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LOCATION OF THE LIMIT CYCLE FOR A CLASS OF LIENARD SYSTEMS
BY MEANS OF DULAC-CHERKAS FUNCTIONS



Abstract. Dulac—Cherkas functions can be used to estimate the number of limit cycles and to
approximate their location. We consider a class of Liénard systems containing the van der Pol system
as a special case and present two approaches to construct Dulac—Cherkas functions. By means of two
Dulac—Cherkas functions, we improve the Poincaré—Bendixson annulus for the van der Pol system
which has been derived in our previous paper [4].
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1 Introduction

Limit cycles as special limit sets play a fundamental role in the description of the global phase portrait
of planar autonomous systems, as well as in modelling self-sustained oscillations in different fields
of natural sciences. Their existence can be established by means of the bifurcation theory or the
construction of a Poincaré-Bendixson annulus. The inner and the outer boundaries of a Poincaré—
Bendixson annulus consist of simple closed curves in the phase plane with the property that if any
trajectory of the considered planar system meets this boundary, it will enter the annulus either for
increasing or decreasing time. They represent generalized curves without contact in the sense of
A. A. Andronov et al. (see [1]). The crucial problem how to construct such curves depends essentially
on the system under consideration and requires, in general, sophisticated geometric constructions.
The goal of this paper is to describe a general method to construct generalized curves without contact
by means of Dulac—Cherkas functions. This class of functions has been introduced by L. Cherkas in
his seminal paper [2].

The structure of our paper is as follows. In Section 2, we introduce the class of Dulac—Cherkas
functions and describe their fundamental properties. In Section 3, we construct Dulac—Cherkas func-
tions for a class of Liénard systems and use these functions to derive conditions such that this class of
autonomous systems has at most one limit cycle. In Section 4, we apply these results to the van der
Pol system. By means of two different Dulac—Cherkas functions, we construct two generalized closed
simple curves without contact as inner boundaries for a Poincaré—Bendixson annulus of the van der
Pol system. Both boundaries can be used to construct an improved inner boundary. In Section 5, we
use a Dulac—Cherkas function to improve an outer boundary for a Poincaré—Bendixson annulus of the
van der Pol system, which has been derived in our paper [4] without a Dulac-Cherkas function. In
this way we obtain a new global algebraic Poincaré-Bendixson annulus for the van der Pol system.

2 Dulac—Cherkas functions

We consider planar autonomous systems

dx dy
E_P(mvi%)‘)? E_Q(xayy)\) (21)
depending on a real parameter \ under the assumption

(A)  PQeC.), UG xAR),

where G is an open region of the phase plane, A is some open interval. We denote by X the vector
field defined by (2.1). First, we recall the definition of a Dulac function.

Definition 2.1. Suppose the assumption (A) to be valid. A function B belonging to the class
C(%1 ) 9(G x A,R) is called a Dulac function of system (2.1) in G for A € A if the expression

div(BX) = a(anP) + 8(5;2) = (grad B, X) + BdivX

does not change sign in G and vanishes only on a set Ay, C G of measure zero for A € A.

The class of Dulac functions has been generalized by L. A. Cherkas in 1997 (see [2]). The corre-
sponding generalized Dulac function, which is called Dulac—Cherkas function nowerdays, is defined as
follows.

Definition 2.2. Suppose the assumption (A) holds. A function ¥ € C(lgw) 9(G x A,R) is called a
Dulac—Cherkas function of system (2.1) in G for A € A if there exists a real number & # 0 such that
the function @ satisfies

® = (grad ¥, X) 4+ k¥divX >0 (<0) in G for A € A. (2.2)
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Remark 2.1. Condition (2.2) can be relaxed by assuming that ® may vanish in G on a set N, of
measure zero, and that no simple closed curve of this set is a limit cycle.

Remark 2.2. In case kK = 1, ¥ is a Dulac function.
From relation (2.2) it immediately follows

Proposition 2.1. If U(z,y,\) is a Dulac—Cherkas function, then so is ¢c¥(x,y,\), where ¢ is any
real number different from zero.

Proposition 2.2. The sign of the function ® on the curve ¥ = 0 does not necessarily imply in which
direction a trajectory of system (2.1) crosses the curve ¥ =0 for increasing t.

