Memoirs on Differential Equations and Mathematical Physics

VoLuME 90, 2023, 1-13

Kodai Fujimoto, Masaki Hamaoka, Tomoyuki Tanigawa

ASYMPTOTIC ANALYSIS OF SOLUTIONS
OF SECOND ORDER QUASILINEAR DIFFERENTIAL EQUATIONS
WITH VARIABLE EXPONENTS OF NONLINEARITY

Dedicated to Professor Kusano Taka8i
on the occasion of his 90-th birthday



Abstract. This paper deals with the nonoscillatory (eventually positive) solutions of second order
quasilinear differential equations with variable exponents of nonlinearity. We classify the set of all
positive solutions into three disjoint classes according to their asymptotic behavior at infinity, and
obtain criteria for the existence of solutions belonging to each of those classes.

2020 Mathematics Subject Classification. 34C11.

Key words and phrases. Asymptotic behavior, nonoscillatory solutions, quasilinear equations,
variable exponents.

tgbodyg. 65TO™IFo gobbogygmos Jgmdg Mogol 335bofBBog0 o MIbEoSmYMO obGHmmgdgool
>®5Mbggeo (bodmmm xs3F0 EoEgd0mo) 5dmbsblbgdo s@sf®MB0gmdol 3gmaowo dobggbgomgdoom.
h396 39gmuBm Yz9e0s oEIG0M0 53mbsblbols gHMMdmomdsl Lod sMemsbsdigge gemslo glsldy-
@mdsTo Fomo sLo3GmB YO0 Ymxsd3g30l dobgrgom ©s grgdgmmdem 53mbsblbol s®lgdmdols
300590093l momnmggmo 53 gansliowsb.



Asymptotic Analysis of Solutions of Second Order Quasilinear DEs with Variable Exponents of Nonlinearity 3

1 Introduction
We are concerned with the nonoscillatory behavior of a quasilinear differential equation of the type

(P(B)paw (@) + aB)pse () =0, t Za, (A)

where «a(t), 8(t), p(t) and ¢(t) are positive continuous functions on [a,00), a = 1, and the use is made
of the notation
030 (€) = [ TE =€V seng, €ER, v € C[1,00).

By a solution of (A) we mean a function z € C![T,,00), T, = a, which has the property
p(t)paw (@) € C![T,,0) and satisfies the equation at all points ¢ = T,. A nontrivial solution
z(t) of (A) is said to be nonoscillatory if x(t) # 0 for all large ¢, and oscillatory otherwise. In this
paper, we restrict our attention to its eventually positive solutions.

Since the appearance of the pioneering works of Elbert [14] and Mirzov [39], the qualitative behavior
of differential equation of the form

(p(Dpal@)) +a)ps() =0, t=a (@>0, >0, a=p or a#p) (L.1)

has been intensively studied by numerous authors including Agarwal, Dosla, Dosly, Elbert, Kusano,
Jaro$, Manojlovié¢, Mari¢, Mirzov, Naito, Rehdk, Tanigawa, Usami and Yoshida with, for instance,
their monographs [1,13,40] and papers [5-7,12,19-25,27,28,30-38,41]. Consequently, a qualitative
theory for (1.1) has been established at present. Moreover, in the special case a(t) =1, 8(t) = 8 > 0,
(A) reduces to the Emden—Fowler type equation describing gas dynamics in astrophysics

(p(t)z")" + q(t)pp(z) =0, t 2 a,

whose qualitative behavior has been studied in great detail by many authors; see, for example, the
monographs [26,40] and the papers [8,11,29].

In recent years, there has been well analyzed the oscillatory and nonoscillatory behavior of the
equation with p(t)-Laplacian

(a(t)npp(t),l(x’))/ T b(t)pgt)—1(x) =0, t Za (p(t) =q(t) or p(t) # q(t)),

which is of the same type as (A), but written in a different representation of p(t) = a(t), ¢(t) = b(t),
a(t) =p(t)—1 (pt) > 1) and B(¢) = q(t) — 1 (g(¢) > 1) in equation (A) (see [2,9,10,15-17]). We note
that p(t)-Laplacian is the one-dimensional polar form of the p(z)-Laplace operator (the so-called p(z)-
Laplacian) A, yu = div(||Vu|P(®~=2Vu), where V is the Hamilton nabla operator and div is the usual
divergence operator. It is known that the study of differential equations involving p(¢)-Laplacian or
p(zx)-Laplacian occurs from some mathematical models of nonlinear elasticity theory, image processing
and electrorheological fluids (see [3,4,18,42-49]).

