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1 Statement of the problem and formulation
of the main results

Problems on the existence and asymptotic estimates of rapidly growing and blow-up solutions occupy
an important place in the qualitative theory of ordinary differential equations and they have been
investigated in sufficient detail for a wide class of nonlinear non-autonomous differential equations
(see, [1-12] and the references therein). However, for delay ordinary differential equations these
problems still remain unstudied. The present paper is devoted to filling this existing gap.

We consider the differential equation

ul™ (t) = f(t,ulr(t))), (L.1)
where n is an arbitrary natural number, f: R, x R, — R, is a continuous function, R, = [0, +oo],

and 7: R, — R is a continuous function such that

T(t) <t for teR,, lim 7(t) = +oo0.

t—+oo

Definition 1.1. Let a € R, b €]a, +00[, and
ap =min{r(t): t >a} <a (ap=min{r(t): a <t <b} <a).

An n-times continuously differentiable function u : [a,+oo[— R, (u : [a,b[— R, ) is said to be a
solution to equation (1.1) in the interval [a,+oo[ (in the interval [a,b[) if there exists a continuous
function ug : [ag,a] — R, such that equality (1.1) is satisfied in that interval, where

u(t) = ug(t) for ag <t <a.

Definition 1.2. A solution u to equation (1.1), defined in some infinite interval [a, +oo[ C R, , is said
to be rapidly growing (slowly growing) if

lim u™ Y (t) = 400 ( lim um V(1) < +00).

t—+oo t——+oo

Definition 1.3. A solution u to equation (1.1), defined in some finite interval [a,b[C R, is said to
be blow-up (bounded) if
lim u(t) = 400 (Pr% u(t) < +00).

—

t—b

For equation (1.1), in the nonnegative semi-axis R, and in some finite interval [0,b[C R, , the
Cauchy problem with the initial data

u(t) =ug(t) for t, <t <0, v V0)=¢ (i=1,...,n) (1.2)

is investigated in the cases where the function 7 satisfies the conditions

T(t) <t for te R, tEIJPOOT(t) = +00 (1.3)
and
T(t) <t for t € [0,b], 7(b) =b, (1.4)
respectively.
Here

t, =min{r(t): t€R,} (tx =min{r(t): 0<t<b}),

(c15...,cn) € RY, while ug : [t,,0] = R, is a continuous function such that uy(0) = ci.

A solution u to equation (1.1), defined in the interval R, (in the interval [0,b[) and satisfying the
initial conditions (1.2), is said to be a solution to problem (1.1),(1.2) in that interval.

Condition (1.3) (condition (1.4)) guarantees the existence of a unique solution to problem (1.1), (1.2)
in the interval R, (in the interval [0,b[). Our aim is to find conditions under which the above men-
tioned solution is, respectively, rapidly growing or slowly growing (blow-up or bounded).

Put

frtx) =max{f(t,y): 0<y <z} for (t,z) € Ri, luo|l = max{ug(t) : t. <t <0}
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Theorem 1.1. Let along with (1.3) the conditions
f(t,l‘) Z fo(t,ﬂ?) fOT t 2 th X Z 07 (15)
(c1,...,cn) €RT, 1 =up(0), ¢, >0 (1.6)

hold, where to > 0 and fy : [to, +0o[ xR, — R, is a nondecreasing in the second argument continuous
function such that

“+oo
/ fo(t,|7@®)|" " 'z) dt = +o0 for x> 0. (1.7)
to

Then the solution to problem (1.1),(1.2) is rapidly growing. If along with (1.3) the condition

lim
z—0

*/‘”f*(t, Atlr@h ) (1.8)
J X

is satisfied, then there exists € > 0 such that in the case, where
luoll <&, ¢1 =up(0), 0<¢;<e (i=1,...,n), (1.9)
the solution to problem (1.1),(1.2) is slowly growing.
Corollary 1.1. Let along with (1.3) the condition
A A 2
p(t)z™ < f(t,x) < Lp(t)x” for (t,x) € RT (1.10)

hold, where A > 1, £ > 1, and p: R, — R, is a continuous function. Then the condition

+oo
/ I7(8)| DA p(t) dt = +oo (1.11)
0

is necessary and sufficient for the solution to problem (1.1),(1.2) to be rapidly growing for any con-
tinuous function ug : [t.,0] — R and the initial data, satisfying condition (1.6).

