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Abstract. In this paper, we define a particular class of Fourier Integral Operators with weighted
symbols (FIO, for short). These FIO turn out to be bounded on the spaces S(R™) of rapidly decreasing
functions (or Schwartz space) and S’(R™) of temperate distributions. We also prove that FIO is
Hilbert-Schmidt on L?(R") when the weight of the symbol a belongs to L?(R?").
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1 Introduction

A Fourier integral operator (FIO, for short) is a singular integral operator of the form

Lo gulz // W@ a(,y, Euly) dydé

defined under certain assumptions on the regularity and asymptotic properties of the phase function
¢ and the amplitude function (or symbol) a. Here, £ plays the role of the co-variable. In particular,
when ¢(z,&,y) = (x — y,§), Ia,4 := Op(a) is called a pseudodifferential operator.

Several authors have worked hard since 1970 to learn more about this type of operator (see,
e.g., [2,6,8,11-14,16]). Local properties are the focus of the first works on Fourier integral operators.
We should mention that Hérmander has treated a class of Fourier integral operators for the first
time in [14], after they have been initially used by Lax, Maslov, Egorov and others. Duistermaat and
Hoérmander elaborated the results of [14] in findings in their paper [7], where they studied parametrices
of the pseudodifferential operators of principal type as well as the propagation of singularities. In the
meantime, FIOs were also used to analyze hyperbolic equations and spectral theory.

The study of FIO was started by a particular class of amplitudes S7; introduced by Hormander
which consists of functions a(x, &) € C*°(R™ x RY) that satisfy

|0¢07a(@,€)| < Cap(1+ fg))mrlel+olfl

with m € R, p,§ € [0,1], and the phase functions in C°(R™ x R™ \ 0) homogenous of degree 1
in the frequency variable £ and with non-vanishing determinant of the mixed Hessian matrix (i.e.,
non-degenerate phase functions).

Furthermore, G. Eskin [9] (in the case a € S? ) and L. Hérmander [14] (in the case a € S}, _,
% < p < 1) demonstrated the local L? boundedness of FIO with non-degenerate phase functions,
R. Beals [3] and A. Greenleaf and G. Uhlmann [10] extended Hérmander’s local L? result to amplitudes
in S% 1

Later on, other types of symbols and phase functions have been investigated. In [13,19], D. Robert
and B. Helffer treated the symbol class '} that consists of smooth functions such that for any multi-
indices (o, 8,7) € N" x N* x NV there exists Cy g, > 0 such that

|020] 0 a(x,y,6)| < Capy((w,y, &)1 PIHATRD,

where
((2,y,8) == (1 + | + |y[* + [¢*)?

with 1 € R and p € [0, 1], and they considered phase functions satisfying certain conditions.

In [16], Messirdi and Senoussaoui treated the L? boundedness and L? compactness of FIO with
symbol class just defined. These operators are continuous (respectively, compact) in L? if the weight
of the symbol is bounded (respectively, tends to 0).

In this work, we use the same technique as in [5] to show the Hilbert—Schmidtness of the operators
the type

(Pu)(a) = (2m) " [ [ €0 0Dae,g)uty) dy de

We mainly prove that operator F is Hilbert-Schmidt on L?(R™) when the weight of the amplitude a
belongs to L?(R?").

The article is organized as follows. In Section 2, we define symbol and phase functions used in this
paper and recall the continuity of some general class of Fourier integral operators on S(R™) and on
S'(R™). In Section 3, we discuss a special case of phase functions of type ¢(z,y,&) = s(x, &) — (y,§).
The last section is devoted to the proof of the main result.
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2 Notations and preliminaries

We assume that n € N throughout the paper unless otherwise noted. In particular, n # 0. For all
z,y,& € R™ we define

<J},£> = ijgj and EE = (27'(')_71 df

j=0
Additionally,
(@) =1+ [2)2, ((2,9) =1 +]z* + |y*)?
and 1
((,9,8)) == (1 +|=* + [y|* + 1¢*) *.

Partial derivatives with respect to a variable x € R™ scaled with the factor —i are denoted by
D2 = (=)0 = (=)°lg -0,

n
where a = (a1, ...,a,) € N is a multi-index and |a| = ) «; is the length of a.
j=1

Considering two Freshet spaces E and F', the set L(E, F') contains all linear and bounded operators
A:E— F.If E=F, we also just write L(E).