To the best of the authors’ knowledge, details are unknown about nonoscillatory behavior of (A),
and so, in this paper, we make an attempt to investigate in detail the existence and asymptotic
behavior of eventually positive solutions of (A).

This paper is divided into three sections. In Section 2, we classify the set of positive solutions z(t)
of (A) according to their asymptotic behavior as ¢ — oo, showing that z(t) falls into one of the three
types listed below:

. / _ . _ .
I tlggop(t)gpa(t)(x (t)) = const > 0, tlinolo z(t) = o0;
L lim (0 (@'(®) = 0, lim (1) = oc;
. / _ : _
I1I. tliglop(t)goa(t)(x (t)) =0, tlirrolo z(t) = const > 0.

As for the solutions of two types I and 111, we can establish the necessary and sufficient conditions for
their existence on the basis of the integral equations characterizing these types of solutions obtained.
On the other hand, regarding the solution of type II, it is impossible to characterize the existence of
such a solution, and so we have to content with presenting sufficient conditions for (A) to have solutions
of type II. Finally, some examples illustrating our main results for (A) are be given in Section 3.
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2 Existence of positive solutions

In this paper, we make the following assumptions without further mentioning;:

/ [pft)] g~ o (2.1)

for every constant k > 0, and employ the notation

t
k a(ls)
T

From (2.1) and (2.2) it is obvious that

Py x(T) =0, lim P,y x(t) = co for every k >0,

t—o00

Po)x(t) > Poya(t), t>T for k>1>0 and ;irr%) Py),x(t) =0 for each ¢t = T.
—
As mentioned in the previous section, we begin by classifying all possible positive solutions of
equation (A) according to their asymptotic behavior as t — oco.

Lemma 2.1. One and only one of the following cases occurs for each positive solution x(t) of (A):

L lim p(t)@a)(@'(t)) = const >0, lim x(t) = oo;
t—o0

t—o0
. / _ : — .
I lim p(t)pao(@() =0, Jim a(t) = oo,
. / _ 3 —
111 tlggop(t)goa(t) (2'(t)) =0, tlg(r)lo x(t) = const > 0.
Proof. Let x(t) be a positive solution of (A), so that x(t) > 0, ¢t = T. Since

(P()pai (@' (1)) = —a(t) s (x(t) <0, tZT,

the function p(t)@a ) (2(t)) is a monotone decreasing for ¢ 2 T. We claim that p(t)pa)(z'(t)) > 0,
t =2 T, so that the finite limit tli}m P(t)paq (' (t)) 2 0 exists. In fact, if p(T1) o) (@' (T1)) = —k <0

for some Ty 2 T and k > 0, then

k 1sm
PO)pa (') € —k for t2Th, o /(6) < - |55 ], 12 Th

Integrating the last inequality from T} to ¢ and letting ¢ — oo, we see that in view of (2.1), z(t) — —oo
as t — oo, which contradicts the assumed positivity of z(t). Therefore, p(t)@q ) (2'(t)) > 0 for t 2 T
as claimed. A consequence of this observation is that z'(t) > 0 for ¢ = T, i.e., the function z(t) is
strictly increasing.

The limit of p(t)pa) (2’ (t)) as t — oo is either positive or zero. In the first case, x(t) is unbounded,
since there are positive constants k1, kay (k1 < k2) and T such that

a:(T) + Pa(t),kl (t) < l‘(t) < ZJS(T) + Pa(t),k2 (t), t=>T.

