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LIMIT CYCLES FOR PIECEWISE DIFFERENTIAL SYSTEMS
FORMED BY AN ARBITRARY LINEAR SYSTEM AND
A CUBIC ISOCHRONOUS CENTER



Abstract. In this paper, we study the existence and the maximum number of crossing limit cycles that
can exhibit of some class of planar piecewise differential systems formed by two regions and separated
by a straight line x = 0, where in the left region we define an arbitrary linear differential system and
in the right region we define a cubic polynomial differential system with a homogeneous nonlinearity
and an isochronous center at the origin. More precisely, we show that these systems may have at most
zero or one or two explicit algebraic or non-algebraic limit cycles depending on the type of their linear
differential system, i.e., if those systems have foci, center, saddle, node with different eigenvalues,
non-diagonalizable node with equal eigenvalues or linear system without equilibrium points.
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1 Introduction and statement of the main result

The problem of the existence and the number of isolated periodic orbits, the so-called limit cycles, is
one of the most challenging problems in the qualitative theory of planar ordinary differential equations.
The search for a maximum number of limit cycles that polynomial differential systems of a given degree
may have is a part of the 16th Hilbert’s Problem (see [14]). This problem remains unsolved if n > 2.
In the last few years, there has been an increasing interest in the study of the problem of bounding
a number of limit cycles for planar piecewise differential systems (see [5,7-9,11,15,17,23]). This
interest has been mainly motivated by their wider range of applications in various fields of science
(e.g., engineering, biology, control theory, design of electric circuits, mechanical systems, economics
science, medicine, chemistry, physics, etc.).

There are many papers studying planar piecewise linear differential systems with two zones (see,

g., [1-3,18,20,21] and the references therein). For the discontinuous planar nonlinear differential
systems there are several papers studying the number of limit cycles (see [5,8,15-17] and the references
therein). Note that for the piecewise cubic polynomial differential system, there are two recent papers
[12,13] obtaining at least 18 and 24 small limit cycles, respectively.

Another interesting and natural problem is to express analytically the limit cycles. Nevertheless,
in most of these papers explicit limit cycles do not appear. The present paper is a contribution in that
direction, motivated by the recent publication of some research papers exhibiting planar polynomial
systems with algebraic or non-algebraic limit cycles given analytically (see, e.g., [1,3,4,19]).

The goal of this paper is to provide the exact maximum number of limit cycles of planar discontin-
uous piecewise differential systems separated by a straight line x = 0 and formed by an arbitrary linear
differential system and cubic systems with homogeneous nonlinearity with an isochronous center at
the origin.

More precisely, we consider planar discontinuous piecewise differential systems with two linearity
regions separated by a straight line X = {(z,y) € R? : x = 0}. We assume that the two linearity
regions in the phase plane are the left and right half-planes

ZL:{(x,y)€R2I $<O}a ER:{(J:’Z/)G]R25 1'>O},

formed by an arbitrary linear differential system and by cubic systems with homogeneous nonlinearity
with an isochronous center at the origin. We can write such systems as

i=—y + azor® + an1 2’y +ar2xy® + aozy®, Y=z + bsoz® + bo12%y + braay® + bozy® in Xp,

1.1
t=oax+pPy+y, y=nr+dy+¢ inXg, (L1

where «, 8, v, 1, 9, € and a;j, b;; for i, € {0,1,2,3}, ¢ + j = 3 are the real constants.

A center of a planar polynomial differential system is called an isochronous center if there exists
a neighborhood such that all periodic orbits in this neighborhood have the same period. Due to
Theorem 11.1 of [6], a cubic polynomial differential system with homogeneous nonlinearity and with
an isochronous center at the origin has one of the following forms:

(S)) i = —y — 3y + 23,
U9 = o4 302y — o,
T =-y+x7y,

S

(S2) : {y—x+3xy
:—y1+3$2),

S

C { 2(1 + 222 — 9y?).

(S4) : y(1 — 32?),
y—x1—2:1: +9y?).

It is known that system (S7) has the first integral

(1,2 + y2)2
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The period annulus of this system is given by {(z,y) € R? : Hy(z,y) = h1, h1 € (0,+0c0)}.
System (S3) has the first integral

22 442
H = . 1.
Q(xay) 1 + .1'2 ( 3)
The period annulus of this system is given by {(z,y) € R? : Ha(x,y) = ha, ha € (0,+00)}.
System (S3) has the first integral
(x4 223)% + 42
H = 14
3(5(;;:[/) (1 +3LE2)3 ( )
The period annulus of this system is given by {(z,y) € R? : H3(z,y) = hs, hs € (0, %)}
System (S4) has the first integral
(z —22%)% + ¢
H = 1.5
4('T7 y) (1 N 3$2)3 ( )

The period annulus of this system is given by {(z,y) € R? : Hy(z,y) = ha, hs € (0,+00)}.

The linear differential system that we consider in the second half-plane Xy, is either a focus (we
include in this class the centers), or a saddle, or a node with different eigenvalues, or a node with equal
eigenvalues whose linear part does not diagonalize, or linear without equilibrium points. Note that if
piecewise differential systems with two pieces separated by a straight line has a star node (node with
equal eigenvalues whose linear part diagonalize), this prevents the existence of periodic orbits.

Consider the piecewise differential systems (1.1). In order to state precisely our results, we in-
troduce first some notations and definitions. In accordance with Filippov [10], we distinguish the
following open regions in the discontinuity set X.

1. Crossing region:
Y= {(Ovy) S (a0393—y)(ﬁy+7) >O} (16)

2. Sliding region: )
e =1{(0,y) € (aosy® —y)(By +7) < 0}. (1.7)

As usual, isolated periodic orbits are called limit cycles. There are two types of limit cycles “crossing
and sliding ones” in the planar discontinuous piecewise differential systems. The first type of the limit
cycles contains some arc of discontinuity lines that separate the different differential systems (for more
details see [22]), and the second type contains only isolated points of the lines of discontinuity. But
we shall work only with crossing limit cycles. An equilibrium point is called a real (resp. wvirtual)
singular point of the right system of (1.1) if this point locates in the region X (resp. X1). A similar
definition can be done for the left system of (1.1).

The main result of this paper is the following

Theorem 1.1. The following statements hold for the discontinuous piecewise differential systems (1.1)

(1) ¢f (1.1) is of the type linear focus and cubic isochronous center at the origin, then the piecewise
differential systems (1.1) have at most two crossing limit cycles. Moreover, these limit cycles if
there exists are non-algebraic and there are systems of this type with one or two limit cycles.