Proof. From (2.2) we get ®jy—g = (grad ¥, X)|gy—o. If ¥ is a Dulac-Cherkas function, then by
Proposition 2.1 so is —V¥. Since

(grad(—7), X) = (grad ¥, — X)
holds, the claim is proved. O
In the sequel, we introduce the subset Wy of G defined by
Wi = {(z,y) € G: ¥(z,y,\) =0}.
From Definition 2.2 we immediately get

Lemma 2.1. Suppose the assumption (A) to be valid. Let ¥ be a Dulac—Cherkas function of system
(2.1) in G for A € A. Then any curve Kx of Wx having only a finite number of points, where
(grad ¥, X) vanishes, is a generalized curve without contact for system (2.1). FEspecially, if Ky is a
generalized simple closed curve without contact, it can be used as a boundary for a Poincaré—Bendizson
annulus.

The following theorem is a special case of a more general result established in [3].

Theorem 2.1. Suppose the assumption (A) holds. Let G be a simply connected region, let U be a
Dulac—Cherkas function of (2.1) in G for A € A such that W contains exactly one simple closed curve
Oy in G. Then in the case k < 0 system (2.1) has for A € A at most one limit cycle in G, and if it
exists, it surrounds W, and is hyperbolic.

This theorem implies

Corollary. Under the assumptions of Theorem 2.1, the simple closed curve Oy can be used as an
interior boundary for a Poincaré—Bendizson annulus of system (2.1), provided it is a generalized simple
closed curve without contact.

3 On the construction of Dulac—Cherkas functions

The key point in the construction of a Dulac—Cherkas function consists in finding a function ®(x,y, \)

defined in (2.2) which is definite in some region of the phase plane for A belonging to some interval.

One possibility to simplify this problem is to look for a procedure such that ® depends finally on only

one phase variable. In what follows, we demonstrate this approach for a class of Liénard systems.
We consider the system

dr _ _
ZZ - (3.1)
o = ho(@) + ha(z)y
corresponding to the Liénard equation
d*x dx

ﬁ — hl(x) a +h()(£[]) = 0
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and seek a Dulac—Cherkas function for system (3.1) in the form
U(z,y) = Wo(x) + W1 (x)y + Ya(2)y?,

where we assume

Uy(z) £ 0 for all . (3.2)

For the corresponding function @, from (2.2) we obtain
®(z,y) = ¥1(x)ho(x) + Kha(2)o(x) + (= Lo(x) + 2Wa(2)ho(7) + Va(2)ha (2)(1 + K))y
+ (U (z)he (2)(2 + &) — Ui (2))y* — Uh(x)y. (3.3)

In order to get ® as a function depending only on z, we equal the coefficients before y, y? and 33
to zero which yields the relations

Wl =0,
Uy = (k+2)hi(2) T2, (3.4)
6 = (FL + 1)h1(£L’)\I/1 + 2h0($[:)\112,

representing a system of linear differential equations to determine ¥g, ¥y and Ws. For what follows,
we assume

(H) The functions hg, h1 : R — R are continuous, hg is not identically zero.
Under the condition that relations (3.4) are satisfied, the function ® defined in (3.3) reads as
®(z,y) = ¥1(2)ho(x) + khy(z)¥o(). (3.5)

In order to guarantee ® to be a definite function of x, we have freedom in choosing x and the
constants ¢; appearing in the process of integrating system (3.4), we can additionally impose the
conditions on hg and h;.

Our first approach to solve system (3.4) consists in choosing k = —2. In what follows, we suppose

(B1) The function h; has the form

h(2) = a / ho(s) ds + b, (3.6)
where a # 0.
Then the following assertion is valid.

Theorem 3.1. Under the assumptions (H) and (B1), the function
U(e,y) = h(@) + 5y
is a Dulac—Cherkas function for system (3.1) in RZ.
Proof. From (3.4) and under condition (3.2) we obtain
Uo(x) =2 #0, Ty(x)=cy.