In the second case, since x(¢) is monotone increasing, x(t) tends to a positive limit, finite or infinite,
as t — oo. This completes the proof. O

We want to obtain criteria for the existence of positive solutions of (A) of types I, IT and III.
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Theorem 2.1. Suppose that for each fired k >0 and T 2 a,

Pt
lim (t),1(t)

=0 2.3
1—0 Pa(t),k(t) ( )

uniformly on any interval of the form [T,00), Ty > T. Then equation (A) possesses a positive solution
of type 1 if and only if

o0

/q(t)(Pa(t)yk(t))ﬂ(t) dt < oo for some constant k > 0. (2.4)

a

Theorem 2.2. Equation (A) possesses a positive solution of type IIL if and only if

oo o0 1
1 0]
/ [(t) /q(s)cﬁ(s) ds] dt < oo for some constant ¢ > 0. (2.5)
p

i

a

Proof of Theorem 2.1. (The “only if” part) Suppose that (A) possesses a positive solution of type
I of (A), ie, z(t) > 0, t = T(2 a). There exist positive constants k1 and T3 (= T) such that
Pot)k, (1) = x(t) for t 2 T1. An integration of (A) over [t,00) yields

o0

/ 4(5)p5(s) (2(5)) ds < oo,

t

which combined with the above inequality leads to

oo

/q(t)(Pa(t),kl (t))ﬁ(t) dt < oo.
T

(The “if” part) Suppose (2.4) holds for some k > 0. Because of (2.3), we can choose ! > 0 and T > a
such that | < k/2 and

o0

/ 4(8) (Pagey 1 (£)°® dt < 1. (2.6)

T

We now define the set X to be the set of continuous functions z(t) on [T, c0) satisfying

X = {x € CIT,00) : Pagyi(t) S a(t) £ Pagyau(t), t2 T}.

It is clear that X is a closed convex subset of the locally convex space C[T,00) equipped with the
topology of uniform convergence on compact subintervals of [T, c0). Define the integral operator

Falt) = T/ Feat +7q<r>somr><x<r>>drﬂ s, ez

S

and let it act on the set X defined above. It can be shown that F is a self-map on X and sends X
continuously on a relatively compact subset of C[T, c0).

(i) F maps z into itself. If x € X, then since



6 Kodai Fujimoto, Masaki Hamaoka, Tomoyuki Tanigawa

and by means of (2.6),

we get For € X.

(ii) F is a continuous map. Let {z,} be a sequence of elements of X converging to z € X as n — oo
in the topology of C[T, 00). We have

| Fan () — Fa(t)] g/(i «
T

where
Fo(t) = ‘(lJr/q(s)(:rn(s))ﬁ(s) ds)“(l” - <z +/q(s)(x(s))ﬁ<8> ds)a(lt) .

By means of the inequality |u® — v?| £ o max{u®~!, v }u — v|, u,v € R*, holding for o € (0, c0)
which is shown by the mean value theorem, and the triangle inequality for integrals, we see that if
a(t) 2 1, then

1 o0

3 ([ 1P ) Lol ),

t

F,(t)

A

and if a(t) < 1, then

Fult) = 5 ([0 Pao a9 a5) ™ [ a)an9)"9 = (o)) s

t

for any fixed ¢ > T. Thus, using q(t)|(z,(s))*® — (z(¢))?*®| — 0 as n — oo at each point t € [T, c0)
and q(t)] (2, (t))P® — (2(£))PD| < 2q(t)(Pogry,21(t))?® for t = T, while q(t)(Pary,21(t))?® is integrable
on [T, 00), the uniform convergence F,(t) — 0 on [T, 00) follows by the application of the Lebesgue
dominated convergence theorem. We conclude that Fx,(t) — Fz(t) uniformly on any compact
subinterval of [T, 00) as n — oo, which proves the continuity of F.

