problem (1.15), (1.16) has no solution despite
the fact that all coefficients of equation (1.15) and boundary data are analytic functions.

1.2 Necessary and sufficient conditions of well-posedness

Theorem 1.4. Let the following conditions hold:

(Ao) problem (1.5) has only the trivial solution;

(A1) problem (1.11),(1.21) has only the trivial solution for every x5 € [0,ws];

(A2) problem (1.15),(1.25) have only the trivial solution for every x} € [0,w:].

Then problem (1.1),(1.2) has the Fredholm property, i.e. the following assertions hold:
(i) problem (1.1p), (1.20) has a finite dimensional space of solutions;

(ii) if problem (1.1p), (1.2¢) has only the trivial solution, then problem (1.1), (1.2) is uniquely solvable,
and its solution u and admits the estimate

mi m2
[ullemq) < M(HQHC(Q) +) leillems own + D ”wk”C([O,wl])>v (1.17)
j=1 h—1

where M is a positive constant independent of ¢;, ¥y and q.

Definition 1.1. Problem (1.1), (1.2) is called well-posed, if it is uniquely solvable for arbitrary ¢; €
C™2([0,wq]) (j=1,...,m1), ¥, € C([0,w1]) (k=1,...,mz3) and g € C(R), and its solution u admits
the estimate (1.17), where M is a positive constant independent of ¢, 1y and g.

Theorem 1.5. Let problem (1.1), (1.2) be well-posed. Then conditions (A1) and (As) of Theorem 1./
hold.

Remark 1.4. Consider the problem
ul?? = p (21, 22)u®? — p? (w5)u®?)
—4p(x2)p/ (w2)ul®D) + (p1($1, 2)p? (w2) — 29 (w2)p" (22) — 21)(3?2)17”(902))”

+q" (2) = pr (a1, 22)p? (22), (1.18)
uw(0,20) = @1(x2), u(m x2) = pa(x2), w9 (21,0)=0, u®9(zy,7)=0, (1.19)
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where p; € C*°(2) is an arbitrary nonnegative function, p € C*°([0,7]) is such that
0 < p(ze) <1 for x4 € [0,ws]
and @1, @2 and g € C*°([0,7]) are such that
0i(0) = () =0 (j =1,2), ¢(0)=q(r)=0. (1.20)
Let u € C%2(Q) satisfy (1.19). Then equalities (1.20) imply
w(xy,0) = u(xy, ) =0 for x5 € [0,7].
It is easy to see that equation (1.18) is equivalent to the equation
(@9 4 p?(22) u — qle2)) " = prler, 22) (WO + P (22) u — gla2)). (1.21)

Let u be a solution of problem (1.18),(1.19). Then, in view of (1.19), (1.20) and (1.21), u is a
solution of the problem

u0 4 p?(22) u — q(x2) = 0, (1.22)
u(0,22) = @1(z2), u(m, x2) = p2(x2). (1.23)

Set:
I,= {xz € 0,7 : p(ag) = 1}.

If 23 & I, then problem (1.22),(1.23) has a unique solution

sin(p(z2) (7 — 1))

U(ﬂfl,ﬂfg) = p(l'z) ()01(332)
sin(p(z2)(z1)) . 1 cos(p(az)(z1) (@1 — 3)) N
s el Co o (1 oo D )a(w). (1:24)

From (1.24) it is clear that if I, N (0,7) # @ and |p(z5)| + |¢(z5)] + |¢(«3)| > 0 for some x5 €
I,N(0,7) # @, then problem (1.18), (1.19) has no classical solutions despite the fact that all coefficients
of equation (1.18) and the boundary data of (1.19) are C*° functions.

Let there exist @1, P2, q € C(]0,w2]) such that

e1(w2) = (p(z2) — Dor(a2);  ¢1(w2) = (p(x2) — D@a(22);  q(a2) = (p(22) — 1)q(22).
Then:
(i) problem (1.18),(1.19) is well-posed if and only if I, = &;

(ii) if p1,P2,§ € L*([0,w2]), then problem (1.18),(1.19) has a unique weak solution if and only
if mes I, = 0, and has an infinite dimensional set of nonclassical weak solutions otherwise. If
©1, 92,4 € C([0,ws]) and mes I, = 0, then that unique weak solution is a classical solution; ;

(iii) if p1, P2, ¢ € C([0,ws]), then problem (1.18), (1.19) has a unique classical solution if and only if
I,, is nowhere dense in [0, ws], and has an infinite dimensional set of classical solutions otherwise;

(iv) if @1, @2, ¢ € C([0,ws]), then problem (1.18),(1.19) has a unique classical solution and an
infinite dimensional set of weak solutions if I, is a nowhere dense set of a positive measure.

Theorem 1.6. Let conditions (Ag), (A1), (A2) of Theorem 1.4 hold, and let pjm, € C*™2(Q)
(j=0,...,my — 1) be such that

hi(v) =0 (k=1,...,m2) = hi(pjm.(-,22)v(:)) =0 for z3 € [0,ws] (k=1,...,m2) (1.25)
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for every function v € C™271([0,ws]). Then there exists ¢ > 0 such that if

o ! 0,i—k my! 0,ma—k
v )+ 3 g P 0O 00— g, 09 <

forxeQ (j=0,....m;—1; k=0,...mg—1),

then problem (1.1), (1.2) is well-posed. In particular, if

2 7! 0i—k ma! 0,ma—k
pjk(x)‘FZmpmli(x)pg‘mz )(X)_mpg‘m; )(X)EO
i=k
(Gj=0,...,m1 —1; k=0,...mg — 1),

then the solution of problem (1.1),(1.2¢) admits the representation
w1 W2

w(xy, x2) = g1(z1, 81, 22)92(x2, 52, 51) q(51, 52) dsa dsy,
00

where g; is Green's function of problem (1.1;),(1.2;) (j = 1,2).