(2) if (1.1) is of the type linear center and cubic isochronous center at the origin, then the piecewise
differential systems (1.1) have no crossing limit cycles.

(3) if (1.1) is of the type linear saddle and cubic isochronous center at the origin, then the piecewise
differential systems (1.1) have at most one crossing limit cycle. Moreover, this limit cycle, if
exists, is algebraic and here are systems of this type with one limit cycle.

(4) if (1.1) is of the type linear node with different eigenvalues and cubic isochronous center at
the origin, then the piecewise differential systems (1.1) have at most one crossing limit cycle.
Moreover, this limit cycle, if exists, is algebraic and here are systems of this type with one limit
cycle.
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(5) if (1.1) is of the type non-diagonalizable linear node with equal eigenvalues and cubic isochronous
center at the origin, then the piecewise differential systems (1.1) have at most one crossing limit

cycle. Moreover, this limit cycle, if exists, is non-algebraic and there are systems of this type
with one limit cycle.

(6) if (1.1) of the type linear without equilibrium point and cubic isochronous center at the origin,
then the piecewise differential systems (1.1) have at most one crossing limit cycle. Moreover,
this limit cycle, if exists, is non-algebraic and there are systems of this type with one limit cycle.

Theorem 1.1 will be proved in Section 2.
In the next proposition, we show that there are discontinuous piecewise differential systems (1.1)

of the type linear real focus and cubic isochronous center at the origin, with two non-algebraic crossing
limit cycles.

Proposition 1.2. The discontinuous piecewise differential systems (1.1) formed by one of the four

cubic isochronous centers (S1), or (Sa), or (S3), or (S4), and a family with one parameter of linear
differential system of the form

2 1

b= —Ca+fBy—<, y=

- 2 (52z +5), (1.8)

508

with B € (—o0,—0.56386), have exactly two nested non-algebraic crossing limit cycles. Moreover,
these limit cycles are given by

Iy ={(z,y) €Sp: Hj(z,y)=h;}U{(z,y) € : Hf-l(x,y):5.9741><1072},
Uy ={(z,y) € Xp: Hj(z,y) =h;}U{(z,y) €Xr: Hpi(z,y) =0.10104},
where j € {1,2,3,4},

0.139 44\ 4 0.139 44 2

= ( 3 ) hg—h3_h4_(T)7

0.21703\4 0.217031\ 2

hy = (7> ’ L =hh="h, = (7)

1 B 2 3 4 3
d

b Hp (2 )—(%wz—gﬁx L I By +L7)e*%arctan%
Y =\95 " T 5P T 560 Y5 TR :

See Figure 1.

In the next proposition, we show that there are discontinuous piecewise differential systems (1.1)
of the type linear virtual focus and cubic isochronous center at the origin, with one non-algebraic
crossing limit cycle.

Proposition 1.3. The discontinuous piecewise differential systems (1.1) formed by one of the four

cubic isochronous centers (S1) or (S2) or (S3) or (S4) and a class with one parameter of linear
differential system of the form

o1
Yy=—5

g
with 8 € (—o0,—5.4664), have exactly one non-algebraic crossing limit cycle. Moreover, this limit
cycle is given by

T=—-x+ py+1, 38y — bz + 5), (1.9)

Iy ={(z,y) €Srp: Hj(z,y)=h;} U{(z,y) €S Hpo(z,y) =5.3743 x 107},
where j € {1,2,3,4},

hy = (2.1240)47 hy = hy = hy = (2.1240)2

and
Hio(x,y) = (5 — 4Bzy — 10z + B2y? + 4By + 5)e 2 2retan el
See Figure 2.
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Figure 1: The two nested crossing limit cycles of systems (1.8) + (S;) with g = —1.

(c) Case when S; = Ss.
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(d) Case when S; = Sy.

Figure 2: The unique crossing limit cycle of systems (1.9) + (S;) with g = —6.
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In the next proposition, we show that there are discontinuous piecewise differential systems (1.1)

of the type linear saddle and cubic isochronous center at the origin, with one algebraic crossing limit
cycle.

Proposition 1.4. The discontinuous piecewise differential systems (1.1) formed by one of the four

cubic isochronous centers (S1) or (S3) or (S3) or (Si) and a class with one parameter of linear
differential system of the form

1 1
P = — y=— 4 1.1
z x+ﬁy+107 Y 45(396—1— )s (1.10)

with f € (—oo0, —1.4056), have exactly one algebraic crossing limit cycle. Moreover, this limit cycle is
given by
I'={(z,y) € Xr: Hj(w,y)=h;}U{(z,y) €Sr: Hy(z,y) =—3.2818},

where j € {1,2,3,4}, hy = (%ﬁlo?’)4 and hy = h3 = hy = (%)2,

1 19\3 /3 23
= (- Jesn 9 G )
o) = (—qe+py-10) GGotby+ o
See Figure 3.
o 04 v 04
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(a) Case when S; = Si. (b) Case when S; = Sa.
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(c) Case when S; = Ss. (d) Case when S; = S4.

Figure 3: The unique crossing limit cycle of systems (1.10) + (S;) with 5 = —2.

In the next proposition, we show that there are discontinuous piecewise differential systems (1.1)
of the type linear node with different eigenvalues and cubic isochronous center at the origin, with one
algebraic crossing limit cycle.

Proposition 1.5. The discontinuous piecewise differential systems (1.1) formed by one of the four
cubic isochronous centers (S1) or (S2) or (Ss3) or (S4) and a class with one parameter of linear
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(a) Case when S; = Si.

(c) Case when S; = Ss. (d) Case when S; = Sy.

Figure 4: The unique crossing limit cycle of systems (1.11) 4+ (S;) with § = —5.

differential system of the form

8 4

with 8 € (—o0, —4.5001), have exactly one algebraic crossing limit cycle. Moreover, this limit cycle is
given by
I'={(z,y) €Sp: Hj(z,y)=h;}U{(z,y) €Xr: Hy(z,y) = 36.008},

where j € {1,2,3,4}, hy = (771‘7221)4 and hy = hy = hy = (771'72’21)2

(22 + By + 3)*

Hy(z,y) = Az +By+272

See Figure /.