(iif) F(X) is relatively compact. Since F(X) C X, it is clear that F(X) is locally uniformly bounded
on [T, 00). From the inequality

(Fey 0] = | e [atatopo )] ™

_1
< (271) Woe>T,
p(t)

p(t) -

holding for all z € X, it follows that F(X) is locally equi-continuous on [T,00). Then the relative
compactness of F(X) follows from the Arzela—Ascoli lemma. Thus all the hypotheses of the Schauder—
Tychonoff fixed point theorem are fufilled, and so F has a fixed point = € X, which means that z
satisfies the integral equation

() = Tj [p(lt) {z + Zoq(r)gog(,«)(x(r)) drH T e 12T

It follows that z is a positive solution of equation (A) on [T, 00) by differentiation of the above integral
equation z(t) = Fx(t), t =2 T. Tt is obvious that x(¢) is of type I. This completes the proof. O
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Proof of Theorem 2.2. (The “only if” part) Suppose that (A) possesses a positive solution z(t) of
type IIT of (A). There are positive constants ¢; and T'(2 a) such that z(t) = ¢; for t 2 T. Integrating
(A) from t to oo, we have

oo

D) pae (@ (1)) = / 4(8)pp0e) (@(s)) ds, £ 2T,

which implies

2(t) = [p(lt) 7q(8)(x(5))’3(s) dS} m t=T.

Integrating the above over [T, 00) and using z(t) 2 ¢1, we conclude that

1 / 56) 4] 77
q(s)c]™’ ds dt < oo.
t
p(t) ?

a

(The “if” part) Suppose that (2.5) holds for ¢ > 0. Let T 2 a be such that

and define
X = {x € O[T, ) g <z(t)<e, t2 T} (2.8)
and - - )
Fx(t) c—/ [p(lt)/q(r)goﬁ(r)(x(r))dr} " ds, t=T. (2.9)

This shows that F maps X into itself. It can be shown in a routine manner that F is continuous and
F(X) is relatively compact in the topology of C[T, cc0). Therefore, by the Schauder—Tychonof! fixed
point theorem, there exists an element x € X such that z(¢t) = Fz(¢t), t 2 T, which gives the desired
solution of type IIT of equation (A). This completes the proof. O

Unlike the solution of types I and III, it is difficult to characterize the type II solution of (A), and
so we content ourselves with sufficient conditions for the existence of such solutions of (A).

Theorem 2.3. Suppose that (2.3) holds. Equation (A) possesses a positive solution of type 11 if (2.4)
holds for some constant k > 0 and

oo 1

/OOL)(lt) / 4(s)dP® ds] T = e (2.10)

t
for every constant d > 0.

Proof. Let a > 0 be an arbitrary fixed constant, and choose [ > 0 small enough and 7" > 0 large
enough so that a + Py)1(t) = Pa)k(t) for t 2T and

o0

/Q(t)(a + Py (1) dt < 1.
T
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As in the proof of Theorem 2.1, this is possible because of (2.3) and the fact that tlim Pot),x(t) = oo.
— 00

Then, applying the Schauder—Tychonoff fixed point theorem, we can show that the mapping F de-
fined by

t o

Fety=a+ [ |05 [ q(r)wﬁ(r)m(r))dr]“l”ds, =

S

possesses a fixed element x in the set X given by
X = {x €C[T,00): a<a(t)<a+ Papult), t= T}.

From the integral equation for z, i.e.,

it follows that

P(t)pacr) (@'( /q 5)paes)(x(s))ds — 0 as t — oo
t
and by (2.10),
17 o)
()>a+/[( /q ] ds — 00 as t — oo.
s)
Thus z(t) is a positive type II solution of (A). This completes the proof. O

3 Examples

We now present some examples illustrating our main results and it is posssible to depict the complete
clear picture of the overall structure of the set of positive solutions of equation (A) under assump-
tion (2.1).

Example 3.1. Consider the equations with variable exponents of nonlinearity

(=@ Dy ()) + g (t)u(z) =0, t=e, )
(ef@?*%t(x’))’+q2<t>w<x>=o, t=e, (E2)
and
—(1— L /
("1 #) o1 (@) + as()pr () =0, t e, (Es)

where the functions ¢;(t), i = 1,2, 3, are

a0 = (4 ) (g s (14 )