Definition 2.1. The space of tempered weights w(R"™) is the set of all continuous functions m : R™ —
R such that

3Co >0, Fko € R, m(z) < Com(y)(1+ |z — y|)kO7 Va,y e R".
Example 2.1. The simplest example of tempered weight is given by
m(z) = (z)* for = € R",
where k£ € R.

Lemma 2.1. If k > 2n, then (x)~% € L*(R") for all x € R™.

Proof. The lemma can easily be proved by using polar coordinates. An alternative approach can be
found in [18, Lemma 1.3]. O

Definition 2.2. Let Q be an open subset of R”, m € w(R™) and p € [0,1]. A smooth function
a: ) — Cis called an (m, p)-weighted symbol on Q if

VaeN, 3C, >0, [0%l(z)| < Cam(z)(1+|z]) ", vz eq.
We note that I')*(€2) is the space of all (m, p)-weighted symbols.

Remark 2.1. Instead of I'}* (R} x Rév x Ry)) we simply write I')*. Furthermore, if p = 0, we write I'"".

Now, we are interested in giving a sense to the following integral transformations

Logu(o) = [ [ €9 ala, puty) dydE, w e SE™) (21)
where a € I'], m € w and ¢ is a phase function which satisfies the following conditions:
(C1) ¢:RY x Rév x R}y — R is a C° application.
(Ca) V(a, B,7) € N* x NV x N" 3C, 4.~ > 0 such that

102007 6(,€,)| < Capol(w, &, y))Elol= 181D,
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(C3) There exists K > 0 such that

8¢,8¢, n n
W <K, v(xvgay) ERI XR? XRQ'

(C%) There exists K* > 0 such that

76¢78w¢ * n n
w < K*, ¥(x,&y) € RY x RY x R,

In the next theorem, we give a sense to the right-hand side of (2.1), by using the oscillatory integral
technique, and prove the boundedness on the Schwartz space and on its dual. So, we consider g €
SRE x Ry x Rév) such that ¢(0,0,0) = 1.

If a € I, we define

ap(xvfay) = g(%,1§97 E>a(:c,§,y), p > 0

Theorem 2.1. If ¢ satisfies (C1), (C2), (C3) and (Csx), then
(1) For all u € S(R™), 1i_>m Lo, pu(x) exists for every x € R™ and is independent of the choice of
p—00

the function g. Then we set

Iogu(z) == lim I, gu(z), Yo € R".

pP—o0

(2) oo € LISRM) and Lo € L(S'(R™)).

Proof. Let § € C5°(R™) such that suppd C [-2,2] and 6 =1 on [—1, 1].
For all € > 0, we set
|0y¢1? + 10e¢|*
We xvfay =0 — 5 )
w60 =S ge )

The condition (C3) implies that there exists v > 0 such that on the support of w. we have

(2,&,9)) < A[A+ 1Y) +e2{(x,&p))]-

Therefore, there exist g and a constant 7y, such that for all € < gy, we have the inequality

(.6,9)) < 70(1+ [y?)?

in the support of w..
In the sequel, we fix € = g¢9. Then it is immediate that I(we,ap, @) f is an absolutely convergent
integral, and we have

lim I((“)&oapv(b)f = I(we,a,9) f. (2.2)

pP—o0

Using (Cy), we also prove that I(we,a,¢)f is a continuous operator from S(R™) into itself. To study

lim I((1 — we,)ap, @) f, we introduce the operator
pP—00

L=

n N
L (B0 + 2 000)5%)
i 10401 + 04|
Clearly, we have
L(e'?) = €. (2.3)
Let Qg be the open subset of R x RY x R" defined by
€0

Q= {(@.&), 10,6 + [0 > 3

(@692}

We need the following
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Lemma 2.2. For all integer ¢ > 0 and b € C* (R} x Rév), we have

(DU —we)b) = D 92 50700 ((1 — wey)b),
lal+181<q

where the gf, 5 are in Ty*(Qo) and depend only on ¢. Recall that 'L designates the transpose of L.