The question arises: may equation (1.1) have a rapidly growing solution if condition (1.8) is sat-
isfied? Theorems 1.2 and 1.3 below and their corollaries give a positive answer to this question.
According to these statements, equation (1.1) may have an n-parametric set of rapidly growing solu-
tions even in the case where condition (1.10) is satisfied but condition (1.11) is violated.

Theorem 1.2. Let conditions (1.3) and (1.5) hold, where ty is a positive number, while fy :
[to, +oo[ xR, — R, is a continuous and nondecreasing in the second argument function such that the
differential equation

v (1) = folt,v(r(1)) (1.12)
in the interval [to, +00[ has a rapidly growing solution v. Then there exist numbers r > 0 and a > tg
such that if

(c15....0n) ERT, =ug(0), cp >, (1.13)
then the solution to problem (1.1),(1.2) is rapidly growing and admits the estimates
w V() >0 @) for t>a (i=1,...,n). (1.14)
Corollary 1.2. Let the functions f and T satisfy the inequalities
f(t,x) > tra® for t >ty, x>0, (1.15)
t* -0 <7(t) <t for t >0, (1.16)

where
A>1, peR, ac]A L1, §>1, to> 1.

Then for any v > n — 1 there is a positive number r = r(y) such that if condition (1.13) is fulfilled,
then the solution to problem (1.1),(1.2) is rapidly growing and admits the estimate

inf {¢t Tu(t): t >t} >0. (1.17)
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Corollary 1.3. Let the functions f and T satisfy the inequalities

f(t,x) > exp(ut)z for t >tog, x>0, (1.18)
at—0 < 7(t) <t for t >0, (1.19)
where
A>1, peR, ac]A™ 1], >0, to>0.

Then for any v > 0 there is a positive number r = r(7y) such that if condition (1.13) is fulfilled, then
the solution to problem (1.1),(1.2) is rapidly growing and admits the estimate

inf { exp(—t)u(t) : t >to} > 0. (1.20)
Corollary 1.4. Let the function f satisfy the inequality
exp(pt)z? < f(t,z) < t“a> for t >tg, x>0, (1.21)
and let the function T satisfy inequality (1.19), where
to>0, A>1, u<0, v<—(n—1DA—=1, ac]A™ 1], §>0.

Then there exists € > 0 such that if condition (1.9) is fulfilled, then the solution to problem (1.1),(1.2)
is slowly growing. On the other hand, for any v > 0 there is a number r = r(vy) > ¢ such that if
condition (1.13) is satisfied, then the solution to problem (1.1),(1.2) is rapidly growing and admits
estimate (1.20).

Theorem 1.2 is not applicable in the case where the function f does not have a nondecreasing in
the second argument nontrivial nonnegative minor. Theorem 1.3 below deals with this case.

Let n > 2, tg > 0, and the function f admit estimate (1.5), where fo : [to, +oo[ xR, — R, is a
continuous function. Put

Fo(t,z) = <(an), /(az—y)”_Zfo(t,y) dy) for ¢ >to, >0, (1.22)

0

and consider the differential equation
V' (t) = Fu(t,v(7(t))). (1.23)

Theorem 1.3. Letn > 2 and there exist a positive number ty and a nonincreasing in the first argument
continuous function fo : [to, +oo[ xR, — R, such that the function T is continuously differentiable in
the interval [to,+oo],

T(to) =0, 7(t) >0, 0<7'(t) <1 for t > tog, (1.24)

and conditions (1.3), (1.5) hold. Let, moreover, the differential equation (1.23) in the interval [ty, +00[
has a solution v, satisfying the equality

a2
t—+oo tn—1

= +o0. (1.25)