Setting ¢; = 0, by (3.4) we have

Ui(z) =0, Py(x)=co, To(z)= QCg/ho(s) ds + cp, (3.7)

and from (3.5) we get

O(z,y) = —2hy(x) <262 / ho(s)ds + CO>. (3.8)
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Using (3.6), from (3.8) we obtain

O(z,y) = ( - 2a/h0(s) ds — 2b> (202 / ho(s)ds + c()).
Setting 2co = a and ¢y = b, we have
@(may) = _2(h1($))2 < 07
that is, ® is a definite function in R2. Additionally, by (3.7) there holds
x
Wo(x) = a/ho(s) ds+b=hi(e), Wi(@)=0, Wo(r)= 2.
Thus the assertion of Theorem 3.1 is valid. O

For what follows, we assume

(B2) The set
W= {(z.y) €R?: W(a,y) =0} = {(z,9) €R®: hi(2) + 5y =0}

contains exactly one simply closed curve O.
Then, according to Theorem 2.1, the following theorem holds.

Theorem 3.2. Under the assumptions (H), (B1) and (Bz), system (3.1) has at most one limit cycle
T in R2. If T exists, it surrounds O and is hyperbolic. The closed curve © can be used as an inner
boundary for a Poincaré-Bendizson annulus of system (3.1).

Our second approach to solve system (3.4) consists in choosing k = —1. From (3.4) we obtain

Uo(z) =ca #£0, Uy(x) = CQ/hl(S) ds+c1, Yo(z) = QCz/ho(s) ds + cg.

Setting ¢; = 0, we get

(I)(SC, y) = Cgho(l‘) / hl(S) ds — hl (I’) (202 / ho(s) ds + C()) . (39)
Further, we suppose

(Bs) There are real numbers ¢o = ¢5 # 0 and ¢y = ¢ such that the expression

csho(x) /x hi(s)ds — hy(x) (20; /zho(S) ds+ c(’§>

is definite on R.
This assumption implies that the function @ in (3.9) is definite on R and the following theorem holds.

Theorem 3.3. Under the assumptions (H) and (Bs), the function

x x

U(r,y) = 265 / ho(s)ds + ¢ + ¢ / ha(s) dsy + 5y

is a Dulac—Cherkas function for system (3.1) in R2.

If we additionally assume
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(By4) The set

W= {(m,y) cR?: 2} /ho(s) ds + ¢y + cz/hl(s) dsy + chy? = 0}
contains exactly one simply closed curve O,
then, according to Theorem 2.1, the following theorem holds.

Theorem 3.4. Under the assumptions (H), (Bs) and (By), system (3.1) has at most one limit cycle
I in R2. IfT exists, it surrounds O and is hyperbolic. The closed curve O can be used as an inner
boundary for a Poincaré-Bendixson annulus of system (3.1).

In the next section, we apply the results obtained in this section to a qualitative study of the
van der Pol equation. Especially, we derive an improved Poincaré—Bendixson annulus to include the
unique limit cycle for all parameter values.

4 Dulac—Cherkas functions and the qualitative study
of the van der Pol system

We consider the differential equation

2
%4—/4(332—1)%—&-96:0 (4.1)
depending on the real parameter p. This equation was introduced by the Dutch engineer and physicist
Balthasar van der Pol [6] in 1926 to describe self-oscillations in a triod circuit. The parameter p
characterizes the damping force of the oscillations. If we replace t by —t and p by —pu, then equation
(4.1) remains invariant. Thus, to study the phase portrait of equation (4.1), we can restrict ourselves

to the case p > 0. We note that (4.1) can be rewritten as the Liénard system

dr y
da (4.2)
&y =z — p(z® —1)y.
dt

It is well-known (see, e.g., [5]) that the van der Pol equation (4.1) has for ;1 > 0 a unique limit cycle
I', which is orbitally stable and hyperbolic. For u = 0, the phase portrait of system (4.2) consists of
a continuum of concentric circles centered at the origin. When the parameter p passes zero, the limit
cycle I', bifurcates from the circle of radius two. For small p, the periodic solutions p(t, 1) describing
the limit cycle I', behaves like the solution of the harmonic oscillator. For very large values of the
parameter u, the nature of oscillations is characterized by intermittent jumps that occur every time
when the system becomes unstable, and the period of these oscillations is determined by the duration
of the capacitive discharge, which is called as the relaxation time. It means that for large p, the
solution p(¢, 1) represents a relaxation oscillation.

In what follows, we show that the theorems proved in Section 3 can be applied to system (4.2).
For this purpose, we use the notation

ho(z) =z, hi(x) = —p(z? —1) (4.3)

due to comparing systems (3.1) and (4.2). From (4.3) we find that the hypothesis (H) is valid and
(By) is fulfilled with @ = =24 and b = p.
Applying Theorem 3.1 and Proposition 2.1, we get the following result.