(1.26)

(1.27)

(1.28)

1.3 Initial-boundary value problems with nonlocal boundary conditions

Theorems 1.3 and 1.4 imply

Theorem 1.7. Problem (1.1),(1.4) is well-posed if and only if the associated problem (1.13), (1.25)

has only the trivial solution for every xi € [0,w1].

Notice that Theorem 1.7 is a particular case of Theorem 1.1 from [12].
Consider the initial-boundary value problems with integral boundary conditions

WD =S 0 o),
(4,k)<(m,1)
w1
w0190, 25) = i (23) (G =1,....m), /H(t) w0 (3.4 dt = (),
0
and
WY put + g(x),
(4,k)<(m,2)

w1
w00, 25) = @j(22) (j=1,...,m), /Hk(t) umHF D () dt = P (z1) (k= 1,2),
0

where H(x2), Hi(x2) and Hy(xo) are not identically zero functions.

Corollary 1.1. Let
H(xz2) >0 for xo € [0,ws].

Then problem (1.29), (1.30) is well-posed.

Corollary 1.2. Let
Hi(z2) >0 for xo € [0,ws] (k=1,2)
and let
Pmo(z1,22) > 0 for (z1,22) € L.
Then problem (1.31), (1.32) is well-posed.

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)
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1.4 Dirichlet type problems

For the following equations even and odd orders

u® = 3" praRa)u® + > pa(Ra)u'® +q(x), !

a<m a€02m
u(Gm+l) Z Do (Xa)u?®) + Z Pa(®a)u'® + g(x)
a<m a€O02mt1,

and
(2mt1) po(X)u + q(x)

consider the boundary conditions

w00, 22) = uj(22), w0 (W, 2) = gaj(a) (G=1,...,m),
u™ R (1,0) = Prg(@r),  w™ T (@, w0) = Yo(zr) (B=1,...,my),
w100, 25) = ¢1j(x2) (G=1,...,m1+1), w0 (wi,w9) = @aj(w2) (j=1,...,m1),
ul™ kD (21,0) = Pup(e),  wl™FD (@, w0) = Yok(wr) (k=1,...,my),
and
w000, 29) = @15(x2),  uPUDN(wy,29) = @aj(w2) (j=1,...,m1),
ulm 2 D) (1,0) = rg (), ul™ 2 E D) @y, w5) = g (1) (k=1,...,ma).

Corollary 1.3. Let there exist nonnegative numbers c;i, such that the inequalities

(=)™l poo(2) < ego,
(=)™ pyio(22) < cjo (5 =1,...,m1),
(=)l k oo (1) < cor (k=1,...,my),
(—)lmltitkp o <ejr G=1,...,m1—1; k=1,...,mg—1)

and

w2m1 2m2 mi 2(m1*j)

€00 ——gm +chm2 2(ml—7)

(mz k) mi—1mo—1 2(m17j)w2(m27k)
1 2
+Zcm1k 2wk 2 Z Cik — Sl
J :

hold. Then problem (1.35), (1.38) is well-posed.

Corollary 1.4. Let the inequalities
(1) (£0) 2 0 (o < m)
hold. Then problem (1.35), (1.38) is well-posed.

Corollary 1.5. Let the inequalities

(_1)Hm\|+|\a|\ 1p2 (Xa) >0 (o <m),

(_1)Hm\|+|\m1H+Ha|\71p2m1+11+2a(xll+a) >0 (a <my)

hold, and let
(71)Hm‘|+|m“71p2,3+2m2 (5(\5-0-1112) >0
for some B <my. Then problem (1.36),(1.39) is well-posed.

LIf a1 > 0 and ae > 0, then f(Xa) means that f is a constant function.

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.45)

(1.46)

(1.47)

(1.48)
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Corollary 1.6. Let the inequality
(=)™ g (x) > 0 (1.49)

hold. Then problem (1.37),(1.39) is well-posed.

Corollary 1.7. Let there exist nonnegative numbers cjj, such that the inequalities (1.41)—(1.45) hold
and let
Pa(Xa) =0 for a € Oy, (1.50)

Then problem (1.35), (1.40) is well-posed.
Corollary 1.8. Let conditions (1.46) and (1.50) hold. Then problem (1.35), (1.40) is well-posed.

1.5 Periodic Type Boundary Value Problems

For the equations

u® = 3" pra(Ra)u®® + q(x) (1.51)
a<m
and
u® = po(x)u + g(x) (1.52)
consider the boundary conditions
u(j_l’o)(&mg) — aju(j_l’o)(w1,$2) =p1i(r2) (G=1,...,m1), (1.53)
w0 (30,0) — bpul™ D (21, we) = Prp(ar) (k=1,...,ma). .
Corollary 1.9. Let along with inequalities (1.46) the following conditions hold:
a; #1 (j=1,...,2mq1), bp#1 (k=1,...,2ma), (1.54)
ajaomii—j =1 (j=1,...,n; n=1,...,mq), (1.55)
brbrign-r=1 (k=1,...,n; n=1,...,mz2) (1.56)
Then problem (1.51), (1.53) is well-posed.
Corollary 1.10. Let along with inequalities (1.54) the following conditions
<_1)Hm\|—1p0(x) >0,
Aj A2mq41—5 = 1 (] = 1,...,2m1), (157)
bk bgm2+1_k =1 (k: 1,...,277’2,2), (158)

hold. Then problem (1.52), (1.53) is well-posed.
Remark 1.5. Conditions (1.55) and (1.56) are equivalent to the conditions
aj=a"V (j=1,....2m1), by=bD" (k=1,...,2m,)

for some a # 0 and b # 0. Conditions (1.55) and (1.56) guarantee that every function v € C™(Q)
satisfying conditions
uIm0(0,25) = aul 10 (Wi, 20) (G =1,...,ma),

wmF=D (11 0) = bpu™F Y (2 we) (K =1,...,my),

//u@a)(x)u(x) dx = (—1)lel //\u<a>(x>\2dx (1.59)
for every a < m. ’ ’

In Corollary 1.10 conditions (1.55) and (1.56) are replaced by more relaxed conditions (1.57) and
(1.58). Conditions (1.57) and (1.58) guarantee that every function u € C™(f2) satisfying conditions
(1.53)) satisfies equality (1.59) for ¢ = m only.