Then for any continuous function ug : [t.,0] = R, there are numbers r = r(ug) > 0, a = a(ug) > to
such that if condition (1.13) holds, then the solution to problem (1.1),(1.2) is rapidly growing and
admits the estimate

u(t) > wv(t) for t > a. (1.26)

Corollary 1.5. Let n > 2 and there exist numbers

to>1, A>1, ae} peER,, (1.27)

n
],
n—14+A
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and a continuous function w: R, — R such that

T(t) =t* —tg for te R, (1.28)

f(t,x) > t'w(x) for t >tg, v€R,, (1.29)
T

/w(s) ds> a2 —1 for z€R,. (1.30)

0

Then for any continuous function ug : [t.,0] = R, and any number v > n — 1 there is a positive
number r = r(ug,7y) such that if condition (1.13) holds, then the solution to problem (1.1),(1.2) is
rapidly growing and admits estimate (1.17).

Example 1.1. Let ¢, A, o, and p be numbers satisfying condition (1.27), n > 2,
Sp=2"""PA+ NN (B=1,2,...),

and let w : R, — R, be a continuous function whose restriction to an arbitrary interval [k — 1, k] has
the form

A+ 1)z? for k—1<uz<k—26,
w(z) = (1.31)

@(Aﬁ)xA for k— 20, <z < k.
k

Consider the differential equation
u™ (t) = trw(u(t™ — tg)). (1.32)
The function w in the interval R, does not have a positive nondecreasing minor since
wk—10)=0 (E=1,2,...). (1.33)
Thus Theorem 1.2 leaves open the question on the existence of rapidly growing solutions to equation
(1.331; the other hand, in view of (1.31), for an arbitrarily fixed natural number m we have
z

/w(y)dy>(/\+1)/ Yy — ( /\+1Z / w)

0 k=1 95,

m
> g —2()\+1)Zk’\5k = g M1 —ZQ*’“ SaM 1 for m—1<a2<m.

k=1
Consequently, inequality (1.30) holds. However, by virtue of Corollary 1.5 this inequality guarantees
the existence of an n-parametric set of rapidly growing solutions to equation (1.32).

Note that if
p< —(n—1a,

then by Theorem 1.1 equation (1.32) along with rapidly growing solutions has an n-parametric set of
slowly growing solutions as well.

Corollary 1.6. Let n > 2 and there exist numbers

t0>0,A>1,ae] 1], ueRr, (1.34)

n
n—1+X
and a continuous function w: R, — R, such that along with inequality (1.30) the conditions
7(t) = at —tg) for te R,
f(t,x) > exp(ut)w(z) for t >ty, v € R,
are satisfied. Then for any continuous function ug : [t.,0] — R, and any positive number ~ there

is a positive number r = r(ug,7y) such that if condition (1.13) holds, then the solution to problem
(1.1), (1.2) is rapidly growing and admits estimate (1.20).
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Example 1.2. Suppose tg, A, a, and p are numbers satisfying condition (1.34), n > 2, w: R, — R,
is a continuous function whose restriction to an arbitrary interval [k — 1, k] has form (1.31).
Consider the differential equation

u™ (t) = exp(ut)w(u(a(t — t))). (1.35)

In view of equalities (1.33), Theorem 1.2 is not applicable to this equation. On the other hand, as
shown above, the function w satisfies inequality (1.30). Hence by Corollary 1.6 it follows the existence
of an n-parametric set of rapidly growing solutions to equation (1.35). If g < 0, then by Theorem 1.1
this equation along with rapidly growing solutions has an n-parametric set of slowly growing solutions
as well.

Theorems 1.4, 1.5 and their corollaries given at the end of this section contain conditions guaran-
teeing the existence of an n-parametric set of blow-up solutions to equation (1.1).