Theorem 4.1. The function ¥y (z,y, 1) := >+ 3> —1 for p > 0 is a Dulac—Cherkas function for the
van der Pol system (4.2).

Remark 4.1. The Dulac—Cherkas function Wq(z,y, ) has been derived originally by L. Cherkas
in [2].
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We note that the set W, := {(z,y) € R* : Uy(x,y,u) = 0} consists for any y > 0 of the unit
circle £, and that a trajectory of system (4.2), starting in the set bounded by the unit circle, will
leave the unit circle for increasing . Thus the unit circle can be used as an interior boundary of a
Poincaré-Bendixson annulus and, by Theorem 3.2, we have

Theorem 4.2. System (4.2) has at most one limit cycle '), in R2. If I, exists, it surrounds the unit
circle, is hyperbolic and asymptotically orbitally stable.

The Dulac—Cherkas function ¥; does not depend on the parameter p. For a better approximation
of the limit cycle I',,, we need a Dulac-Cherkas function depending on u. To reach this goal, we have
to use Theorem 3.3. This requires that the supposition (Bs) is fulfilled. Using (4.3) we have

O(z,y, ) = caho(x) ] hi(s)ds — hi(x) (202 j ho(s)ds + co) = ,u(g coxt + cpa® — Co>~

If we assume
ca >0, cg <0, 82 > —3cop,

then we have
O(x,y,pu) >0 for p>0. (4.4)

From Theorem 3.3 and Proposition 2.1, for 8¢, = —3¢g, we obtain

Theorem 4.3. The polynomial

3

8 T
Uo(z,y, 1) = 2” +y° — 2 +u(w - g)y

is a Dulac—Cherkas function for system (4.2) in R? for u > 0.

Now, we study the set

3
W, = {(x,y)GRQ:x2+y2—§+u(xf%>y:0}. (4.5)
For y = 0, the set W, consists of the circle 2% + y* = 8/3. Further, we note that the intersection of
the set W, with the straight lines z = ++/3 is empty. Thus the set W, consists of three curves which
are symmetric to the origin and separated by the straight lines z = ++1/3. The curve surrounding the
origin is a simply closed curve O,, located in the region bounded by the straight lines x = ++/3 and
tending to the circle 22 4+ y? = 8/3 as p tends to zero. The other two curves lCi and /Cz look like
hyperbolas located in the first and the third quadrants (see Fig. 1).
Thus we have

Lemma 4.1. The set W, consists of a simple closed curve O,, surrounding the origin and of two
unbounded curves IC}A and ICi located in the first and third quadrants, respectively. All curves are
symmetric with respect to the origin.

If we denote by Z,, the finite region bounded by the closed curve O,,, then it is easy to verify that
a trajectory of system (4.2) starting in Z,, will leave this region for increasing ¢. Using this fact and
Lemma 4.1, from Theorem 3.4 we obtain

Theorem 4.4. The van der Pol system (4.2) has at most one limit cycle I'y, in R2. If T, ewists, it
surrounds O, and is orbitally stable. The closed curve O, can be used as an interior boundary of a
Poincaré—Bendizson annulus.

In what follows, we compare the closed curve O, with the unit circle £ as interior boundaries of a
Poincaré-Bendixson annulus for the van der Pol system (4.2). It is obvious that for sufficiently small
w the closed curve O, surrounds the unit circle £ and is a better interior boundary of a Poincaré—
Bendixson annulus for system (4.2) than the unit circle £. The problem of intersection of the closed
curves £ and O, is equivalent to the existence of roots of the equation f(y) = 5/p in (0,1), where
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Figure 1: Location of the curves K, K3, O,, for =1

w

f is defined by f(y) := /1 —1%2y(2 + y?). Since the function f takes its maximum in (0,1) at
Ym = _H'T\/ﬁ, we get that the closed curves £ and O, intersect for p > 5/f(ym) =: p1 =~ 3.925.

Thus, for 0 < p < p, the closed curve O, is a better interior boundary of a Poincaré-Bendixson
annulus than the unit circle £. For p > pq, the curve O, intersects the unit circle £ at four point
denoted by S, 52, Sf;, Sﬁ (see Fig. 2(a)). Thus the arcs of the unit circle £ bounded by the points
S}H 5’2 and Sf‘;t S{ represent the curves without contact with respect to system (4.2) and can be used
to improve the closed curve O, as an interior boundary for system (4.2). The improved interior
boundary Oj, is represented in Fig. 2(b) together with the limit cycle T',.

