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Abstract. We study two classes of fractional integro-differential inclusions with Erdélyi-Kober frac-
tional integral boundary conditions and we obtain existence results in the case of the set-valued map
has nonconvex values.
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1 Introduction

In recent years, the systems defined by fractional order derivatives have attracted increasing interest
mainly due to their applications in different fields of science and engineering. The main reason
is that a lot of phenomena in nature can be better explained using fractional-order systems (see,
g., [B,1L0,[13,[15,1L6], etc.).
The present paper is concerned with the following boundary value problems. First, we consider a
fractional integro-differential inclusion defined by the Caputo fractional derivative

Dix(t) € F(t,z(t),V(z)(t)) a.e. ([0,T]) (1.1)
with the boundary conditions of the form
q
z(0) =« ﬁ /(C — 8P ta(s)ds = aJPz((),
0 . (1.2)

x(T) =

775 n(0+7) / gm+n—1 ( )ds:BIg"sx(g),

gn _ sn 1-6
0
where ¢ € (1,2], D? is the Caputo fractional derivative of order ¢, 0 < (,¢ < T, a,f8,7 € R,
p,0,n > 0, JP is the Riemann-Liouville fractional integral of order p, I;]V"; is the Erdélyi-Kober
fractional integral of order § > 0 with n > 0 and v € R, F : [0,7] x R x R — P(R) is a set-
valued map and V : C([0,7],R) — C([0,T],R) is a nonlinear Volterra integral operator defined by
¢

V(z)(t) = [k(t,s,2(s))ds with k(-,-,-) : [0,7] x R x R — R a given function. We note that
0

the fractional derivative introduced by Caputo in [§] and afterwards adopted in the theory of linear
visco-elasticity allows to use Cauchy conditions with physical meanings.
Next, we consider the problem

Dx(t) € F(t,z(t),V(z)(t)) a.e. ([0,T]) (1.3)

with the boundary conditions of the form

2(0) = ZBJ”“ (&), (1.4)

where DY is the Riemann—Liouville fractional derivative of order ¢ € (1,2], 0 < & < T, o, 8,7 € R,
0;,m; >0,i=1,2,...,m, F and V are as above.

Our aim is to obtain the existence of solutions for problems (@), (@) and (E)7 (Q) in case
where the set-valued map F' has nonconvex values, but is assumed to be Lipschitz in the second and
third variable. Our results use Filippov’s techniques (see [12]); namely, the existence of solutions
is obtained by starting from a given “quasi” solution. In addition, the result provides an estimate
between the “quasi” solution and the solution obtained.

Note that in the case when F' does not depend on the last variable and is single-valued, the existence
results for problem ([.1]), () may be found in [2], and in the situation when F' does not depend on
the last variable, the existence results for problem ([L.3), (L.4) are given in [1]. All the results in [1,2]
are proved by using several suitable theorems from fixed point theory.

Our results improve some existence theorems in [[l] and, respectively, in [2] in the case where
the right-hand side is Lipschitz in the second variable. Moreover, these results may be regarded as
generalizations to the case where the right-hand side contains a nonlinear Volterra integral operator.
It should be also mentioned that the method used in our approach is known in the theory of differential
inclusions; similar results for other classes of fractional differential inclusions have been obtained in
our previous papers (see [f=9], etc.). However, the exposition of this method in the framework of
problems (@), (IE) and (E),( ) is new.

The paper is organized ag follows. In Section E we recall some preliminary results that we need
in the sequel and in Section J, we prove our main results.
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2 Preliminaries

Let (X,d) be a metric space. Recall that the Pompeiu—Hausdorff distance of the closed subsets
A, B C X is defined by

du(A, B) = max {d*(A, B),d"(B,A)}, d*(A,B) =sup{d(a,B); a € A},

h B) = inf .
where d(z, B) ylgBd(z,y)

Let I = [0,T], we denote by C(I,R) the Banach space of all continuous functions from I to R
with the norm ||z(-)|lc = sup,e;|z(?)|, and Ll(I R) is the Banach space of integrable functions

u(-): I — R endowed with the norm |lu(-)||; = f lu(t)| dt.