(1.530)

satisfies the equality
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Finally for the equation (1.37) consider the following boundary conditions

w9100, 29) — a;u 10 (Wi, z9) = @1j(x2) (G=1,...,m1 + 1),

(1.60)
uME D (24,0) — b ™D (24, w0) = g (an) (k= 1,...,mo).
Corollary 1.11. Let along with equalities (1.58) the following conditions hold:
aj#l(jzl,...,le—Fl), bk#l(k‘zl,...,2mg),
Aj A2n42—5 = 1 (] = 1,...,71; n = 1,...,m1),
opo(x) >0, (1.61)
where
o= (D)= — a2 ) if amyr #—1, and 0 € {~1,1} if amy1 = —1. (1.62)
Moreover, let there exist a point (x7,x5) such that ether
opo(xl,z2) >0 for xo € [0,wy], (1.63)
or
opo(xi,z5) >0 for x1 € [0,w]. (1.64)
Then problem (1.37), (1.60) is well-posed.
2 Auxiliary statements
Consider the boundary value problem
m—1
20 =3 " pi(t)2W) + q(1), (2.1)
k=0
hp(z) =c; (k=1,...,m), (2.2)
and its corresponding homogeneous problem
m—1
2 =N py(t) W, (2.19)
k=0
hi(z) =0 (k=1,...,m), (2.29)

where pr € C([0,w]) (k=0,...,m—1),q€ C([0,w]), cx €ER (k=1,...,m), and hy : C™1([0,w]) —
R (k=1,...,m) are bounded linear functionals.

Lemma 2.1. The following statements are equivalent:
(i) problem (2.1),(2.2) is solvable for arbitrary ¢ € C(Q) and c, € R (k=1,...,m);
(ii) problem (2.1),(2.2y) is solvable for arbitrary q € C([0,w]);
(ii) problem (2.1p), (2.2) is solvable for arbitrary ¢, € R (k=1,...,m);

) (

(iv) problem (2.1p), (2.20) has only the trivial solution.

Lemma 2.1 is a well-known fact in the theory of boundary value problems for ordinary differential
equations (e.g. see Theorem 1.1 from [2]). If problem (2.1),(2.2p) has only the trivial solution then
a solution of problem (2.1), (2.2) admits the representation

2(t) = Ter, o em) (1) + G(g) (1),
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where " : R™ — C"™([0,w]) and G : C([0,w]) — C™(]0,w]) are bounded linear operators. Moreover,
the operator G admits the representation

Gla)(t) = / ot 7)q(r) dr,

where g : [0,w] X [0,w] — R is called the Green’s function of problem (2.1j),(2.29) (for more
about Green’s functions see [2]).

Lemma 2.2. Let problem (2.1y),(2.29) have a nontrivial solution. Then for arbitrary € > 0 there
exist bounded linear functionals hy : C™ 1([0,w]) = R (k=1,...,m) such that

e — hil| <e (k=1,....n)

and the problem

m—1
k=0

has only the trivial solution.

Proof. By Theorem 1.1 from [2], problem (2.1j), (ﬁ)) has a nontrivial solution if and only if

det(hj (Zk))Tk:1 =0,
where z1(t), ..., zm(t) is an arbitrary fundamental set of solutions of (2.1p). Set
Fr(2) = (1= NVhi(2) + Afi(2) (R =1,...,m),

where fi.(z) = 2*=1(0) (k =1,...,m). Then D()\) = det(ﬁj(zk))szl is a polynomial (of degree not
greater than m) with respect to A\. Moreover, it is a non-identically zero polynomial. Indeed,

D(1) = det (hj(zk))rkzl #0 for A\=1,
since the initial value problem
m—1
2(m = Z pe)z®, 2D =0 (k=1,...,m)
k=0
has only the trivial solution. Hence, D(\) has at most m zeros.
Consequently, there exists § > 0 such that
D(\) #0 for A € (0,9),
1 = Rl = INCFre = i)l < A(L+ ([P ])

(notice that [|fx]| =1 (k=1,...,m)). The latter inequality with

A< min{(;,(l_’_'Ew}

implies |[hy — i <e (k=1,...,n). O
Definition 2.1. G : C([0,w]) — C™([0,w]) is called the Green’s operator of problem (2.1y), (2.20).

Definition 2.2. T : R™ — (C™([0,w]) is called the Green’s boundary operator of problem
(2.10), (2:20).
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Consider the problem
mi—1
p(m) = Z Djma (T1,22)07, (2.3)
j=0
Li(v)=0 (j=1,....,m), (2.4)
where Pjm, € CO™2(Q) (j =0,...,m; —1).
Lemma 2.3. Let conditions (Ag), (A1), (A2) of Theorem 1./ hold, and let problem (2.3),(2.4) have

only the trivial solution for every xo € [0,ws]. Then an arbitrary solution u of problem (1.1),(1.2)

admits the following representations:

w2 mi1—1

ul™ 0 (21, p) = /92(5U2,82;$1)( > Djma (w1, 52)ul?™) (31, 59)
0 7=0
mi1—1mo—1
+ Z Z pjk($1,82)u(j’k)($1,82)+Q($1,82)> ds2
j=0 k=0
+ T (4™ (@), 950 (1)) (2);
w1 ma—1
u(o’m’*’)(ﬂcl,xz)=/g 1,513 T2 < Z Py k(X)ul™1F) (51, 29)
0
mi—1mo—1
+ Z Z ij(81,$2)u(j’k)(81,$2)+Q(31,$2)) ds1
j=0 k=0
T3 (" (@2), ., 0 (@2) (@1 );
w1 w2

my— 17’n2 1

u(21, T2) :/§1(1’1,51;I2)/g T2, S2; 81 ( Z Z pj(s1,52)ul® (51, 5)