w0 =09 (14 ) (g e (1)}

q3(t) = 7(177)2512 (1+tl2)%{t2+1 +log< %)}

respectively. They are special cases of (A) with a(t) = ¢ in (E;), ¢ a(t) =1/t in (E3), B(t) =t
in (1), B(t) = 1/t in (E;), i = 2,3, p(t) = e~ @~V in (E;), i = 1, : (t) = ¢~ 17%) in (E;) and

and
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q(t) = ¢qi(t), i = 1,2, 3, in the above. The functions p(t) = e=@=1) and p(t) = e~ () satisfy (2.1)
with & = 1 and, in addition, the function Py 1(t) associated with (E;), i = 1,2,3, is

t t

1 1a
Pa1(t) :/[7] ()dsz/es’% ds ~ €% as t — 00

e €

by (2.2), where the symbol ~ is used to denote the asymptotic equivalence

f(t) ~g(t) as t - 00 <= tlir&.]gcggl
Since
7q1(t)(Pt,1(t))t dt = 7(“2—1) (1 + %)t{% —log (1 + %2) }(et—%)t dt
:/(1+é)t{%—log(l+%)}dt<oo,
T . T 1ntp 2 1
/q2(t)(Pt71(t))tdtz/(H—t—Q) (s —tog (14 3) e < o0
and
r s 71 NP 2 1
/qg(t)(P%J(t))t dt:/§(1+t—2) {erlog (1+t—2)}dt<oo,

we can apply Theorem 2.1 to conclude that there exists a positive solution of type I such that x(t) =

_1 . .
e!~7, which satisfies

1\t
lim (1 + ﬁ) =1, lim z(t) = oo

t—o0 t—o0

Jim p()ee (2 (1))

for (E;), i = 1,2, and that for (E3),

lim p(t)w%(z’(t)) = lim (1 + l)% =1, lim z(t) = co.

t—o0 t—o00

Example 3.2. Consider the equations

(e *i(a) + qu(t)p

o=

and
_(1-1)2 /
(7 g 1(@) +as(t)p

=

which are special cases of (A) with p(t) = e!~t in (E4), p(t) = e~(1-1) in (Es),
qa(t) = 2et (1_%)t_2t(logt +1) and ¢5(t) = 2t (1_%)t%(logt +t—1).

It is easy to see that condition (2.1) with k = 1 is satisfied for (E4) and (Es), respectively, and that d
is decreasing for 0 < d < 1 and is increasing for d = 1. Taking these facts into account, we find that

o0

s 1 1 % 7 T 1 1 1 %
t t

€ €
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and

i 1 n 1 f_#l T 1\2 T 1 1 2 1 t_#l
/ [p(t) /q5(s)alg ds} dt = / [26(1_t) /e_g 1= (logs+s—1)s=d= ds dt < oo.
t t

(& €

Hence, there exists a positive solution of type III of (E4) and (E5) by Theorem 2.2. One such solution
is z(t) = e'~* which satisfies

. / : —2t __ : —
Jim p(t)gu(a! (1)) = Jim +72 =0, lim a(t) = 1

t—o00

for (E4) and
lim p(t)p,_1(2'(t)) = lim tt=1=0, lim z(t) =1
t—o00 t

t—o00 t—o00

for (Es), respectively.
Example 3.3. Consider the equations which are special cases of (A):

() 0@ + ao(s (@) =0, L2 e, (Es)
and

()01 (@) + gr()pr (@) =0, t Z e, (Er)
where v > 0 is a constant,

g6(t) =t~ log(t +1) and ¢(t) = t_?’_%(”_l)(logt +t—1).

Since
t
Ptl(t)—Pl_;71(t):/’ysVds ~ 71 7T Py(t) = Py_14(t) = 00 as t — oo,
o0 °0 1
/qﬁ(t)(Pm(t))%dt: /t’(”%)log(tJr1)(#157“)?& < 00,
o0 o0 1
/q7(t)(P1,%’1(t))% dt = /t_?’_%(”_l)(logt i 1)(#%1)7 dt < o0,
e e
AR L _OO too—(3+l) sl =
/{p(t)/%(s)dsds} dt-/[(vt“’) /s s (logs—&—l)dsds} dt = oo
e t e t
and