In the next proposition, we show that there are discontinuous piecewise differential systems (1.1)
of the type linear non-diagonalizable node with equal eigenvalues and cubic isochronous center at the
origin, with one non-algebraic crossing limit cycle.

Proposition 1.6. The discontinuous piecewise differential systems (1.1) formed by one of the four
cubic isochronous centers (S1) or (S2) or (S3) or (Sy) and a family with one parameter of linear
differential system of the form

b=at By =1, = o+ 30— ), (1.12)

with B € (—o00,—4.0925) have ezactly one non-algebraic crossing limit cycle. Moreover, this limit
cycle is given explicitly by

I'={(z,y) € Xr: Hj(z,y)=h;}U{(z,y) €Sr: Hy(z,y)=0.21146},
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'
-L0

(a) Case when S; = Si.

(c) Case when S; = Ss. (d) Case when S; = S4.

Figure 5: The unique crossing limit cycle of systems (1.12) + (S;) with § = —5.

where j € {1,2,3,4}, hy = (12222)" and hy = hs = hy = (15522)?

1 w1
o,y (Jc,y) = m e2-Pfy—2z ,

See Figure 5.

Remark 1.1. The assumption on the parameter 8 in Propositions 1.2-1.6 is a necessary condition such
that the cubic polynomial differential system with homogeneous nonlinearity (S3) has an unbounded
period annulus surrounding the origin (i.e., is a necessary condition for hs < 2%) is also a necessary
condition for the existence of crossing limit cycles of systems (S3) + (1.8) — (S3) + (1.12).

For (S;) + (1.8) — (S;) + (1.12), j = 1 or 2 or 4, the assumption 3 < 0 is a sufficient condition for
the existence of crossing limit cycles because if § < 0, the two intersection points (0,yo) and (0,y1)
of the orbit arc in Xz and the orbit arc in Xy, satisfy (—y)(8y + ) < 0. This implies that the two
intersection points (0, yo) and (0, y1) are sliding points and this prevents the existence of the crossing
limit cycle.

In the next proposition, we show that there are discontinuous piecewise differential systems (1.1)
of the type linear without equilibria and cubic isochronous center at the origin, with one non-algebraic
crossing limit cycle.

Proposition 1.7. The discontinuous piecewise differential systems (1.1) formed by one of the four
cubic isochronous centers (S1) or (S2) or (S3) or (Si4) and a class with one parameter of linear
differential system of the form

11+ 100

1.13
00 (1.13)

i=(p-lz—y- y=plp— 1)z —py—

1
100’
when u # 0, have one explicit non-algebraic crossing limit cycle given by

I'={(z,y) € Sp: Hj(z,y)=h;} U{(z,y) €Sr: Hy(z,y)=0.99501},
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(a) Case when S; = 5.

(c) Case when S; = Ss. (d) Case when S; = S4.

Figure 6: The unique crossing limit cycle of systems (1.13) 4+ (S;) with p = 3.

where j = j € {1,2,3,4}, hy = (0.17338)* and hy = h3 = hy = (0.17338)? and

101

Hy(z,y) = (ﬁ + (1 =)z + y) ey,

See Figure 2.3.

Remark 1.2. The assumption b < 0 in Proposition 1.7 is a necessary condition for the existence of a
crossing limit cycle of thesystem because the crossing region of these systems is given by —by(y+ ﬁ) >
0, hence this last inequality implies that the crossing region is an open interval (—ﬁ, 0) of the line ¥ if
b > 0 and is an open interval (0, 4+00)U(—00, —155) of the line ¥ if b < 0. Since the intersection points
(0,y1) and (0, y2), where y; = —0.17338 and y, = 0.173 38, are located in (—oco, —155) U (0, +00), we
have to choose b < 0.

2 Proof of Theorem 1.1

To prove our main result, we need the following lemmas.

Lemma 2.1 ([2]). A linear differential system without equilibrium points can be written as
T=ar+by+ec, y=pax+ puby+d, (2.1)

where a, b, ¢,  and d are real constants such that d # pc and p # 0. Moreover, this system has the
first integral

bulx? — 2bpxy — 2dx + by? + 2cy if a+bu=0,
Hw( 7y) = { (22)

((a+ bp)(az + by) + ac + bd)e%iﬁ(’”_y) if a+bu#0.

The following lemma provides a normal form for an arbitrary linear differential system having a
real focus (resp. a center), saddle, node with different eigenvalues and non-diagonalizable node with
equal eigenvalues, respectively
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Lemma 2.2.

(i) A linear differential system having a focus (resp. a center) can be written as
1
& =az+ By -+, y=—E((a—A)2+w2):v+(2A—a)y+£, (2.3)

withw >0, B£0, X\#0 (resp. w >0, §#0 and A =0). Moreover, when A # 0, this system
has the first integral

Hy () = (<w2 T (0= N)2)a? + 28(a — Nay + 5%

Mil(a = N7 +w?) + fE@A =N —u?)

2
" A2 + w?
APE — 12X — o *((a =N +w?) + BE(2y(a = N) +
+25<7+ (BE 27( ! )))y+7 (( ) )2 652( ~( ) 3@)
— 22 arctan w((A2+wd)z+22y—ay—BE)
xe CZraTi(a-Na ATyt (W2-2TFantie | (2.4)

and if A =0, the first integral of (2.3) is

V2 (a? + w?) + BE(2ya + B€)

He(z,y) = (W° + o®)2® + 2Baxy + B2y* — 2B + 2By + —

(ii) A linear differential system having a saddle (resp. a node with different eigenvalues) (resp. a
non-diagonalizable node with equal eigenvalues) can be written as

§= % (P — (a— 1))z + (2r —a)y +£, (2.5)

with B # 0 and p*> > r2 > 0 (resp. B # 0 and r?> > p?> > 0) (resp. B#0, 7 # 0 and p=0).
Moreover, when p # 0, this system has the first integral

& =azr+Py+7,

Hs,n(xa y)
BE—~(2r—a)
r

BE—1(@2r—a)\ "
- )7 o)

)((a—r+p)m+6y+7—|— o

= ((a—r—p)w+ﬁy+7+

when p = 0, the first integral of (2.5) is given by

H,(z,y) 1 T (2.7)
’ .’I;, = er(r—o)z ry+ry -5, .
&Y r(r—0)x + Bry +ry+ BE—70

Proof. Consider the general linear differential system
t=ax+Py+y, y=nz+oy+< (2.8)

Its eigenvalues are given by A2 = 1 (o + 6+ /(a —6)2 + 45n).