Theorem 1.4. Let the function T satisfy condition (1.4), and let the function [ satisfy the inequality
f(t,x) > fo(t,x) for to <t <b, zecR,, (1.36)

where ty €]0,b] and fo : [to,b] x R, — R, is a nondecreasing in the second argument continuous
function such that the differential equation (1.12) in the interval [to, b[ has a blow-up solution v. Then
there are numbers r > 0 and a € |tg, b[ such that if condition (1.13) holds, then the solution to problem
(1.1),(1.2) is blow-up and admits the estimates

w0 V() for a<t<b (i=1,...,n).
Corollary 1.7. Let the functions T and f satisfy the inequalities
alt—=b)+b<7(t) <t for 0<t<b,
ft,z) > (b—t)"a* for to<t<b, zeR,,

where
a>1, t6>0, peR, A>1.

Then for any positive number ~ there is a positive number r = r(vy) such that if condition (1.13) holds,
then the solution to problem (1.1),(1.2) is blow-up and admits the estimate

inf {(b—t)"u(t): tog <t <b}>0. (1.37)
Theorem 1.5. Let n > 2, tg €]0,b], let the function T have the form

b(t—t
7(t) = bit = to) for 0<t<b, (1.38)
b—to
and let the function f satisfy inequality (1.36), where fo : [to,b[ xR, — R, is a nonincreasing in the
first argument continuous function. Let, moreover, the differential equation

b—to\ "5

V)= (52) " Falto(r®)),

where F,, is a function given by equality (1.22), in the interval [to,b] has a blow-up solution v. Then
for any continuous function ug : [t.,0] — R there are numbers r = r(ug) > 0, a = a(ug) € ]to,b|
such that if condition (1.13) holds, then the solution to problem (1.1),(1.2) is blow-up and admits the
estimate

u(t) > wv(t) for a <t <b.

Corollary 1.8. Let n > 2 and there exist numbers

to >0, A>1, u>0
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and a continuous function w : R, — R, such that identity (1.38) holds and along with (1.30) the
inequality
f(t,x) > (b—t)'w(x) for tg <t<b, xR,

is satisfied. Then for any continuous function ug : [t.,0] — R, and any positive number ~ there
is a positive number r = r(ug,y) such that if condition (1.13) holds, then the solution to problem
(1.1), (1.2) is blow-up and admits estimate (1.37).

Example 1.3. Let
n>2 to>0 A>1, u>0, & =2""F1+N (k=1,2,...),

and let w: R, — R, be a continuous function whose restriction to an arbitrary interval [k — 1, k] has
form (1.31). Consider the differential equation

W™ (t) = (b — t)"w (u(b(;_;t’;o))) (1.39)

In view of condition (1.33), Theorem 1.4 leaves open the question on the existence of blow-up solutions
of that equation. On the other hand, by virtue of condition (1.30) and Corollary 1.8 equation (1.39)
has an n-parametric set of blow-up solutions.

2 Auxiliary propositions

Along with problem (1.1), (1.2) we consider the problem

v (t) = folt,v(7(t))), (2.1)
v(t) = v(tg) for t, <t <0, v0V0)=cy (i=1,...,n). (2.2)

Moreover, we assume that f: R, xR, = R, fo:R, xR, =R, 7:R, = R, up: [t,,0] = R,
vg : [t«,0] = R, are continuous functions,

c1 = UO(O), (Cl,...7Cn) € Rz, Co1 = 1)0(0), (0017...,0071) S RZ

If condition (1.3) (condition (1.4)) holds, then there exists an increasing sequence of positive
numbers (¢;);-° such that

()<0 for 0<t<ty, T(tl)_o

T(t)<ti for ti <t<tiy1, T (z+1) ( )
lim ¢; = 400 ( lim ¢; —b)
t—+oo t——+oo

From this fact it immediately follows the validity of the following lemma.

Lemma 2.1. If condition (1.3) (condition (1.4)) holds, then problem (1.1),(1.2) in the interval R,
(in the interval [0,b]) has a unique solution u and for any natural k the equality

u(t) = up(t) for 0 <t <t (2.3)

is satisfied, where

up(t) =ug(t) for t, <t <0, wup(t Z tZ 1
! t net d 0<t<ty (k=1,2 2.4
ot [ (s for 0t <t (k= 12..0) (2.4

0
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Now we consider the case where one of the following two inequalities is satisfied:

f(t,x) > fo(t,x) for te R, z€R,, (2.5)
f(t,x) > fo(t,x) for 0<t<b, z€R,. (2.6)