Proof. We prove the lemma by the recurrence. It is obvious for ¢ = 0. Now we can see easily that
tL:ZFji+ZGji+H, (2.4)
— "0y 5 9¢;

where F; € Ty (Q), G; € Ty () and H € T'y%(Q) (which results from the hypothesis (Cs)). So,
the recurrence is immediately proved. O

For all integer ¢ > 0, from (2.3) we have
I(1 — wey)ap, @ // @SV (L)1 — wey)apf) dy dE. (2.5)

Now (*L)9((1 — we, )ap f) describes (when p varies) a bound of Iy~ %, and

lim ("L)7((1 = we,)apf)(2,€,y) = (L)((1 = wey)af) (@, &, y) (2.6)

pP— 0o

for all (z,£,y) € R™ x RN x R™.
Finally, for all s > n + NN, we have

//((:v,é“,y»‘s d€ dy < s ()TN s (2.7)

From (2.5)—(2.7) and by using the Lebesgue’s theorem, we get

lim (1~ e, )ap, & / / e (L)1~ wey)af) dy dE, (2.8)

p—o0

where ¢ satisfies ¢ > n+ N + p. The first part of the theorem can be proven by using (2.2) and (2.8).
Now let us show that I((1 — we,)a, ¢) is continuous. Taking into account (2.4) and (2.8), we get

1((1 = wey)a = % [[ i e oy o) dyae, (2.9)

Iv1<q
with b € T#7%. On the other hand, we have
208 (b9 (z, €, y)) € Ty~ (2.10)

We deduce from (2.9) and (2.10) that, for all ¢ > n+ N + p+ |a| + |3, there exists a constant Cy 3,4
such that

|2°021((1 — wey )a, 6) f(2)] < Capg sup, |02 f(2)];

[v<q

which proves the continuity of I((1 — we,)a, ¢). O
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3 About the special class of FIO

From now on, we will focus, in a particular case, on the phase function ¢, which is extremely useful
in applications for solving Cauchy problems [15,17]. Let

o(z,8,y) = s(z,8) — (y,€),
where s satisfies the conditions:
(Hy) s € C°(R*™ R).
(Hs) For all (o, ) € N?"| there exist C, g > 0 such that

10207 5(,€)| < Cap{(z, €))7 1el=18D,

(Hs) There exists 69 > 0 such that

8%s

det 2 0¢

inf
z,EER™

(2,8)| = do.
Proposition 3.1. If s satisfies (H1),(H2) and (Hs), then the function ¢(x,&,y) = s(x,&) — (y,§)
satisfies (C), (Ca2), (C3) and (C3).
Proof. (Cy) and (Cy) are trivially satisfied.
To prove (C3) and (C%) we use the following

Lemma 3.1. Assume that s satisfies (Hy), (H2) and (Hs), then s satisfies the following inequalities:
There exist c1,co > 0 such that

{m < e1((€,0¢s)), ¥ (,€) € R, (51)

€] < ea{(x,028)), V(x,€) € R™,

Also, there exists c3 > 0 such that for all (z,€), (2, &) € R?",

2= 2| +1¢ = €] < es] | Ges)(x. ) — (Ges) (@', €)| + 1€ = €1].

Proof. The mappings

£ = fo(§) = Ous(x,8), @ — ge(x) = Des(, )
are diffeomorphisms of R™. From (Hy) and (Hs) it follows that ||(f; 1)’ ||(gg1)’|| are uniformly
bounded on R” and ||(¥5 )| is uniformly bounded on R?", where

1#2(%5) = (6) 858(3},5))

Thus (Hz) and Taylor’s theorem lead to the following estimate: there exist M, N > 0 such that for
all (,¢), (2',¢') € R*",

€] = | £ (F2(8) = £ (fo(0)] < M |0y 5(x,€) — Ba5(x,0)| < ca((x,0n8))

with ¢4 > 0;

2| = |gg ' (9¢(€)) — g¢ ' (9¢(0))| < N|0es(w,€) — Des(0,€)| < es5((Des, €))

with ¢5 > 0;

[(2,€) — (2/,€)| = |hy ' (ha(2,€)) — hy ' (ha(2',€))| < e5](&, Oes(w,€)) — (€, 0es(a’,€))]. O
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From (3.1), we have

((,9,€)) < (2, ) + (y) < c6[((&, 0es)) + (y)]

with ¢g > 0.
Also, we have 0,,¢ = —&; and 0¢;¢ = O¢; s — y;, s0,

(€ 0¢s)) = ((0y9, 0cd +y)) < 2((9y0,0c 9, y)),
which for some ¢7 > 0 finally gives

1
C7

<($7£7y)> < 206<(8y¢78§¢7 y)> < <(8y¢a 8§¢7y)>

The second inequality in (C3) is a consequence of (3.1). We can demonstrate condition (C5) using a
similar argument. O

Example 3.1. Consider the following function:
s(x,€) = k12” + ko€ + ks,

where ki, ka, ks € R, s(z, &) satisfies (Hy), (Hz) and (Hj).