5 5 §=0 k=0

mlfl
+ Z (Pjms (51, 82) = Djms (81,82))U(]’m2)(51, s2) + Q(81,82)) dsy dsy
=0

+Plus ™), D] (2, 20) + D1 (01 (22),s - -+, Oy () (1),

where

mo—1
k! 0,
pir(wrw2) = pir(er o) + 3 g om0 B (o, w2)

1=

ma! _(0ma—k)

—mpij (.T],.’I}Q) (]ZO,,ml—l, k::0,...m2—1),

Plus o™ im0 (21, o)

mi—1
2/91(581781;302)1—‘2 {%ml)(sﬁ - Z hy (@ma(sla DutO (s, ‘))7~~-7
0 J=0

mlfl

1) = 3 B (s (51, 10051

=0

g; and I';, respectively, are the Green’s function and Green’s boundary operator of problem (1.1;), (1.25)
(j = 1,2), and g1 and I'1, respectively,are the Green’s function and the Green’s boundary operator of

problem (2.3), (2.4).
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Proof. Let u be a solution of problem (1.1),(1.2). Set

v(zy,22) = u(m0) (1, 22);  w(xy,x2) = U(O’mQ)($1,$2);
mlfl

Oy, w2) = ul™ 0 (w1, 02) = D Bjn(@r, 22)ul? (21, 22).
=0

In order to prove Lemma 2.2, one needs to notice that v, w and v, respectively, are solution of the
following boundary value problems:

mzfl mlfl
v O™ = N p (@1, 22) 0O T P, (1, 22)ul2) (21, 29)
k=0 j=0

m1—1 ’ITLQ—l

T Z Z pjk(ar, 2o)ul (21, 22) + (21, 72),

=0 k=0
hi(o(zr, ) =™ (@) (k=1,...,my);
mlfl m271
w(m0) = Z Djma (@1, T2) (21, 22) w0 + Z P (1, 2)ul ™) (21 1)
j=0 k=0
mlf -
T Z Z ke, 0)ul (21, 22) + (21, 72),
7=0 k=0
Gw(-22) = " (w2) (G=1,...,m);
mo—1 m1—1
7Om) = N pr (@1, )0 + Y (D (21, 22) — Pims (21, 72))u0 ) (21, 29)
k=0 =0

mi—1mo—1

+ Z Z pik (w1, 22)ulM (21, 22) + q(z1, T2),

=0 k=0
mlfl
hi(v(21, -)) = ;(gml)(l“l)*hk< Z Pjms (@1, - )ul™2) (a4, ')) (k=1,...,ma). O

Lemma 2.4. Let conditions (Ag), (A1), (A2) of Theorem 1.4 hold. Then problem (1.1),(1.2) has the
Fredholm property.

Proof. In view of Lemma 2.2, problem (1.1),(1.2) is equivalent to the following system of integral
equations

v(x1,x2) = F1(u,w)(z1, 22); (2.5)
w(xy, x2) = Falu,v)(x1,x2);
u(xy, x2) = F(u,w)(x1, 22), (2.7)
where
w2 mi—1
Fi(u,w)(zy, x2) —/92($2782;$1)( Z pij(xl,SQ)w(j’O)(xl,SQ)
0 J=0

i Z pik(@1, s2)ul?M (a1, S2)+q(l‘1782)> dsa
j= k=0
+ T (w% D), ..., 05 (21)) (22);

mo—1

w1
Fa(u,v)(z,y) 2/9 (21, 81522 ( Z Py k()0 ) (51, 22)
0
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+ pjk(z1, 32)(51,x2)u(j’k)(31,a:2) + q(sl,x2)> dsi

J
F T (D (2), -, @) (29)) ()5

w1 w2 m171m271

Folu,w)(@r,x2) = | Ga(wr,s1;22) [ ga(@a,s2580)( Y. Y pikls1,52)ul? (s1,55)
LY A

) j=0 k=0

mi—1

+ D (Pyma(51,52) = Pima(s1,52)) w0 (s1, 5) +Q(81»82)> dsa ds
j=0

+ Plu; %ml)v I (wy, 0) + I (e1(x2), -, Py (z2)) (7).

Let F?(u,w), F3(u,v) and F3(u, w) be the homogeneous parts of the operators Fi (u, w), Fa(u,v)
and JFo(u,w), respectively, and set:

K(u,v,w) = (ff(u, w)JS(u,v)Jg(uvU)))-

It is clear that K is a bounded linear operator from C™1~1m2=1(Q) x Om1—bmz2=1(Q)x =L m2=1(Q)
into CM1—Lm2(Q) x C™im2=1(Q) x Cmmz(()).
Notice that X2 = K o K is a compact operator from

le—l,mg—l(Q) X le—l,mz—l(Q) X le—l,mg—l(Q)

into Cmi—bm2=1(Q) x Omai—lm2=1l(Q) x Cmi—Lm2=1(Q)). The latter fact implies that the system of
operator equations (2.5)—(2.7) and, consequently, problem (1.1), (1.2) have the Fredholm property. [

Lemma 2.5. Let conditions (Ay), (A1), (A2) of Theorem 1.4 hold, and let pjm,, € C*™2(Q) (j =
0,...,m1 —1). Then problem (1.1),(1.2) is equivalent to the operator equation

where
w1 w2 mi—1mo—1 )
F(u)(x) = /91(901781;@)/92($2782;81)( Z Z pik(s1,52)ul?M (s1, 59) +q(81,82)) dss dsy
4 3 j=0 k=0
Plu: (m1) (m1) r
+ [Uﬂh a"'vwmz ](]"17x2)+ 1(@1(.132),...,@m1($2))(]}1),
pik(®1,22) = pjk(x1, 22) + Z mﬁmli(ﬂilyﬂfz)pj,’,; (z1,22)
— il !
!
— Lp(o’mrk)(xhxg) (j=0,...,m1 —1; k=0,...mgy—1),