Lemma 2.2. Let along with conditions (1.3) and (2.5) (along with conditions (1.4) and (2.6)) the
inequalities
ug(t) > vo(t) for t. <t <0, ¢;>co (i=1,...,n) (2.7)

be satisfied. If, moreover, one of the functions f and fy is nondecreasing in the second argument, then
in the interval R, (in the interval [0,b[) the inequalities

wV (@) > 00V (i=1,...,n) (2.8)
hold, where u and v are solutions to problems (1.1), (1.2) and (2.1),(2.2), respectively.

Proof. According to Lemma 2.1, problem (2.1),(2.2) is uniquely solvable and its solution for any
natural k admits the representation

v(t) = vp(t) for 0 <t < tg, (2.9)

where

n
velt) = vo(t) for £ <t <0, v(t)=. G f”l)‘ti—l
i=1 :

/(t —8)" L fo(s,vp_1(7(8)))ds for 0<t <ty (k=1,2...). (2.10)
0
If along with conditions (2.5) and (2.7) (along with conditions (2.6) and (2.7)) we take into account

the fact that one of the functions f and fy is nondecreasing in the second argument, then the validity
of the inequality

) =Y ot ,/ ) f (s, w0 (7(5)) ds

=1

'/t—s Lfo(s,v0(7(8)))ds = vi(t) for 0 <t <ty

0

becomes evident. By virtue of this inequality, representations (2.3), (2.4) and (2.9), (2.10) yield
estimate (2.8). O

Definition 2.1. An n-times continuously differentiable function v : R, — R, (u:[0,b[— R, ) is said
to be a solution of the differential inequality

u™ () > fo(t, u(r(t))) (2.11)

in the interval R, (in the interval [0,0]) if there exists a continuous function wg : [t.,0] — R,
such that in this interval inequality (2.11) holds, where

u(t) =uo(t) for t, <t <O0.

Definition 2.2. A function u : R, — R, (u : [0,b[— R, ) is said to be a solution of problem
(2.11),(1.2) in the interval R, (in the interval [0,b[) if it is a solution of the differential equation
(2.11) in that interval, satisfying the initial conditions (1.2).
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Lemma 2.3. Let conditions (1.3), (2.7) (conditions (1.4), (2.7)) hold, the function fo do not decrease
in the second argument, and let u and v be solutions of problems (2.11), (1.2) and (2.1),(2.2) in the
interval R, (in the interval [0,0[), respectively. Then inequalities (2.8) holds in that interval.

Proof. Assume
3(t) = u™ (1) = folt,u(r(t))).

In view of (2.11), ¢ is a continuous and nonnegative function defined in the interval R, (in the interval
[0,b]). On the other hand, the function u is a solution of the differential equation

ut™ () = folt,ulr (1)) +6(1)

under the initial conditions (1.2). If now we apply Lemma 2.2, then the validity of Lemma 2.3 becomes
evident. O

Lemma 2.4. Let n > 2 and conditions (1.3), (1.5) (conditions (1.4), (1.36)) hold, where tg > 0
(to €]0,0), and let fo : [to,+oo[ xR, — R, (fo : [to,b[ xR, — R, ) be nonincreasing in the first
argument continuous function. Let, moreover, the function T be continuously differentiable in the
interval [tg, +o00[ (in the interval [to,b]) and satisfy the condition

T(to) =0, 7(t) >0 for t >to, 0<7'(t) <« (2.12)

in that interval, where « is a positive constant. Then for any continuous function ug : [t.,0] = R,
there is a positive number ro = ro(ug(0)) such that if

(c1,...,cn) €RY, 1 =up(0), cn > 10, (2.13)

then the solution to problem (1.1),(1.2) in the interval [ty,4+oo[ (in the interval [to,b]) satisfies the
differential inequality

() = a” % Fu(tu(r(1), (2.14)
where Fy, is a function defined by equality (1.22).