4 The boundedness of FIO on H*(R")

This section goes over a different collection of bounded operators, or to be more specific, the Hilbert—
Schmidt operators. The class of Hilbert—Schmidt operators has a natural Hilbert space structure. Let
us start with an elementary proposition.

Proposition 4.1. Let H be a separable Hilbert space. If {en} and {fm} are orthonormal bases for
H and A € L(H), then

* 2
D ol Aenll? =D A" full® =D 0> [(Aen, fin)] ™
n m n m
Remark 4.1. This result can be taken to mean that one of these infinite sums converges if and only

if they all do, in which case the three sums are equal.

Proof. Tt follows from Parseval’s Identity that for each n,

leal® = 37 [{Aen, fu)

m

Also, for every m,

1A foall® = D len, A" fin) .

Definition 4.1. An operator A on H is called a Hilbert—Schmidt operator if

> |l AenlF < +oo. (4.1)
n=0

The set of all Hilbert—-Schmidt operators is denoted by Ca(H).

Remark 4.2. The Hilbert—Schmidt norm, also known as the Frobenius norm of the operator A, is
denoted by || - ||2 and is the square root of the left-hand side of (4.1).

Proposition 4.2. Let A be an operator in Co(H).
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(i) |All2 = (Z ||A€n||2)E for any basis {e,}.

(i) Al < All2-
(i) [[A*[l2 = [ All2-
(iv) If T € L(H), then AT, TA € C3(H) and

max {[[AT]|z, [TAll2} < [T -~ || A2

Proof. The proof can be found in [20]. O

Now let R™ be a space with positive measure and H; = Hy = L?*(R"). In this situation, the
operators A € Cy(Hy, Hs) are described as follows.

Theorem 4.1. The operators A € Co(L?(R™)) are exactly those which can be represented as
Auta) = [ ke p)uty) do (4.2
Rn
with a kernel k € L*(R®*"). We then also have
Al s = [kl 2 ®n)- (4.3)
We have the following results about the Hilbert—Schmidtness of the Fourier integral operator.

Proposition 4.3. Let F, ; be the Fourier integral operators defined by

Fosu() = / / @O~ gz, €)uly) dy &,

where a € T™(R?™) and s satisfies (G1), (G2) and (Gs3). Then for any m € w(R®*") such that
m € L*(R*), F, s can be extended as a Hilbert-Schmidt operator on L*(R™).

Proof. First, let us observe that the Fourier integral operator F, ; can be written as

Fy qu(z) = / @O a(z, €) F(u(€)) de,

where F is the Fourier transform.
We put
Fosu= A, sF(u). (4.4)

Clearly, we have

Ay su(z) = /eis(x’g)a(:c,@u(f) deg.
]Rn

This follows from (4.4) and, using (iv) in Proposition 4.2, we have

HFa,SHHS = ”Aa-,s]:HHS
< ||Aa,s

2SI F 22 @®ny)-

Now, it is enough to prove that A, s € Co(L?(R™)). Let us first note that A, s has the same integral
representation as (4.2) with the kernel kq 5.
In fact, straightforward computation shows us that

Ag su(T) ::/ka78(mvf)u(f) dg,

R"
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where

ka,s ($7 g) = eis(z,{)a(x7 6)

Let us proof that k, s € L%(R?"),

then

[ka,s(@,6)] = | Da(z, €|
= la(z,¢)|

< Co,om(x,§),

|ka,s(2,€)|* < C§ gm?(x,€).

So, for all m € L%(R*"),

ka,s c L2 (RZn)’

and from (4.3) we have

||Aa78||HS = ||ka,s||L2(R2") < +00,

which proves that F, s € Co(L*(R™)). O
Acknowledgments
This research was supported by Laboratory of Fundamental and Applied Mathematics of Oran (LM-
FAO).
References

[1] O. F. Aid and A. Senoussaoui, The boundedness of h-admissible Fourier integral operators on

Bessel potential spaces. Turk. J. Math. 43 (2019), no. 5, 2125-2141.