(g — k)1 ime
P[u7w§ml)7 ey %(721)] (x17x2)

w1 m1—1

= /91(361781;!172)112{ §m1)(81) - Z b1 (pjms (51, ul0 (s, D) IR
0 J=0
mi—1
wgn”zll)(sl) - Z Bm, (pj m2(317 .)u(j,O)(sh )) dsy,
=0

and g; and I';j, respectively, are the Green’s function and Green’s boundary operator of problem
(1.1),(1.25) ( =1,2).
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3 Proofs of the main results
Proof of Theorem 1.1. Let ¢p(z1) =0 (k=1,...,m2), and let

pj(2) = cjp(z2) (F=1,...,m1),

where ¢y, ..., ¢y, are arbitrary real numbers and hi(p) = 1 (the latter equality is possible, since hy
is not a zero functional).

Let u be an arbitrary solution of problem (1.1),(1.2). Set z = hy(u(z1, -)). Then z is a solution
of the problem

2(m) =, (3.1)
éj(Z)ZCj (j=1,...,m1). (32)
Consequently, problem (3.1), (3.2) is solvable for arbitrary boundary values ¢y, ..., ¢n,. By Lem-
ma 2.1, the homogeneous problem (1.4) has only the trivial solution. O
Proof of Theorem 1.2. Let u be a solution of problem (1.1), (1.2). Set:
mo— 1
w(x1,72) = u0m $1 7) Z pmlku 0.k) I’lamQ)a
Uk(l'l):hk( (&Cl, )) (kzl,..., 2).
In view of (1.2) and (1.6), w is a solution of the problem
mlfl
w0 = Z Pima 090 4 (oo + PmyoPom,) (@1, 22) + g1, 22), (3.3)
mo— 1
ej (’LU(71‘2)) :gj (U(O,mz) x2 Z Pm 1ku(0k IQ))
mo— 1
=0 (@) = 3 Pk (@2) GG=1,....,mi). (3.4)
k=0

After applying the operator hy to (3.3) and (3.4) and utilizing (1.5), we get:

hk (w(ml,o) (xl’ . ))

mi—1

= U;iml (1) = Z Djms 'U](gj)(wl) + (poo + PmioPoms) i (1) + hi(q(z1, )

m11

( Z Pima 0O (@1, )+ (o0 + Py 0Poms Jul@, +) + gl ))
and »
i (6 (w)) = £ (hi(w)) = € (vg) = hk( Z Dy k goj ) (G=1,...,my).
Consequently, vx(x1) is a solution of problem (1.7), (1.8). O

Proof of Theorem 1.5. Let u be a solution of problem (1.1),(1.2). Set:

mll

w(wy, w2) = ul™ 0 (21, 25) Zp]mg "0 (21, 32),

vj(2) = i (w(-,22)) (J = 1,-~-,m1)-
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In view of (1.2) and (1.6), w is a solution of the problem

mgfl

w(®m2) — Z Pk 0O 4 (D00 + PmyoPom,) w1, 22) + 21, 22), (3.5)
k=0

m11

hi(way, ) = by (u™ O (ay, -) = 3 i @1, ))

m11

Z Djms ¥ 1‘1 (k=1,...,ma). (3.6)
After applying the operator ¢; to (3.5) and (3.6) and utilizing (1.5), we get:

05 (@M ) = 0l (5)
mo— 1

Z Pk 0 (22) + (Poo + Pmy0Poms ) ©5(x2) + £ (a( -, 72))

mgfl

Z Pk 0O (4, 22) + (Poo + Py 0Poms ) ul -, x2) + - 7332)))

and )
my—
() = he(;(w) = ha(v;) = & (. -2 v?) =1, m).
Consequently, v;(z2) is a solution of problem (1.10), (1.11). O
Proof of Theorem 1.4. Theorem 1.4 follows from Lemmas 2.3 and 2.4. O

Proof of Theorem 1.5. Let problem (1.1),(1.2) be well-posed. Assume the contrary: either condition
(A7) or (As) condition be is not satisfied.

If condition (A1) is not satisfied, then problem (1.1;), (1.2;) has a nontrivial solution &y(x1 ) for some
x3 € [0,ws]. Due to well-posedness of problem (1.1),(1.2) there exist § > 0 and pj,,, € C©™2)(Q)
(j=0,...,m; — 1) such that

Djms(T1,%2) = Pjm,(z1,25) for xo € [z5 — 0,25 + ] N[0,ws] (7=0,...,m —1),

and the problem

mq— 1 mzfl mlflmgfl

ulmms) Z Bjma ()u™) 4 3 p k (u™ P 4 3TN i (ulP 4 g(x),  (3.7)
k=0 j=0 k=0
Ej(u(-,xg))zo G=1,....,m1), he(@™) (21, ) =p(z1) (k=1,...,my) (3.8)

is well-posed. In other words, problem (3.7), (3.8) has a unique solution

U(X) = A(’lpla cee 7wm2a Q)(x)a

where A : C([0,w1]) X -+ x C([0,w1]) x C(©2) = C™(Q) is a bounded linear operator.
Consider the problem

mi—1 ma—1 mi1—1mo—1
) = Y Byma (U Y p k(U 4 S S P ut Y, (3.9)
j=0 k=0 Jj=0 k=0

Ej(u('ﬂ‘TQ)) =0 (]: 1)"'7m1)7

mi—1
. 3.10
hk(u(ml,o) T, - Z Djms (1, )u (21, .)) =0 (k=1,...,my), (3.10)
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where
P = 5 i ) ) 2 e ()
pat (i — k)! Jma k(g — k)1 ™
(j=0,....,m1 —1; k=0,...mgy—1).
Every solution u of problem (3.9), (3.10) is also a solution of the operator equation
u(x) = A(u)(x), (3.11)

where

"Z(u)(x) = A(Fl(u)7 oo 7Fm2 (u)a Q(u)>(x)7

mlfl

Fr(w)(@1) = i D2 Bymaler, Ju0 () (h=1,...,ms),
§=0

- mz—l

my—1
- Z Z (P (%) — pji(x))ul (x).

i=0 k=0

It is clear that A : C™1(Q) — C™(Q) is a bounded linear operator. Consequently, A : C™~1(Q) —
C™1(Q) is a compact operator. Therefore, (3.11) has a finite dimensional space of solutions in
C™~1(Q). But then problem (3.9), (3.10) has a finite dimensional space of solutions too.