Proof. We prove the lemma for the case where n > 3 and conditions (1.3), (1.5) are satisfied. The
case, where n = 2 or conditions (1.4), (1.36) are satisfied, can be proved analogously.
Put

(n!)~"tp 2 for top > 1,

5 =
(n)™" n(n D for ¢ < 1,

TO:1+671( 71@ k 1 /fo th dy7

x

a—k
fltoa) = Gy [ =) oltn)dy (b =1,.con = 1)
0

By Lemma 2.1 problem (1.1), (1.2) has a unique solution . In view of the nonnegativeness of the
functions f, ug, and conditions (2.12), (2.13), the function v admits the estimates

(n—1)k—1
t
(n—k) / ks 0 ck+l — _
U (to)(u (to)) 2 ((n_2)') (k—l)' Cp > drg (k‘ 1,....n 2), (215)
t(n—2)n

(u'(to))" =

u'(t) > a "t

DI ¢y > ndry, (2.16)

(Hu'(7(t)) for t > to. (2.17)
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On the other hand, according to the definitions of the number ry and the functions fi (k= 1,...,n—1),
we have

e
fet,c1) < a kbt /fo(to,y) dy < drg for t >ty (k=1,...,n—1). (2.18)
0

From estimates (1.5), (2.17) it follows that
ut™ (@) (t) = f(t,ulr()))d' (8) = o folt, u(r () (r(8))7'(t) for t > to.

If we integrate this inequality from ty to ¢ and take into account the fact that fy is nonincreasing in
the first argument, we get

t

u™ D () (t) = /u(”*l)(s)uN(s) ds +u™V (to)u/ (to) + o~ /fo(svu(T(S))) du(7(s))
> uV(to)u'(to) — filto, 1) + fa(t,u(r(t))) for t > to.

Hence, due to estimates (2.15), (2.18), we get
a0 () > it u(r(t))) for t > to. (2.19)
Now we have to prove that for any k € {1,...,n — 2} the inequality
u R (@) (u (#)F > fr(t, u(r(t)) for t >t (2.20)

holds. In view of (2.19), it remains to consider the case, where n > 4.
Assume that for some k € {1,...,n— 3} inequality (2.20) holds. Then by virtue of estimate (2.17)
we have

umTR @) (W ()P > o f(t u(T(0)d (T(8) 7 (t) for t > tg.
Hence, due to estimates (2.15), (2.18), it follows that

WD ) 2 (1) [ () (6) u (5) s+ ) 0 (1)
~fes1to,€0) + Fraa (b u(r(0) > S (b u(r (1)) for ¢ > to,

Thus it is proved that inequality (2.20) holds for any k € {1,...,n — 2}, and consequently,
o () (' (£)" 7% > faa(t,u(r(t))) for t > to.

Therefore,
u () (u ()" > a7 fuo(t,u(T () (7(8) T (t) for t > to.

If we integrate this inequality from ¢y to ¢ and take into account estimates (2.16) and (2.18), we get

W(®)" o (W(to))"

n n

= fn—1(to,c1) + fa—1(t,u(7(1))) > fr-1(t,u(r(t))) for t > to,
W (t) > (nfus(tu(r(t))" for t>to.

Hence in view of (1.22) it follows that the function u is a solution of the differential inequality (2.14)
in the interval [to, +o0]. O
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3 Proof of the main results

Proof of Theorem 1.1. First we consider the case where along with (1.3) conditions (1.5)—(1.7) hold.
By Lemma 2.1, problem (1.1), (1.2) has a unique solution u. On the other hand, in view of (1.3) and
(1.6) we have

u(t) > xt™ ' for t >0, 7(t) >0 for t > to,

where x = ¢, /(n — 1)!, and t( is a sufficiently large positive number. Hence by virtue of conditions
(1.5) and (1.7) we get

u(nfl)(t) > /fo (57 (7(5))"*1x)ds — 400 as t — 4o00.

Consequently, u is a rapidly growing solution.
Now consider the case where conditions (1.3) and (1.8) hold.