K. Asada and D. Fujiwara, On some oscillatory transformations in L?(R™). Jpn. J. Math., New
Ser. 4 (1978), 299-361.

R. Beals, Spatially inhomogeneous pseudodifferential operators, II. Commun. Pure Appl. Math.
27 (1974), 161-205.

A. P. Calderén and R. Vaillancourt, On the boundedness of pseudo-differential operators. J.
Math. Soc. Japan 23 (1971), 374-378.

A. Dasgupta, S. K. Nayak and M. W. Wong, Hilbert—Schimdt and trace class pseudo-differential
operators and Weyl transforms on the affine group. J. Pseudo-Differ. Oper. Appl. 12 (2021),
no. 1, Paper no. 11, 19 p.

J. J. Duistermaat, Fourier Integral Operators. Courant Institute of Mathematical Science, New
York University, New York, 1973.

J. J. Duistermaat and L. Hormander, Fourier integral operators, II. Acta Math. 128 (1972),
183-269.

Yu. V. Egorov, Microlocal analysis. Partial Differential Equations IV. Encyclopaedia of Mathe-
matical Sciences, vol 33. Springer, Berlin, 1993.

G. L. Eskin, Degenerate elliptic pseudodifferential equations of principal type. Mat. Sbornik 82
(124) (1970), no. 4, 539-582.

A. Greenleaf and G. Uhlmann, Estimates for singular Radon transforms and pseudodifferential
operators with singular symbols. J. Funct. Anal. 89 (1990), no. 1, 202-232.

C. Harrat and A. Senoussaoui, On a class of h-Fourier integral operators. Demonstr. Math. 47
(2014), no. 3, 595-606.

M. Hasanov, A class of unbounded Fourier integral operators. J. Math. Anal. Appl. 225 (1998),
no. 2, 641-651.



L2-Hilbert—Schmidtness of Fourier Integral Operators with Weighted Symbols 11

[13]

[19]
[20]

B. Helffer, Théorie Spectrale Pour des Opérateurs Globalement Elliptiques. (French) Astérisque,
112. Publié avec le concours du Centre National de la Recherche Scientifique. Société Mathéma-
tique de France, Paris, 1984.

L. Hérmander, Fourier integral operators, I. Acta Math. 127 (1971), 79-183.

W. Ichinose and T. Aoki, Notes on the Cauchy problem for the self-adjoint and non-self-adjoint
Schrédinger equations with polynomially growing potentials. J. Pseudo-Differ. Oper. Appl. 11
(2020), no. 2, 703-731.

B. Messirdi and A. Senoussaoui, L2-boundedness and L?-compactness of a class of Fourier integral
operators. FElectron. J. Differ. Equ. 2006, Paper no. 26, 12 p.

B. Messirdi and A. Senoussaoui, Parametrix du probléme de Cauchy C*° hyperbolique muni d’un
systéme d’ordres de Leray—Volevic. (French) Z. Anal. Anwend. 24 (2005), no. 3, 581-592.

X. S. Raymond, Elementary Introduction to the Theory of Pseudodifferential Operators. Taylor
& Francis group, CRC Press, Boca Raton, Ann Arbor, Boston, London, 1991.

D. Robert, Autour de I’Approximation Semi-Classique. Boston etc., Birkhduser, 1987.
M. A. Shubin, Pseudodifferential Operators and Spectral Theory. (Russian) Nauka, Moscow, 1978.

(Received 16.07.2021; accepted 01.04.2022)

Authors’ addresses:

Omar Farouk Aid

Laboratory of Fundamental and Applied Mathematics of Oran (LMFAOQO), University of Oran 1,

Ahmed Ben Bella, B.P. 1524 El M’naouar, Oran, Algeria.

E-mail: aidomarfarouk@gmail.com

Abderrahmane Senoussaoui

Laboratory of Fundamental and Applied Mathematics of Oran (LMFAO), University of Oran 1,

Ahmed Ben Bella, B.P. 1524 ElI M’naouar, Oran, Algeria.

E-mail: senoussaoui_abdou@yahoo.fr