7 ]. 7 1 % 7 1 7 1 1 %
/ {p(t) /q7(s)d? ds} dt = / [(Vtv)(lt) /57375(771)(log5 +s—1)d= ds} dt = oo,
t t

€ €

any of (Eg) and (E7) possesses a positive solution of type II by Theorem 2.3. One such solution is
z(t) =t7, v > 0, which satisfies

. / I T —t __ : _
Jim p(t)pr(2'(t)) = lim ¢7° =0, lim 2(t) = oo

—00
and .
. / _ . 7(17?) _ . —
Jm p(t)e, 1 (2'(1)) = lim ¢ 0, Jlim x(t) = oo.
Acknowledgements

The first author was supported by JSPS KAKENHI Grant # JP22K13942 and the third author was
supported by JSPS KAKENHI Grant # JP16K05238, # JP21K03274.



Asymptotic Analysis of Solutions of Second Order Quasilinear DEs with Variable Exponents of Nonlinearity 11

References

[1]

R. P. Agarwal, S. R. Grace and D. O’Regan, Oscillation Theory for Second Order Linear, Half-
Linear, Superlinear and Sublinear Dynamic Equations. Kluwer Academic Publishers, Dordrecht,
2002.

M. Bartusek and K. Fujimoto, Singular solutions of nonlinear differential equations with p(t)-
Laplacian. J. Differential Equations 269 (2020), no. 12, 11646-11666.

L. C. Berselli, D. Breit and L. Diening, Convergence analysis for a finite element approximation
of a steady model for electrorheological fluids. Numer. Math. 132 (2016), no. 4, 657-689.

S.-S. Byun and J. Oh, Global gradient estimates for asymptotically regular problems of p(x)-
Laplacian type. Commun. Contemp. Math. 20 (2018), no. 8, 1750079, 15 pp.

M. Cecchi, Z. Dosla and M. Marini, On nonoscillatory solutions of differential equations with
p-Laplacian. Adv. Math. Sci. Appl. 11 (2001), no. 1, 419-436.

M. Cecchi, Z. Dosla and M. Marini, Half-linear differential equations with oscillating coefficient.
Differential Integral Equations 18 (2005), no. 11, 1243-1256.

M. Cecchi, Z. Dosla and M. Marini, Limit and integral properties of principal solutions for half-
linear differential equations. Arch. Math. (Brno) 43 (2007), no. 1, 75-86.

C. V. Coffman and J. S. W. Wong, Oscillation and nonoscillation theorems for second order
ordinary differential equations. Funkcial. Ekvac. 15 (1972), 119-130.

Z. Dosld and K. Fujimoto, Asymptotic behavior of solutions to differential equations with p(t)-
Laplacian. Commun. Contemp. Math. 24 (2022), no. 10, Paper no. 2150046, 22 pp.

Z. Dosla and K. Fujimoto, Asymptotic properties for solutions of differential equations with
singular p(t)-Laplacian. Monatsh. Math. 201 (2023), no. 1, 65-78.

Z. Dosla and M. Marini, On super-linear Emden-Fowler type differential equations. J. Math.
Anal. Appl. 416 (2014), no. 2, 497-510.

Z. Dosla and M. Marini, Monotonicity conditions in oscillation to superlinear differential equa-
tions. Electron. J. Qual. Theory Differ. Equ. 2016, Paper no. 54, 13 pp.

0. Dosly and P. Rehék, Half-Linear Differential Equations. North-Holland Mathematics Studies,
202. Elsevier Science B.V., Amsterdam, 2005.

A. Elbert, A half-linear second order differential equation. Qualitative theory of differential equa-
tions, Vol. I, II (Szeged, 1979), pp. 153-180, Colloq. Math. Soc. Janos Bolyai, 30, North-Holland,
Amsterdam—New York, 1981.

K. Fujimoto, Power comparison theorems for oscillation problems for second order differential
equations with p(t)-Laplacian. Acta Math. Hungar. 162 (2020), no. 1, 333-344.

K. Fujimoto, A note on the oscillation problems for differential equations with p(¢)-Laplacian.
Arch. Math. (Brno) 59 (2023), no. 1, 39-45.