Put
m(t) = (7(8) + |[7(1)]) /2,

and choose € > 0 such a small that the inequality

/f (n+2)(1+ [r(s))" 1) ds < (3.1)

is satisfied.
Let condition (1.9) be fulfilled. Then the solution u of problem (1.1), (1.2) admits the estimates

WD) <&, u(r() < (1+ |r(1))" (e + u D (r (1))

Therefore,

W (1) < e+ /f*(& (L+ |7(s)))" " (ne +u"V(1.(s)))) ds for t > 0. (3.2)
0

Our aim is to prove that
u™ V(1) < 2 for t>0. (3.3)

Assume the contrary. Then there exists g > 0 such that
u V(1) < 2e for 0 <t <ty, u"V(ty) = 2e.

Thus inequalities (3.1) and (3.2) yield
26<€—|—/f (n+2)(1+|7(s)))* ') ds < 2e.

The contradiction obtained proves the validity of estimate (3.3). Consequently, the solution u is slowly
growing. O

To be convinced of the validity of Corollary 1.1, it is enough to note that if along with (1.3)
conditions (1.10), (1.11) hold, then conditions (1.5), (1.7) are satisfied as well, where

folt,z) = p(t)xk.

If condition (1.10) is satisfied but condition (1.11) is violated, then condition (1.8) holds.
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Proof of Theorem 1.2. By virtue of condition (1.3), there exists a number a € Jtg, 400 such that
a=min{7(t): t >to}.
Put

To(t) = u(t) for tg<t<a, ¢ =u"Ya) (i=1,...,n),
To(t) = v(t) for to <t <a, ¢ =v0"V(a) (i=1,...,n),

and choose r > 1 such that the inequality

..>COZ' (i=1,...,n) (3.4)

is satisfied. Then the restrictions of the functions u and v to the interval [a, +00[ are solutions to the
differential equations (1.1) and (1.12), respectively, under the initial conditions

u(t) =g(t) for to<t<a, ' V(a)=¢ (i=1,...,n),

v(t) =To(t) for to <t <a, v V(a)=2; (i=1,...,n).

On the other hand, due to (1.13) and (3.4) we have

_ tn—l _ _
To(t) > (Cn 0 o > Co1 > o(t) for tg <t < a, (3.5)
n—1)!
cpa™t 7
G > > —2 >0 (i=1,...,n). 3.6
= (n=9)!" (n—1)! oi (0 n) (3:6)
By Lemma 2.2, inequalities (1.5), (3.5), and (3.6) imply estimates (1.14). O

Proof of Corollary 1.2. By virtue of Theorem 1.2, to prove Corollary 1.2 it is enough to state that for
any v > n — 1 the differential equation

v (t) =t (r(t)) (3.7)
in the interval [to, +00[ has a solution v, admitting the estimate
inf {tv(t): t =10} > 0. (3.8)

Without loss of generality we can assume that

—(Aa-1)y—n<p. (3.9)
Let )
1) y—n o . Ail
=(1+(0+— -
= [ ws 2y e
We introduce the function

n—1
o(t) = pH( [16- i)) (t+ 8" (r(t) + )~ for t > t,. (3.10)

i=0

It is clear that

(t+0) "< (1 +(1+ é)”’”)t”*” for ¢ > to.
to

On the other hand, in view of (1.16) we have

(T(t) + 6)™M <t72 for t > t.
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According to condition (3.9), the last two inequalities yield the estimate
p(t) <t for t > t,. (3.11)
Consider the differential equation
W (1) = p(t)w (r(1)).
By identity (3.10), this equation in the interval [tg, +00[ has a rapidly growing solution
w(t) = p(t +9)7 for t > to.

Let
t; = min {T(t) > to}.

By virtue of Lemmas 2.1, 2.2 and inequality (3.11), the differential equation (3.7) in the interval
[to, +00[ has a unique solution v, satisfying the initial conditions

v(t) = p(t+6)7 for t1 <t <tg, v V() =wV(ty) (i=1,...,n),
and this solution admits the estimate
v(t) > w(t) for t > to.
Thus
_ o7
tu(t) > p(1+ E) > p for t > tg,
and, consequently, estimate (3.8) is valid. O

Corollary 1.3 can be proved analogously to Corollary 1.2.
Corollary 1.4 immediately follows from Theorem 1.1 and Corollary 1.4.