On the other hand, (3.9) is equivalent to the equation

mi—1 mo—1 my—1

(o) Z B (x)u00) )0"”) _ Z P ) (w20 Z Bim uU»O))(O’k). (3.12)

Hence, every solution u € C™(f2) of the problem

mi—1

w(m0) — Z pg (370) (&13)

Cilu(-,22)) =0 (j=1,...,m1), (3.14)

is a solution of problem (3.12),(3.10) and, consequently, of problem (3.9), (3.10).
Let v € C*°(]|0,w2]) be an arbitrary function such that suppy C [z5 — J, 25 + 6] N [0, wsz]. Then

u(x) = &o(z1)y(72)

is a solution of problem (3.13),(3.14) and, consequently, of problem (3.9),(3.10). Thus problem
(3.9), (3.10) has an infinite dimensional space of solutions, which contradicts to the fact that equation
(3.11) has a finite dimensional space of solutions.

Now let us assume that problem (1.15), (1.25) has a nontrivial solution ng(z2) for some z% € [0, w1].
In view of well-posedness of problem (1.1),(1.2) and Lemma 2.2, there exist § > 0 and P,k €
Cm0)(Q) (k=0,...,my—1) and bonded linear functionals hy : C™2~([0,w1]) (k = 1,...,my) such
that

Dmak(T1,22) = Dy, x2) for zq € [2] — 6,21 + 0] N[0,w1] (k=0,...,mqa—1),

the problem

20m2) =0, hu(2)=0 (k=1,...,my) (3.15)
has only the trivial solution, and the problem
my— 1 mo— 1 mlfl mzfl )
(ml ma) _ Z Dy ma (J ma) + Z pmlk (ml,k) 4 Z Z pjk(x)u(j,k) +Q(X), (316)
k=0 j=0 k=0

ej(u(.,x2)>:<pj(x2) G=1,...,m1), he@™)(zy,-))=0 (k=1,...,ms) (3.17)
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is well-posed. In other words, problem (3.16), (3.17) has a unique solution

U(X) = B(QOl, o ~aSDWL17Q)(X)7

where B : C([0,ws]) x -+ x C([0,ws]) x C(Q2) = C™() is a bounded linear operator.
Consider the problem

myp—1 mo—1 mi1—1mo—1
u(mms) Z Pjma (X)ul™) 4 Z Py k()™ Z Z i(x)ult), (3.18)
7=0 k=0
w2 mo— 1
€j<u(x1,~)—/ (22,1 ( Z Py () uOF) (- t)) dt> =0 (j=1,...,mq),
J (3.19)
hi (W™ (21, ) =0 (k=1,...,ma),
where
mi—1 .
~ L J! _ ~(i—j,0) mi!l m—j,0)
p]k(x)* ; Z'(l—])'plnm( )pmlk ( )+j!(m1_j)|pm1k; ( )
(j=0,....,my—1; k=0,...my—1)
and go is Green’s function of the problem (3.15).
Every solution u of problem (3.18), (3.19) is also a solution of the operator equation
u(x) = Bu)(x), (3.20)

where

B()(x) = B(P1(u), .., Py, (1), Q(u)) (x),

P, (u)(x2) —€j(/Zgo(xg,t)(milﬁmlk(.7t)u(0,k)(.,t)) dt) G=1,...,m),
0 k=0

mlfl mzfl

=D D (B — () uP ().

j=0 k=0

It is clear that B : C™ () — C™(Q) is a bounded linear operator. Consequently, B : C™1(£2) —
C™1(Q) is a compact operator. Therefore, (3.20) has a finite dimensional space of solutions in
C™ (). But then problem (3.18), (3.19) has a finite dimensional space of solutions too.

On the other hand, (3.18) is equivalent to the equation

mo—1 mi—1 mo—1

(m1,0) (0,k)
( (0,m2) Z Bk U(O,k)) — Z Pima (%) (U(O,mz) Z Bk ( u(w) . 321)
j=0

Hence, every solution u € C™(2) of the problem

u(0m2) = i Py (X) (3.22)
k=0
he(u(zy, ) =0 (k=1,...,ms), (3.23)

is a solution of problem (3.21),(3.19) and, consequently, of problem (3.18),(3.19).
Let v € C*°([0,w1]) be an arbitrary function such that supp~y C [z} — d, 27 + 6] N [0,w;]. Then

u(x) = no(z2)y(r1)

is a solution of problem (3.22),(3.23) and, consequently, of problem (3.18),(3.19). Thus problem
(3.18), (3.19) has an infinite dimensional space of solutions, which contradicts to the fact that equation
(3.20) has a finite dimensional space of solutions. The obtained contradiction completes the proof of
the theorem. O
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Proof of Theorem 1.6. In view of Lemma 2.5, problem (1.1), (1.2() is equivalent to the operator equa-
tion

u(x) = F(u)(x) (3.24)
in the space C™~1(Q), where

w2 mi—1mo—1

w1
F(u)(x) = /91(3?1781;332)/9 (22, 82 51 ( Z Z pi(s1,52)uM (s1, 82)+q(81,82)) dsg dsy,
0

0 j=0 k=0

and

ij(iﬂl,m) :pjk(!ﬂlaﬂﬂz)

ma—1
(0,i—k) ma! (0,mo—k)
+ ; il ,pmll(xlax2)pij (71, 22) — m]ﬂj,m (z1,22)

(j=0,....,my—1; k=0,...ms—1).