6 4
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ok RN ]
' & A SV S'I
oF e )T “ ok J
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51 7
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S5 o s oo o5 10 1s 5 2 5 o i 2 3
(a) Intersection of the unit circle £ (solid curve) (b) Improved interior boundary O (dashed
and the closed curve O, (dashed curve) for y = 8 curve) together with the limit cycle I', (solid

curve) for p =8

Figure 2

Thus we can conclude that the use of different Dulac—Cherkas functions helps to improve the
interior boundary of a Poincaré-Bendixson annulus for the van der Pol system (4.2).

If we denote by R}, (R?,) the region in the first (third) quadrant bounded by the curve K}, (K2)
containing all points of the straight line y = x for a sufficiently large positive (negative) = (see Fig. 1),
then we get from (4.4) that a trajectory of system (4.2) starting in R}, (R} ) will leave this region for
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increasing ¢. Thus the curves ICi and K2 help to improve the location of a possible limit cycle T, of
the van der Pol system (4.2). As we already mentioned, for y = 0 the phase portrait of system (4.2)

consists of a continuum of circles centered at the origin and the limit cycle I',, bifurcates at p = 0

from the circle with radius 2.

5 Explicit global algebraic Poincaré-Bendixson annulus

for the van der Pol system
In our paper [4], we presented a procedure to construct an outer boundary of a Poincaré—Bendixson
annulus A, for the van der Pol system (4.2) without using a Dulac-Cherkas function. Our result

reads as follows.

Theorem 5.1. The simple closed curve B, defined by

B, = {(x,y) ER?: y? + pyx(2 — 2?/3) + (14 p?)2” —

- X

12

2 2
T B s g3 18y — 0

: } o

is centrosymmetric and represents an outer boundary for a Poincaré—Bendixson annulus for the van

der Pol system (4.2).
If we denote by Zp, the finite region bounded by By, then it is easy to show that any trajectory

of system (4.2) meeting B, will enter 7, for increasing ¢. Using the inner boundary (5,“ we have the

following result.
Theorem 5.2. The simple closed curves B, and 6# form a global algebraic Poincaré—Bendizson
annulus for the van der Pol system (4.2) containing for all j > 0 the orbitally stable limit cycle T'),.

- ~<

.....

-4

////

(a) Location of the curve B, (dashed curve) and
the curves K, and K3 (dotted curves) for p =1

Figure 3

-4 -2
(b) Improved exterior boundary Bj, (dashed

curve) together with the limit cycle T'), (solid

curve) for p=1

In what follows, we show that the outer boundary B,, can be improved by the curves IC}L and Kﬁ
belonging to the zero-level set W, of the Dulac-Cherkas function Us(x,y,p). For this purpose, we
consider the mutual location of the simple closed curve B, and of the curves without contact IC}L and
K. From (5.1) and (4.5), it follows that for a sufficiently small 4, the intersection of these curves is

o

empty. If p increases, there is a unique value po, g2 =~ 0.6012 such that the curve IC12 touches the
closed curve B, at exactly one point in the first quadrant and the curve bez touches the closed curve
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B,., at exactly one point in the third quadrant. For p > po, the curve IC}L intersects the closed curve

B,, at exactly two points P; and P». The arc of the curve IC; between the points P; and P, can be

used to improve the closed curve B,, as an outer boundary of a Poincaré-Bendixson annulus for the

van der Pol system (4.2). The corresponding result is valid for the curve ]Ci between the points Ps

and P; (see Fig. 3(a)). The improved outer closed curve is denoted by B}, (see Fig. 3(b)).
Consequently, we have

Theorem 5.3. The closed curves gu and 6# form a global algebraic Poincaré—Bendizson annulus for
the van der Pol system (4.2) containing for all > 0 the orbitally stable limit cycle T'),.

In this way, we have shown that the application of different Dulac—Cherkas functions can be used
to improve the inner boundary, as well as the outer boundary of a Poincaré-Bendixson annulus for
the van der Pol system (4.2). It is clear that this approach can also be used for the construction of
Poincaré—Bendixson annuli of other dynamical systems.
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