(i) We know that system (2.8) has a focus if  (a+68) = X and (a—§)?+43n = —4w? for some w > 0,
(

1
2
fn < 0and XA € R, then § =2\ —a and n = —%((a — \)? + w?). Therefore, we obtain system (2.3).

(
1
B
(ii) The linear differential system (2.8) has a saddle if (a + ) = r and (o — 6)? + 48y = 4p? for
some 7% < p? then a =2r — § and n = —%((r — 8)? — p?). Therefore, we obtain system (2.5).

Analogously to the previous case, the linear differential system (2.8) has a node with different
eigenvalues if 3 (a +6) = r and (o — 8§)? + 48y = 4p? for some > > p?, then o = 2r — §, n =
_ 1 _ 5)2 _ 2)_

B ((r P
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We know that system (2.8) has a non-diagonalizable node with equal eigenvalues if (a—§)2+48n =
0and 3 (a+0) =r #0, then § = 2r — o and n = —% (r — 8)2. Therefore, we obtain system (2.5)
with p = 0.

It is clear that Hy, H., H, ,, and H, are the first integrals of systems (2.3), (2.3) with A =0,
(2.5) with p # 0 and (2.5) with p = 0, respectively. In fact, all the following equations are satisfied:

dH;, . O0H; Y 0H;
=i

dt ar Y Jy

Remark 2.1. According to Lemma 2.1 and Lemma 2.2, it seems clear that limit cycles (if exist)

of discontinuous planar piecewise differential systems (1.1) are algebraic, when the left subsystem of

(1.1) is one of the following types:
- a linear center;

- a linear saddle;

— - !
=0, i=f,¢,s,n,n. O

- a linear node with different eigenvalues;
- a linear system without equilibria (2.1) with a 4+ by = 0.

While these limit cycles (if exist) of discontinuous planar piecewise differential systems (1.1) are non-
algebraic when the left subsystem of (1.1) is one of the following types:

- a linear focus;

- a non-diagonalizable node with equal eigenvalues;

- a linear system without equilibria (2.1) with a + bu # 0.

Proof of Theorem 1.1. We consider the discontinuous piecewise differential systems (1.1). If there
exists a limit cycle of the discontinuous piecewise differential systems (1.1), it must intersect the
discontinuity line ¥ at two different points (0,y0) and (0,y1). In order to investigate the limit cycles
of these systems, we use the Poincaré map of (1.1).

We can define a right return map Pgr as y1 = Pr(yo) and a left return map Py, as yo = Pr(y1)-
Composing the right return map Pgr with the left return map Pp, the Poincaré map P of (1.1) can
be constructed by Py, and Pg as follows:

y2 = P(yo) = Pr o Pr(yo).

It is obvious that the zeros of F(yo) = yo — P(yo) correspond to the limit cycles of the discontinuous
piecewise differential systems (see Figure 7).

In what follows, we give the detailed calculations for the right and left return maps. To determine
the right return map Pg, we use the first integrals for the right side systems of (1.1). Assume that
the orbits starting at the point (0, yo) go into the right zone X i under the flow of the right differential
systems. If these orbits can reach ¥ again at some point (0, 1), then (0,y0) and (0,y;) must satisfy
the following equation:

€j = Hj(oayO) - Hj(oayl) = 07
where j € {1,2,3,4} and H; are given by (1.2), (1.3), (1.4) and (1.5), respectively. The equations
e; =0 for j € {1,2,3,4} are equivalent to (yo — y1)(y1 + yo) = 0. From this equation, the unique
solution satisfying yg < y1 is y1 = —yo. Then we can define a right Poincaré map as

Pr(y0) = —yo. (2.9)

Proof of statement (1) of Theorem 1.1. First, we consider the case where the left subsystem of (1.1)
is a linear focus type satisfying (2.3) with A # 0. To determine the left return map P, we use
the parametric representation of the solution of the linear differential system (2.3) in ¥;. Thus the
solution of this system with A # 0 starting at the point (0,y;) is given by

AMABE = 12X = ) + (\ +w?)(y + By1)) sinwt (B = y(2X — a))(e"* coswit — 1)

rp(t) = w(\2 + w?) A2 + w? 7
() = (v(a — )\)2 + o;i))\:.fiaz))(et/\ coswt — 1) " e)‘t(COS Wi — o — sinwt) "

 (Ma =Ny =) + BE) + (\y = BEw?)eM sinwt
wB(A? 4+ w?) ’
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v A v A
yo Yo
y2
x=0
x=0
(a) The poincaré map of (1.1) (b) The periodic solution of (1.1)
Figure 7: The Poincaré map and the periodic solution of (1.1)
Then from the equation z, () = 0, we obtain
(1) = ~w(BE = 72X — @) (e7" = coswt) + (YN +w?) + A(BE = 7(2) — a))) sinwt (2.10)
it = B(A2 + w?) sinwt ' '
For this case, the parametric representation of the left return map Py, is
—A)?2 2 A t—1 —A
Pr(y1) = olte =) H;();fff;))(e coswt — 1) +e“(coswt— (aw ) sinwt)yl
(e = V(e = A) + B8 + Oy — BE)w?)eN sinwt
wB(A? + w?) '

Since y; = —yo, the zeros of the function F' are the zeros of the function G given by G(t) = —y;(t) —
Pr(y1(t)). When substituting the previous expressions of y1(t) and Pr,(y; (t)) into the equation G(t) =
0, we obtain the equation
1
BT W)
Now, it is easy to see that the existence of a crossing limit cycle is equivalent to the existence of a
positive ¢ satisfying (2.11). For convenience, we use the notation

inh At
sin ) _0

(@ = 22) + A(BE +92)) — w(BE — 7(2A — ) (2.11)

sin wt

sinh A\t
sinwt

i) = (v(w?® =A%) + A(BE + 7)) — w(BE —v(2A — @) (2.12)

So, the way of solving equation (2.11) is the same as that of the equation fi(¢) = 0. In order to
investigate a number of solutions of fi(t) = 0, and since f; is a C''-function in R\ {0}, we use the
first derivative of the function f; with respect to the variable t. Simple calculations yield

ron . wlay =22y + B§)
fl(t) n sin? wt

Note that the zeros of f{(t) are the zeros of K;(t), where

(Asinwt cosh At — w cos wt sinh At).