Hence, it is obvious that if conditions (1.26) hold, then for ¢ > 0 sufficiently small, F is an operator
of contraction. Therefore, equation (3.24) is uniquely solvable and, thus, problem (1.1),(1.2) is well-
posed. Moreover, if equalities (1.27) hold, then the unique solution u of equation (3.24), as well as of
problem (1.1), (1.2), admits representation (1.28). O

Theorem 1.7 is a particular case of Theorem 1.1 from [12].
Proof of Corollary 1.1. Let o} € [0,w] and let v € C*([0,w2]) be a solution of the problem

v = pmo(x}, x2)V, (3.25)

/ H(t)v(t)dt =0 (3.26)
0

has only the trivial solution for every z; € [0,w;]. In view of inequality (1.26) an arbitrary function
v € C([0,ws]) satisfying the condition (3.26) necessarily changes its sign and, consequently, has at
least one zero in [0, ws]. But then, by the existence and uniqueness theorem, every solution of problem
(3.25),(3.26) has only the trivial solution for every x; € [0,w;]. Hence, by Theorem 1.7, problem
(1.22),(1.23) is well-posed. O
Proof of Corollary 1.2. Let z% € [0,w;] and let v € C%(]0,ws]) be a solution of the problem

/

"= pro(x], T2)v + P (2, 22)0, (3.27)

/Hk E=D(ydt =0 (k=1,2).

In view of inequalities (1.27) there exist numbers a and b € [0, ws] such that
v(a) =0, 2'(b)=0. (3.28)

If a = b, then, by the existence and uniqueness theorem, v(zs) = 0. After multiplying (3.27) by

- f Pm 1T) dr
v(xzg)e @ e and integrating over the [a, b] interval ([b, a] interval, if b < a ), we get

b t
— [ pmi(z],7)dT
/e Jpmte (v"2(t) + pmo(z], t)v2(t)) dt = 0.

The latter equality, along with (1.28) and (3.28), immediately implies v(z2) = 0 for z2 € [a,b]. By the

existence and uniqueness theorem, v(z2) = 0 on the entire interval [0,ws]. Hence, by Theorem 1.7,
problem (1.24), (1.25) is well-posed. O
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Proof of Corollary 1.5. Firstly notice that condition (Ag) of Theorem 1.4 holds, since the problem
v =0, wUTD0) =0, wUTV(w) =0 (j=1,...,m)

has only the trivial solution.
Consider the associated problems of problem (1.29), (1.31):

2mq—1
U(2m1) :posz(.’El)U+ Z pj2m2v(j)a (329)
j=1
wUT(0) =0, WU V(W) =0 (j=1,....m1) (3:30)
and
2m2—1
v (2m2) :p2m10($2)’0+ Z Pom, kv(k)7 (331)
k=1
o) =0, " V(@) =0 (k=1,....,ma). (3.32)

Let v be an arbitrary solution of problem (3.31),(3.32). After multiplying (3.31) by v(xz), inte-
grating over [0,ws] and taking into account conditions (3.32), we get

w2 w2

mo—1
/ o) (1) = / (0™ P00 (1) + Y- (~1)™parn, 20 0™ (1)) .
0 s k=1

In view of inequalities (1.42)—(1.45), by Wirtinger’s inequality (see inequality (2.57) in [1]), we get

w2 W2 -1 ma—1 2(ma—k) ) “2 )
/ (mz) / Z e 07 (1) dt < Z lekm/ (m2)? () </U<m2> ().
0 0 0

The latter equality along with (3.32) implies v(z1) = 0.
Similarly one can show that problem (3.29), (3.30) has only the trivial solution.
In view of Theorem 1.4, it remains to show that the homogeneous problem

u® =3 praRa)u®® + Y palRa)u®), (3.33)

a<m a€02n

u(jfl’o)(O,zz) =0, u(jfl’o)(wl,M) =pai(r2) (j=1,...,m1), (3.34)
ul™R D (21,0) =0, Y (@1, 00) = (1) (k=1,...,mo),

has only the trivial solution. Let w be an arbitrary solution of problem (3.33),(3.34). Multiply
equation (3.33) by u and integrate over 2. After integrating by parts multiple times and taking into
account conditions (3.34), we arrive at the equality

//|u ok dx_// )y 1) i+l (ga)|u(a)(x)|2) ix,

whence, in view of inequalities (1.41)—(1.45) and Wirtinger’s inequality, we get

//‘u(m)(x)fdxg//( Z cjk|u(j,k)(x)|2) dx
o) Q (j,k)<m
2(mi1—7) 2(mo—k

)
w w m) /(2 m) /2
< E Cjk 171-2(Hm||—2j—k) //|u( )(x)| dx<//|u( )(X)| dx
Q Q

(4,k)<m

and, consequently,
u™ (x) = 0. (3.35)
u(x) = 0 immediately follows from (3.35) and (3.34). O
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Corollary 1.4 is particular case of Corollary 1.3.
Proof of Corollary 1.5. Firstly notice that condition (Ag) of Theorem 1.4 holds, since the problem
Pt — o U 0) =0, wUV(w)=0 (j=1,...,2m; +1) (3.36)

has only the trivial solution.
Consider the associated problems of problem (1.30), (1.32):

le

pmitl) = Po2m, (.2?1) v+ ij 2m2v(j)7 <337)
j=1
W0D0) =0 (G=1,....mi+1), oV V(w)=0 (j=1,...,m) (3.38)
and

mzfl
v®m2) = po yro(T2)v + Z Pamy 41250, (3.39)

k=1
WD) =0, v V() =0 (k=1 ma). (3.40)

Let v be an arbitrary solution of problem (3.37),(3.38). After multiplying (3.37) by v(x1), inte-
grating over [0,w1] and taking into account boundary conditions (3.38), we get

w1

1 2 s . 2

30 )+ [ (™ 2 (0020 + D)™ s o2 (0)) d = 0,
0 =1

The latter equality along with (1.34), (1.36) and (3.38) implies v(z1) = 0.