K. Fujimoto and N. Yamaoka, Oscillation constants for Euler type differential equations involving
the p(t)-Laplacian. J. Math. Anal. Appl. 470 (2019), no. 2, 1238-1250.

P. Harjulehto, P. Hists, U. V. Lé and M. Nuortio, Overview of differential equations with non-
standard growth. Nonlinear Anal. 72 (2010), no. 12, 4551-4574.

H. Hoshino, R. Imabayashi, T. Kusano and T. Tanigawa, On second-order half-linear oscillations.
Adv. Math. Sci. Appl. 8 (1998), no. 1, 199-216.

J. Jaros and T. Kusano, A Picone type identity for second order half-linear differential equations.
Acta Math. Univ. Comengan. (N.S.) 68 (1999), no. 1, 137-151.

J. Jaro$, T. Kusano and J. Manojlovié, Asymptotic analysis of positive solutions of generalized
Emden-Fowler differential equations in the framework of regular variation. Cent. Eur. J. Math.
11 (2013), no. 12, 2215-2233.

J. Jaros, T. Kusano and T. Tanigawa, Nonoscillation theory for second order half-linear differen-
tial equations in the framework of regular variation. Results Math. 43 (2003), no. 1-2, 129-149.



12

Kodai Fujimoto, Masaki Hamaoka, Tomoyuki Tanigawa

[23]

[24]

[25]

[26]

[27]
[28]

[29]

[31]

[32]

[33]

[34]

[35]

J. Jaros, T. Kusano and T. Tanigawa, Nonoscillatory half-linear differential equations and gen-
eralized Karamata functions. Nonlinear Anal. 64 (2006), no. 4, 762-787.

J. Jaros, T. Kusano and N. Yoshida, Generalized Picone’s formula and forced oscillations in
quasilinear differential equations of the second order. Arch. Math. (Brno) 38 (2002), no. 1,
53-59.

K. Kamo and H. Usami, Characterization of slowly decaying positive solutions of second-order
quasilinear ordinary differential equations with sub-homogeneity. Bull. Lond. Math. Soc. 42
(2010), no. 3, 420-428.

I. T. Kiguradze and T. A. Chanturia, Asymptotic Properties of Solutions of Nonautonomous
Ordinary Differential Equations. Translated from the 1985 Russian original. Mathematics and its
Applications (Soviet Series), 89. Kluwer Academic Publishers Group, Dordrecht, 1993.

M. Kitano and T. Kusano, On a class of second order quasilinear ordinary differential equations.
Hiroshima Math. J. 25 (1995), no. 2, 321-355.

T. Kusano and J. Manojlovi¢, Precise asymptotic behavior of solutions of the sublinear Emden-
Fowler differential equation. Appl. Math. Comput. 217 (2011), no. 9, 4382-4396.

T. Kusano and J. Manojlovié¢, Asymptotic analysis of Emden-Fowler differential equations in the
framework of regular variation. Ann. Mat. Pura Appl. (4) 190 (2011), no. 4, 619-644.

T. Kusano and J. Manojlovié, Precise asymptotic behavior of regularly varying solutions of second
order half-linear differential equations. Electron. J. Qual. Theory Differ. Equ. 2016, Paper no. 62,
24 pp.

T. Kusano and J. Manojlovié¢, Asymptotic behavior of solutions of half-linear differential equations
and generalized Karamata functions. Georgian Math. J. 28 (2021), no. 4, 611-636.

T. Kusano, J. Manojlovi¢ and J. Milosevié¢, Intermediate solutions of second order quasilinear
ordinary differential equations in the framework of regular variation. Appl. Math. Comput. 219
(2013), no. 15, 8178-8191.

T. Kusano, J. Manojlovi¢ and T. Tanigawa, Existence of regularly varying solutions with nonzero
indices of half-linear differential equations with retarded arguments. Comput. Math. Appl. 59
(2010), no. 1, 411-425.

T. Kusano and V. Mari¢, Nonoscillatory linear and half-linear differential equations having reg-
ularly varying solutions. Adv. Math. Sci. Appl. 14 (2004), no. 1, 351-357.