K1 (t) = Asinwt cosh A\t — w cos wt sinh At.
Note that the left linear differential system (2.3) has the eigenvalues A +i/w, w > 0, at its singularity

— 72X —«a a— )2+ w? «
(myo):(ﬁﬁ /( ) 6(2\21&}2))%85 )

A2 4 w?
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So, it follows that the frequency is w and, consequently, if (x¢,%0) is a virtual focus, we have ¢t € (0, T)
and t € (%, 27) for (xg,y0) is a real focus.

(i) If (x0,90) is a virtual focus, i.e., if B —~v(2A—a) > 0, we have K1(0) = 0 and K (t) # 0 for ¢ # 0,
since K1{(t) = (A 4+ w?) sinwtsinh A\t cannot vanish in (0, Z), so, f{(¢) # 0 for ¢ € (0, Z). Therefore,

the equation fi(t) = 0 with 8§ — 7(2\ — ) > 0 may have at most one solution in (0, Z). Hence
systems (1.1) have at most one crossing limit cycle.

(ii) If (w0,y0) is a real focus, ie., if B — y(2A — a) < 0, and since K;(%) = wsinh(AT) and
Ki(2) = —wsinh(A2Z) and sign (K1 (Z)K1(22)) < 0, while K{(t) # 0in (Z, 2), then K is a strictly
monotone function in (Z, 2%). Thus f{(t) = 0 has exactly one solution in (Z,2Z) and, consequently,
equation (2.12) has at most two zeros in (X, 2Z). From the above analysis, we conclude that systems
(1.1) have at most two crossing limit cycles when ¢ — v(2A — a) < 0. Using the first integrals of
both differential systems of (1.1) and knowing that the non-algebraic crossing periodic orbits pass
through the points (0,y1;) and through the points (0, yo;), ¢ = 1,2, where y; is defined by (2.10) and

Yoi = —Y14, We obtain the following expressions:
Iy = {(z,y) € Xgr: HJ(an) = Hj(oain)} U {(Iay) DY H(‘Tay) = H(anOi)}? 1=1,2,
where j € {1,2,3,4} and H; are given by (1.2), (1.3), (1.4), (1.5), respectively.

Proof of statement (2) of Theorem 1.1. Using the notation introduced in the proof of statements (1),
we consider that the left subsystem of (1.1) is a linear center type satisfying (2.3) with A = 0. The
solution of system (2.3) with A = 0 starting at the point (0,y;) is

xp(t) = % ((ay + BE) + w(y + By1) sinwt — ay coswt — BE cos wt),

2 2 .
swt — 1 sin wt
() = (v(a® + w?) + BEa)(cosw ) N (coswt 3 gsinwt)yl N Esinw .
Buw? w
Then, from the equation x(t) = 0, we obtain
(BE + va) + ywsinwt + (—ya — BE) cosw)
y1(t) = — - .
Bw sin wt
For this case, the parametric representation of the left return map Py, is
2 2 .
t—1 t
Pr(y1) = (v(a® +w?) + Ba)(cosw ) + (coswt — gsino.)t)yl + §sinw .
Buw? w
Since y1 = —yo, substituting the previous two expressions into the equation G(t) = —yi(t) —

Pr(y1(t)) = 0, we obtain %’y = 0. Hence, if v # 0, this last equality does not hold, the equation
F(yo) = 0 has no solutions and, consequently, the discontinuous piecewise differential systems (1.1)
have no periodic solutions. If v = 0, then G(t) = 0 for all ¢ > 0, i.e., F(yp) = 0 has a continuum
of solutions. So, the discontinuous piecewise differential systems (1.1) either does not have periodic
solutions, or it has a continuum of periodic orbits and, consequently, these differential systems have
no limit cycles.

Proof of statements (3) and (4) of Theorem 1.1. Now, we assume that the left subsystem of (1.1) is
a linear system satisfying (2.5) with p # 0. We recall that if 72 > p? > 0, then system (2.5) has a
real or a virtual node with two different eigenvalues, while if 72 > p? > 0, the system has a real or a
virtual saddle. We have to study these cases simultaneously. To determine the left return map Py, of
(1.1), we use the parametric representation of the solution of the linear differential system (2.5) with
p # 0 in X, starting at the point (0,y; ), this solution is

TN (y(a — 1+ p) + BE+ B(r + p)yr)
2p(p+1)
_BE=n@r=a) "M (a=r—p)+ BE+ B(r = plyr)
p? —r? 2p(p—1)

:ZZL(t =

)
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T (yp? — (= 1)* + (BE+ B(r + p)yn) (p+ 7 — @)

yr(t) = 26p(r +p)
(e —1)? +28&r — BE(2r — a) —7p?)
B(r? = p?)
L UM = 1)? =9 + (BE+ Br = py) (@ =7 + p))
28p(r — p) '

Hence, the left Poincaré map is written as follows:

102 =A@ =)+ (BE+ B+ p)y)(p+ 1 =) iy

i) = 2Bp(r + p)
L la=r)? a0 + (BE+ Blr = pyi)@ =1 +) r—pyr _ W= 1) = 7p° + Bé(a =)
2B8p(r — p) B(r? — p?) ’

and from the equation z,(t) = 0, we obtain
b= N =) =+ p) + BE) — 2p(BE — 5(2r — @))
T B(p? = r) (e =P — elr+00Y)

"I+ p) (o — 1 = p) + )
B(p2 — r2)(e(r—p)t — e(r+o)t)

(2.13)

But y; = —yo, so this reduces the equation yo — P(yo) = 0 to the form

inh
S (0 =) (2) + 203 = 5(2r = a))) S ~20(86 92 —a)) = 0. (.14
For convenience, we use the notation
-1 h
Falt) = (2r(B€ —(2r — @)~ 2(7 — 1)) Tl — 2p(BE (2 ). (215)

Now, the way of solving (2.14) is equivalent to that of finding the solutions ¢ of the equation f(t) = 0.
In order to investigate a number of solutions of fa(t) = 0, and since f, is a C''-function in R\ {0}, we
use the first derivative of the function f with respect to the variable t. Simple calculations yield
2r(B¢ — v(2r — a)) — 29(p? — r?)(r coshrtsinh pt — psinh rt cosh pt)
sinh? rt

f(t) =

Note that the zero of f4 is the zero of Ks, where

K5(t) = rcoshrtsinhtp — psinhrt cosh tp.