In the proof of Corollary 1.3 it was established that under conditions (1.47) problem (3.39), (3.40)
has only the trivial solution.

In view of Theorem 1.4, it remains to show that the homogeneous problem

w1 = 37 p @)+ Y pa®a)ul®), (3.41)

a<m a€02mt1,
w190, 2:) =0 (G=1,....,mi+1), uI 7w, 20)=0 (G=1,...,m1),

(3.42)

u(ml’k_l)(xl,O) =0, u(ml’k_l)(xl,wg) =0 (k=1,...,ma),
has only the trivial solution. Indeed, let « be an arbitrary solution of problem (3.41), (3.42). Multiply
equation (3.41) by u and integrate over 2. After integrating by parts multiple times and taking into
account conditions (3.42), we get:

wa
1

2 mi— m
5/ <|U(m)(w17$2)‘ +(_1)\Im\|+ ! 1P2m1+10($2)|u( 1’0)((«‘117%2)|
0

2

mzfl

m||+m — m 2
Y (w0 wy, a)| )dmz

k=1
+ (_1)Hm\|+|\a|\—1 2a(§a)|u(a)(x)|2 dx = 0. (3.43)
I/ (% » )

a<m

From (1.25) and (3.43) we get
u™ (x) = 0. (3.44)

From (3.44) and from (3.42) it follows that u(x) = 0 follows. O
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Proof of Corollary 1.6. Conditions (Ap), (A1) and (A3) of Theorem 1.4 hold, since problem (3.36), as
well as the problem

v®m2) =0, o V0) =0, v V(W) =0 (G=1,...,2ms)
By Theorem 1.4, it remains to show that the homogeneous problem

) — po(x)u, (3.45)
uImb0,22) =0 (j=1,...oma+ 1), VN wr,22) =0 (j=1,...,m),
U(ml’kil)('xho) :Ov U(ml’kil)('xhu@) =0 (k: 1a"'7m2)7

ul
(3.46)
has only the trivial solution. Let w be an arbitrary solution of problem (3.45),(3.46). Multiply

equation (3.45) by u and integrate over 2. After integrating by parts multiple times and taking into
account conditions (1.49) and (3.46), we get:

17
§/|u(m)(w1,12)|2dx2+// Ipo(x)| u*(x) dx = 0. (3.47)
0 Q
Consequently,
u(wi, z2) =0 (3.48)
and
/ Ipo(x)| u?(x) dx = 0. (3.49)
Q

Now multiply (3.45) by u(X? and integrate over Q. In view of (3.46) and (3.48), we get

// ‘u(mﬁl’m?)(x)fdx = (—1)Imll //pg w9 (x) dx (3.50)
Q

On the other hand, in view of (3.46), (3.48), (3.49) and Wirtinger’s inequality, we have:

// o) () 103 ax

/|po ) futx >|2dx+s/ )| [ x )|2dx<€||po||csz)/ ) dx

2m1 2m2
< SHPOHC(Q) 2”“‘“ // |U (m1+1,mz2) | dx < // |u(m1+1 mz) | dx (3 51)

for every positive
1 72|l

2m1 2m2 :

L+ [Ipollc) wi™ w;
(3.50) and (3.51) imply
wmi+1ms) () — . (3.52)
and (3.52), (3.46) and (3.47) imply u(x) = 0. O
The proof of Corollary 1.7 is similar to the proof of Corollary 1.3.

Corollary 1.8 is a particular case of Corollary 1.6.
The proofs Corollaries 1.9 and 1.10 are similar to the proof of Corollary 1.3 with ¢ = 0 (j,k) < m.
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Proof of Corollary 1.11. Tt is easy to see that the associated problems of problem (1.48), (1.60)
M) =0, pUD(0) = a; vV (wy) (=1,...,2ms +1) (3.53)

and
v®m2) =0, p*FD0) = b v* D (wa) (k=1,...,2my)

have only trivial solutions. Condition (Ag) of Theorem 1.4 also holds, since problem (1.4) is identical
to problem (3.53).
By Theorem 1.4, it remains to show that the homogeneous problem

N (3.54)
w100, 25) = a; w010 (wy,20) =0 (j=1,...,2m; + 1), (3.55)
ul™ A (21,0) = b w™F D (@, w0) = 0 (k= 1,...,2my) |

has only the trivial solution. Indeed, let « be an arbitrary solution of problem (3.54), (3.55). Multiply
equation (3.54) by u and integrate over 2. After integrating by parts multiple times and taking into
account conditions (3.55), we get:

_1)limll “2 )
%(1—a%+1)/lu(m)(¢d1,w2)| dzry Z//po(x)u2(x) dx.
0 Q

In view of (1.61)—(1.64), there exists ¢ > 0 sufficiently small such that either
u(zy,z2) =0 for zg € [0,ws], 21 € [2] — 0,27 + 6] N[0, w1],

or
up(z1,22) >0 for z1 € [0,w1], 2 € [25 — 0,25 + 6] N[0, wa).

But then, either ]
U(J_LO)({L‘T7:I;2) frg O (J = 1, .. .72m]_ + 1);

or
wOF V(g a3) =0 (k=1,...,2ms).

Consequently, u is a solution of equation (3.54) satisfying either the initial-boundary conditions

u(j71,0)($;x2) =0 (j=1,...,2my + 1),

3.56
wmE=D (310) = b w0 E D (21 w0) =0 (k=1,...,2my), (3.56)
or the initial boundary conditions
(G—=1.0)(q — q.0—1,0) -0 (i=1 2m + 1
u T a;u W1, T seey2m ,
(0,22) = a; (w1, 72) i 1+1) (3.57)

wOF V(g 23) =0 (k=1,...,2ms).

By Theorem (1.7), both of the initial-boundary value problems (3.54),(3.56) and (3.54), (3.57)
have only trivial solutions. O
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