Proof of Theorem 1.3. Let ug : [t.,0] — R, be an arbitrarily fixed continuous function. Then by
Lemma 2.4 there exists a positive number ry such that for any initial values co, ..., c,, satisfying the
inequalities

¢, >0 (1=2,...,n), ¢, >ro, (3.12)

the solution u of problem (1.1),(1.2) in the interval [tg, +oo] satisfies the differential inequality
u'(t) > F(t,u(r(t))) for t > to. (3.13)
Due to condition (1.3), there exists a number a > to such that
min {7(t): t >a} =a.

Put
r=(n— 1)ty "v(a) + ro.
Then, if condition (1.13) holds, condition (3.12) holds as well, and according to the above said, the

solution u of problem (1.1), (1.2) satisfies the differential inequality (3.13).
On the other hand, in view of (1.13) we have

n—1 n—1
ty o > to
(n—1)! (n—1)!

u(ty) > r > v(a).

The last inequality yields the inequality
u(t) > v(t) for to <t <a, (3.14)

since u and v are nondecreasing in the interval [tg, a] functions.

However, by Lemma 2.3 conditions (1.3), (3.13), and (3.14) guarantee the validity of estimate
(1.26) since F,, is a nondecreasing in the second argument function. From (1.25) and (1.26) it follows
that the solution v is rapidly growing. O
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Proof of Corollary 1.5. Let
i) = (g [t =02t )
0

(n—

1
n

for x > 0.

By Theorem 1.3 it is enough to state that for any v > n — 1 the differential equation
V(1) = 7 (v(7(2)))

in the interval [to, +oo[ has a solution v admitting estimate (3.8).
First note that estimate (1.30) implies the estimate

z n—1
1 -2 N—1, Afn— 1 -
- o n d A 1 A +n—1 n—2
o [ 0D TToe e
L
> ¢~ gl (17 ixf)ﬁl) > Ml for g >€%+1,
where
n—1
e=T[+9.
i=1

Thus .
n n Afn—1 1
) ron for x > />¥1.

O () > (Z

Without loss of generality, we will assume below that

—(A+n—-1Da-n)y—n<pu

Let )
. Iy\w a_1\Y—1) 3-1
p= 05T ¢ (7(n) (1+t57Y) ) .
Introduce the function
p(t) = py(t+15)71/Qu(p(7(t) +15)7),
and consider the initial value problem
w'(t) = p(t)Qu(w(r(t))),

w(t) = p(t+1t5)" for 0 <t <tyg, w(to) = p(to+15)"

It is evident that this problem has a solution
w(t) = p(t +t5)7 for t > to,

which by Lemma 2.1 is unique.
Due to (1.28) and (3.18), we have

p(T(t) +t§)" > pt*r > 057 for t > to,

according to which from (3.16) and (3.19) we get

o Adn-1 F atno1 Odn-na
Qn (p(r(t) +t5)7) > (%) (p(r(t) +5)) " > (ﬁ) pitast ot
and )
— f n n—1)a—n)y+n
p(t) < p (7) (1 oy Gt o
n

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

t2t07
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Hence by conditions (3.17) and (3.18) we get the inequality
p(t) < tn for t > tg. (3.21)

By virtue of Lemmas 2.1, 2.2, and inequality (3.21), the differential equation (3.15) in the interval
[to, +o0o[ has a unique solution v, satisfying the initial condition

v(t) = p(t+1t5)" for 0 <t <ty, v(tg) =p(to+1t5)7,
and admitting the estimate v(t) > w(¢) for ¢t > t5. Therefore estimate (3.8) is satisfied as well. O

Corollary 1.6 can be proved analogously to Corollary 1.5.
Theorem 1.4 and Corollary 1.7 can be proved analogously to Theorem 1.2 and Corollary 1.2, while
the proofs of Theorem 1.5 and Corollary 1.8 are analogous to those of Theorem 1.3 and Corollary 1.5.
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