Since K2(0) = 0 and Kj(t) = (r? — p?)sinhrtsinh pt # 0 for any ¢t > 0 (because r # 0 and p # 0),
we can conclude that equation (2.14) has at most one real solution, and there are the values of r,
v, p, B, & and « for which this solution exists. Hence systems (1.1) have at most one crossing limit
cycle. Using the first integrals of both differential systems of (1.1) and knowing that the algebraic
crossing periodic orbit passes through the points (0,yo) and (0,y1), where y; is defined by (2.13) and
Yo = —Yy1, we get the following expressions:

I'= {(.’L‘,y) c ER : H](Ovy) = HJ(OvyO)} ) {(Z‘,y) S EL : H(J?,y) = H(():yO)}y

where j € {1,2,3,4} and H; are given by (1.2), (1.3), (1.4), (1.5), respectively. This completes the
proof of statements (3) and (4) of Theorem 1.1.

Proof of statement (5) of Theorem 1.1. Now, we consider the case, where the left subsystem of (1.1)
is a linear system satisfying (2.5) with p = 0. By an analogous analysis of previous statements, the
solution (zr(t),yr(t)) of system (2.5) with p = 0 which passes through the point (0,y;) is

e (y(2r —a) — BE) — (v(2r —a) — B) | te"(y(a—1) + BE+ Brys)

2 " ) ’

rp(t) =
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e (y(a—71)2 + B(ag +r?y1)) — (v(a —r)* + BE(a — 7))
pr?
te" (v(a —7)? + Bla —r)(E+ry1))
Br ’

whence for the left Poincaré map we get the following parametric representation:

yr(t) =

et (y(a —1)* + Blag +r?y1)) — (v(a —1)* + BE(ar — 1))

Pr(y1) = Br?

Srtlesirfle i) e

From the equation z,(t) = 0, we obtain

n(0) =~ (= 75 (02 = @) = B9+ 5 €' (2(2r = ) = BE) + LB~ o(r —a))). (217)

Using (2.16), (2.17), and taking into account that yo = —y1(t) and P(yo) = Pr(y1(t)), the equation
Yo — P(yo) = 0 becomes

1 ((’y(ZT — ) — B€) sinhrt
Br rt

the previous equation is equivalent to f3(t) = 0, where

+y(a—r) +ﬁ£) =0, (2.18)

sinhrt B —~(r—a)
rt y(2r —a) — BE°

Now, the way of solving (2.18) is equivalent to that of finding the solutions ¢ of the equation f3(t) = 0.

The study of the maximum number of zeros of f3(t) = 0 is equivalent to finding of the maximum num-
BE—(r—a)
_ Y(2r—a)—pg”
It is easy to check that K3(z) = S22 is an even function and K3(z) for z > 0 is strictly increasing
and strictly decreasing for z < 0, and lir% K;(z) =1
z—r

fa(t) = (2.19)

sinh z

ber of intersection points z; of the curve F :y = =

with the horizontal line £ : y = —

Clearly, we can choose the values of the parameters of system (2.5) with p = 0 such that the
straight line £ intersects the curve F at either zero point or at one or two points.

If £ does not intersect F, then f3(¢) = 0 has no solution, and systems (1.1) has no limit cycles.

If £ intersects F at a unique point, then the intersection point is multiple to two, this point should
be y =1 and z = 0. This implies that ¢ = 0; again, systems (1.1) have no limit cycles.

If the intersection points are two, we denote them by (z1,y7) and (z2,y5). Taking into account
the evenness of the function K3(z) = $8B2 it follows that z; = —z and ¥} = y5. So, the equation
f3(t) = 0 has at most one solution in ¢ € (0, +00) for z = rt and, consequently, a unique solution for
y1 and yo. Hence systems (1.1) has at most one crossing limit cycle. Using the first integrals of both
differential systems of (1.1) and knowing that the algebraic crossing periodic orbit passes through
the points (0,y0) and (0,y1), where y; is defined by (2.17) and yo; = —y1;, we obtain the following
expressions:

I'= {(m,y) €Xr: H;00,y)= Hj((),yo)} U {(x,y) €X¥r: H(zy) = H(O,yo)},

where j € {1,2,3,4} and H; are given by (1.2), (1.3), (1.4), (1.5), respectively. This completes the
proof of statement (5) of Theorem 1.1.

Proof of statement (6) of Theorem 1.1. Finally, we consider the case where the left subsystem of (1.1)
is a linear system having no equilibria, neither real nor virtual, satisfying (2.1). In a similar way as
in the previous cases, the solution of system (2.1) with a + ub # 0, starting at the point (0,y,), is

bep — d)(a + bup)t + (e — 1) (ac + bd + b(a + bu)y1)
(a+bp)?

rp(t) =

)
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() = a(d —cp)t +ayr  p(ac + bd) N ety (ae 4 bd + b(a + bp)yy)
S ) (a+ bp)? (a+ bp)? '

Then the left Poincaré map is

Pr(n) = a(d = cp)t +ay1  plac + bd) N et (ac 4+ bd + b(a + bu)y)
L (a -+ bu) (a+ bu)? (a+ bu)? !

and from equation zr () = 0, we obtain

(et bt — 1) (ac + bd) — b(a + bu)(d — cu)t '

i) =- b(eat+btn — 1) (b + a)

(2.20)
Since y1 = —yo, the equation yo — P(yo) = 0 is equivalent to —y;(¢) — P (y1(t)) = 0. Substituting the
previous two expressions into —y; (t) — Pr(y1(t)) = 0, we obtain

—(d — cu)t coth (% (a+ b,u)t) - (ac+bd) =0 (2.21)

_ 2
b(a + bu)
or, equivalently, f4(¢) = 0, where

F1t) = % (0 + br)t coth (% (a-+b)t) + g bd (2.22)

2 (d—cp)
By an analogous analysis of the previous case, in order to investigate the number of solutions of
fa(t) = 0, we find a number of intersection points z; of the curve F’ : y = z coth(z) with the straight
line £ :y = b(d%lw) (ac+ bd).

The function K(z) = zcoth z is even and for z > 0 is strictly increasing and strictly decreasing for
z <0, and K(0) =0.

Clearly, the straight line £’ may intersect the curve F’ at either zero point or at one or two points.

If £’ does not intersect F’, then f4(¢) = 0 has no solution, and systems (1.1) have no limit cycles.