T. Kusano, V. Mari¢ and T. Tanigawa, Asymptotics of some classes of nonoscillatory solutions of
second-order half-linear differential equations. Bull. Cl. Sci. Math. Nat. Sci. Math., no. 28 (2003),
61-74.

T. Kusano and M. Naito, Sturm-Liouville eigenvalue problems from half-linear ordinary differ-
ential equations. Rocky Mountain J. Math. 31 (2001), no. 3, 1039-1054.

T. Kusano and M. Naito, On the number of zeros of nonoscillatory solutions to half-linear ordinary
differential equations involving a parameter. Trans. Amer. Math. Soc. 354 (2002), no. 12, 4751—
4767.

T. Kusano and Y. Naito, Oscillation and nonoscillation criteria for second order quasilinear
differential equations. Acta Math. Hungar. 76 (1997), no. 1-2, 81-99.

J. D. Mirzov, On some analogs of Sturm’s and Kneser’s theorems for nonlinear systems. J. Math.
Anal. Appl. 53 (1976), no. 2, 418-425.

J. D. Mirzov, Asymptotic Properties of Solutions of Systems of Nonlinear Nonautonomous Ordi-
nary Differential Equations. Folia Facultatis Scientiarium Naturalium Universitatis Masarykianae
Brunensis. Mathematica, 14. Masaryk University, Brno, 2004.

M. Naito and H. Usami, On the existence and asymptotic behavior of solutions of half-linear
ordinary differential equations. J. Differential Equations 318 (2022), 359-383.

K. R. Rajagopal and M. Rizicka, On the modeling of electrorheological materials. Mech. Res.
Commun. 23 (1996), no. 4, 401-407.



Asymptotic Analysis of Solutions of Second Order Quasilinear DEs with Variable Exponents of Nonlinearity 13

[43] Y. Sahiner and A. Zafer, Oscillation of nonlinear elliptic inequalities with p(x)-Laplacian. Complex
Var. Elliptic Equ. 58 (2013), no. 4, 537-546.

[44] Y. Shoukaku, Oscillation criteria for half-linear differential equations with p(t)-Laplacian. Differ.
Equ. Appl. 6 (2014), no. 3, 353-360.

[45] Y. Shoukaku, Oscillation criteria for nonlinear differential equations with p(¢)-Laplacian. Math.
Bohem. 141 (2016), no. 1, 71-81.

[46] N. Yoshida, Picone identities for half-linear elliptic operators with p(x)-Laplacians and applica-
tions to Sturmian comparison theory. Nonlinear Anal. 74 (2011), no. 16, 5631-5642.

[47] N. Yoshida, Picone identity for quasilinear elliptic equations with p(z)-Laplacians and Sturmian
comparison theory. Appl. Math. Comput. 225 (2013), 79-91.

[48] Q. Zhang, Oscillatory property of solutions for p(t)-Laplacian equations. J. Inequal. Appl. 2007,
Art. ID 58548, 8 pp.

[49] Q. Zhang, Existence, nonexistence and asymptotic behavior of boundary blow-up solutions to
p(z)-Laplacian problems with singular coefficient. Nonlinear Anal. 74 (2011), no. 6, 2045—2061.

(Received 19.06.2023; accepted 12.07.2023)

Authors’ addresses:

Kodai Fujimoto

Institute of Science and Engineering, Academic Assembly, Shimane University, 1060 Nishikawatsu-
cho, Matsue 690-8504, Japan.

E-mail: kfujimoto@outlook.com

Masaki Hamaoka

Department of Mathematics, Osaka Metropolitan University, 1-1 Gakuen-cho, Naka-ku, Sakai
599-8531, Japan.

E-mail: sdc05103@st.osakafu-u.ac. jp

Tomoyuki Tanigawa
Department of Mathematics, Osaka Metropolitan University, 1-1 Gakuen-cho, Naka-ku, Sakai
599-8531, Japan.

E-mail: Tanigawa.Tomoyuki@omu.ac. jp



	Introduction
	Existence of positive solutions
	Examples