If £’ intersects F’ at a unique point, then the intersection point is multiple of two, this point
should be y = 0 and z = 0. This implies that ¢t = 0 (because a + by # 0); again, systems (1.1) have
no limit cycles.

If the intersection points are two, we denote them by (z1,y]) and (22, y5). Since K3(z) = zcoth z
is an even function and the straight line £’ is horizontal, it follows that z; = —z9 and y] = y5. So,
equation (2.21) has at most one solution ¢ > 0 for z = 1¢(a+ bu) and, consequently, a unique solution
for y; and yp follows from (2.20) and (2.9), respectively. To obtain in this way at most one limit
cycle for the discontinuous piecewise differential systems, we use the first integrals of both differential
systems knowing that the non-algebraic periodic orbit passes through the points (0, ) and (0, —yo),
where y; is defined by (2.20) and yo; = —y14, we get the following expression:

I'={(z,y) € Zr: H;(0,y) = H;(0,y0)} U{(z,y) € B+ H(x,y) = H(0,9)},
where j € {1,2,3,4}, and H; are given by (1.2), (1.3), (1.4), (1.5), respectively.
Now, we consider system (2.1) with a + b = 0. In this case, the solution of system (2.1), starting
at the point (0,4,), is
1
zo(t) = (c+ byt + 5 (bd = bep)t?,
1
y(t) =y + 5 (bdp — bep®)t? + (byp + d)t.

If 1, (t) = 0, we get
1
yi(t) = 3 (2¢+ b(d — cp)t),

and the parametric representation of the left Poincaré map is

1
Pr(y1) =y + 3 (bdp — bep?)t? + (byyp + d)t.
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Since y; = —yo, the equation F(yg) = yo — P(yo) = 0 is equivalent to G(t) = —y1(t) — Pr(y1(t)) = 0.
Substituting the previous two expressions of y;(t) and Pr(y1(t)) into G(t) = 0, we obtain ¢ = 0.
Hence, if ¢ # 0, this last equality does not hold, and F(yo) = 0 has no solutions and, consequently, the
discontinuous piecewise differential systems (1.1) have no periodic solutions. If ¢ = 0, then G(¢) =0
for all t > 0, i.e., F(yo) = 0 has a continuum of solutions. So, in this case, the discontinuous piecewise
differential systems (1.1) either do not have periodic solutions, or have a continuum of periodic orbits
and, consequently, these differential systems have no limit cycles. So, statement (6) of theorem 1.1 is
proved. O

3 Proof of propositions

Proof of Proposition 1.2. We consider that we have the piecewise differential systems (S;)+ (1.8) with
j=1or2or 3 or 4, we remark that the equilibrium point (75%, ﬁ) of system (1.8) has eigenvalues
—% + 4. So, it is a real focus. Those piecewise differential systems have the first integral

26
Hipi(z,y) = (% a’
if x € Xy, and the first integral H; with j =1 or 2 or 3 or 4, and H; are given by (1.2), (1.3), (1.4)

and (1.5), respectively if z € X .
For the piecewise differential systems (S;)+ (1.8) with j € {1,2, 3,4}, the function (2.12) becomes

,§6$y+%$+ﬂ2y27%By+%>e—%arctan#%

1

1
= ————(10sinh =t + 11sint).
1OOSinh%t( s o

fi(t)

The equation f1(t) = 0 has exactly two positive zeros t; = 4.143 8 and to = 4.7492. From these values

of t;,i = 1,2, and using (2.10), we get the values of y1; = —% and y12 = —%, so, from
Yo = —Y1, we have yp; = % and yo2 = % . Thus these two solutions will correspond to the

isolated periodic orbits I'y and I'y of systems (S;) + (1.8), i.e.,to two limit cycles of those systems.
The smallest one I'; intersects the switching line ¥ at two points (0,yo1) and (0,y11) and the biggest
limit cycle T’y intersects the switching line ¥ at two points (0,y02) and (0,y12). Straightforward
computations show that the solution of (S;) + (1.8) with j = 1 or 2 or 3, or 4, passing through the
crossing points (0,y01) and (0,y11), corresponds to

I, = {(m,y) €Xgp: Hi(z,y)= hj} U {(x,y) €Xp: Hp(x,y) =5.9741 x 10_2},

where hy = (0'13‘#)4, he = hg = hy = (%)2, and the solution of (S;) + (1.8), passing through
the crossing points (0, yo2) and (0, y12), corresponds to

Ty ={(z,y) € r: Hj(z,y) =h;} U{(z,y) €S : Hpi(z,y) =0.10104},

where b} = (%)4, hy, =hh =h) = (%)Q. Moreover, I'; and I'y are non-algebraic and travel

in a counterclockwise sense around the sliding segment ¥, = {(0,y) € ¥: 0<y < fé}. O

Proof of proposition 1.3. We consider that we have the piecewise differential systems (S;)+ (1.9) with
j=1or2or3or4. The equilibrium point (1,0) of system (1.9) has eigenvalues 1 + i, so, it is a
virtual focus, these piecewise differential systems have the first integral

Hyo(z,y) = (52* — 4Bzy — 107 + %y + 48y + 5)e 2 arctan R
if x € ¥, and the first integral H; with j =1 or 2 or 3 or 4, where H; are given by (1.2), (1.3), (1.4)

and (1.5), respectively, if z € Xg.
For the piecewise differential systems (S;)+ (1.9) with j € {1,2, 3,4}, the function (2.12) becomes

fi(t) =— (2sinht — 4sint).

sinh ¢
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From the equation f;(t) = 0, we obtain the unique solution ¢ = 1.4354. From this value of ¢ and using
(2.10), we get the values of y; = —2'1240, because y; = —yo, thus 39 = 2'15040. So, the discontinuous
piecewise differential systems (5;) + (1.9) have exactly one crossing limit cycle. Straightforward
computations show that the solution of (S;) + (1.9) passing through the crossing points (0, o) and

(0,y1) corresponds to

Iy ={(z,y) €Sr: Hj(z,y)=h;} U{(z,y) €S Hpo(z,y) =5.3743 x 1072},

where j € {1,2,3,4}, hy = (%)4 and hy = hz = hy = (%)2. We note that this limit cycle is
non-algebraic and travels in a counterclockwise sense, around the sliding segment X3 = {(0,y) € X :
0<y< —l}.

e

Proof of proposition 1.4. We consider the piecewise differential systems (S;)+(1.10) with j€{1,2,3,4}.
Since the eigenvalues of matrices of the linear differential system (1.10) are % , —% , this system has a
real saddle at the equilibrium point (—1%, %) The piecewise differential systems (5;) + (1.10) with
j=1or2or 3, or 4, have the first integral

if € ¥, and the first integral H; with j =1 or 2 or 3, or 4, where H; are given by (1.2), (1.3), (1.4)
and (1.5), respectively, if x € Xg.
For the piecewise differential systems (S;)+(1.10) with j € {1,2,3,4}, the function (2.15) becomes

B L? sinh ¢
20 sinhi¢

fa(t)

The unique solution of f1(¢) = 0is ¢ = 1.1714. From this value of ¢ and using (2.10), we get the values
of y1 = —0'54‘% . Since y1 = —yp, we have yy = %/8103. So, the discontinuous piecewise differential

systems (5;) + (1.10) have exactly one crossing limit cycle. Straightforward computations show that
the crossing limit cycle passing through the crossing points (0, y;) and (0, y2) corresponds to

I'={(z,y) € Sr: Hj(x,y)=h;}U{(z,y) €Sr: Hy(x,y) = —3.2818},

where j =1lor2or3,or4, hy = (%)4 and ho = hy = hy = (0'54‘%)2. Moreover, this limit cycle is
algebraic and the sliding region of systems (S;)+(1.11) is defined by £s = {(0,y) e £ : 0 <y < —ﬁ},
which is inside the periodic orbit. Drawing the orbit I', we obtain the limit cycle in Figure 3, which
travels in a counterclockwise sense. O

Proof of proposition 1.5. We consider the piecewise differential systems (S;) + (1.11) with j = 1 or 2
or 3 or 4. The equilibrium point (%, —%) of system (1.11) has eigenvalues 4, 2, so, it is a virtual node.
On the other hand, the piecewise differential systems (S;) + (1.11) with j € {1,2,3,4} have the first
integral

(2x + By + 3)4

(4 + Py +2)2

if x € 3, and the first integral H; with j =1 or 2 or 3, or 4, where H; are given by (1.2), (1.3), (1.4)

and (1.5), respectively, if z € Xp.
For the piecewise differential systems (5;)+(1.11) with j € {1,2, 3,4}, the function (2.15) becomes

Hn(x7y) =

sinh ¢
sinh 3¢

fa(t) =20 4,

Now, solving the equation f5(t) = 0 with respect to the variable ¢, we get t = 0.65848. Using

the expression of y; given by (2.13) and taking into account that y; = —yo, we get y; = — =321

B
1.7321
B

and yp = . So, the discontinuous piecewise differential systems (S;) + (1.11) have exactly one
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crossing limit cycle. Straightforward computations show that the crossing limit cycle passing through
the crossing points (0,y;) and (0, y2) corresponds to

I'={(z,y) €Xr: Hj(z,y) =h;}U{(z,y) €Tr: Hy(x,y) = 36.008},

where j € {1,2,3,4}, hy = (,%)4 and hg = hg = hy = (7%)2. Moreover, I' is non-algebraic

and travels in a counterclockwise sense, around the sliding set X, = {(0,y) € ¥: 0 <y < —%} O

Proof of proposition 1.6. We consider the piecewise differential systems (S;) + (1.12) with j = 1 or
2 or 3 or 4. Since the eigenvalues of the matrices of the linear differential system (1.12) is —1, this
system has a virtual node with eigenvalue of multiplicity 2 whose linear part does not diagonalize at
the equilibrium point (1,0). The piecewise differential systems (S;) + (1.12) with j =1 or 2 or 3, or
4, have the first integral .

e — efﬁly-i—?
—2x— By +2
if z € ¥, and the first integral H; with j =1 or 2 or 3 or 4, where H; are given by (1.2), (1.3), (1.4)

and (1.5), respectively, if z € Xg.
For the piecewise differential systems (S;)+(1.12) with j € {1,2, 3,4}, the function (2.19) becomes

Hn’(xay) =

folt) = 7 (sinht —20).

Now, solving f3(t) = 0, we get ¢t = 2.177 3, substituting this value of ¢ into the expression of y;
given by (2.17) and taking into account that y; = —yo, we get y; = 71'5[3& and yy = % So,
the discontinuous piecewise differential systems (S;) + (1.12) have exactly one crossing limit cycle.
Straightforward computations show that the crossing limit cycle passing through the crossing points

(0,y1) and (0,ys) corresponds to

= {(x,y) €Xr: Hj(z,y)= hj} U {(m,y) €X¥y: Hy(z,y) = 0.21146},

where j € {1,2,3,4}, hy = (1'5‘#)4 and hy = hg = hy = (1'5552)2. Moreover, this limit cycle is
non-algebraic and surrounds the sliding segment X3 = {(0,y) € X : % <y < 0} counterclockwise. [J
Proof of proposition 1.7. We consider the piecewise differential systems (S;)+(1.13) with j € {1,2,3,4}.

The planar linear differential system (1.13) has the first integral

101 .
Hy(z,y) = (Tm + (1 —pe+ y)e“ v
in ¥, and the cubic polynomial differential systems (S;) with j € {1,2,3,4} have the first integral
H;, where H; are given by (1.2), (1.3), (1.4) and (1.5) with j =1 or 2 or 3 or 4, respectively, in Xg.
It is easy to see that (1.13) has no equilibria, neither real nor virtual.
Then for the discontinuous piecewise differential systems (S;)+ (1.13), the function (2.22) becomes

1 101
f4(t)—tcoth2t 0
This function f4(¢) has exactly a unique positive root ¢ = 0.346 76. From this value of ¢ and using
(2.20), we get the values of y; = 0.17338. Since y; = —yo, we have yo = —0.17338. So, the
discontinuous piecewise differential systems (S;) 4 (1.13) have exactly one non-algebraic crossing limit
cycle. Straightforward computations show that the crossing limit cycle passing through the crossing
points (0,y1) and (0, y2) corresponds to

I'={(z,y) €Sr: Hj=h;}U{(z,y) €Xr: Hy(z,y)=0.99501},

where j € {1,2,3,4}, hy = (0.17338)* and hy = hy = hy = (0.17338)2. This limit cycle surrounds

the sliding set X, = {(0,y) € S : 5 <y < 0}. O
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