The fractional integral of order o > 0 of a Lebesgue integrable function f : (0,00) — R is defined by

t

—s a—1
5w = [ %f@) ds,
0

provided the right hand side is defined pointwise on (0, 00), and I'( ) is the (Euler’s) Gamma function
defined by T’ f te~tetdt.

The Riemann Lzoumlle fractional derivative of order o > 0 of a Lebesgue integrable function
f:(0,00) — R is defined by

t

Daf(t) = ﬁ j;l /(t — 5)*C¥+n71f(s) ds

0

where n = [a] 4+ 1, provided the right-hand side is defined pointwise on (0, 00).
The Caputo fractional derivative of order o > 0 of a function f : [0,00) — R is defined by

t
DE() = Fma [ (=97 ) as,
(n—a)
0
where n = [a] + 1. Tt is assumed implicitly that f is n times differentiable whose n-th derivative is
absolutely continuous.
The Erdélyi-Kober fractional integral of order 6 > 0 with n > 0 and v € R of a continuous function
f:(0,00) — R is defined by

¢
77t n(6+7) Snwrn 1
IO f(t) = )i=s f(s)ds

0

provided the right-hand side is defined pointwise on (0, 00).
We recall that for n =1,

t
—(5+7)
I f(t) V/ 15f s)ds

0

is the Kober operator introduced by Kober in [14]. If v = 0, the Kober operator reduces to the
Riemann—Liouville fractional integral with a power weight

t=9 / S
190f(t) = ) / (tf(s))l_a ds.
0



On Some Fractional Integro-Differential Inclusions with Erdélyi-Kober Fractional Integral Boundary Conditions 19

Lemma 2.1 ([2]). Let 6,7 >0 and v,q € R. Then

q q
pﬁq%:tFW+"+U,
K Fiy+1+d+1)

By definition, a function x(-) € C?(I,R) is called a solution of problem (EI), (@) if there exists
f G LY(I,R) such that f(t) € F(t,z(t),V(z)(t)) a.e. (I), Diz(t) = f(t) a.e. (I) and conditions
are satzsﬁed

Lemma 2.2 ([2]). For f(-) € AC(I,R), z(-) € C*(I,R) is a solution of the problem
Dix(t) = f(t) a.e. (I),
with the boundary conditions (@) if and only if

B{t) = JOF(E) + 5 (o4 — tus) TPHOF(C) + (v -+ 100) (BT TF(€) = T (T)),

where
A ¢ S
vivg +ozvy 20, 0 “Tor+1 " %Tpr2)
D(y+1 C(y+++1)
U3:1—,87(,7 ) 3 ’U4ZT—B< 17] .
P(v+d+1) I‘(v—i—;—i—&-ﬁ-l)

Remark 2.3. The solution z(-) in Lemma @ can be written as

t ¢
[ (=)t tvg gypra-1
(1) = / o s + / (s) ds
£ s
B(vg + tvy) 77§ n(6+7) sm+n—1 1 B
+ 2A 1 / 577_5771 5 F()/(S_u)q 1f(u)du)d5
0 0
T
— — (vg +tvq) f(s)ds
!

t ¢
L _g) 1 ot (va —tvg) _ §)Pte-1¢(s) ds
o O/t sy ds+ § ) 0/<< P () d

¢
(6+7) +n—1
—l—ﬁ(i\z;(_tvl ne e /(/ s"j 57:7 T ami=s (8 —u)! ds)f(u)du
0

u

T
— — (v +t1) f(s)ds
!
T
:/Gl(t,s)f(s) ds,
0
where
— )it a (vg —tv
Gi(t,u) = (tr(q))q X0, () + A (4F(qt)3) ¢ - u)erq*lX[O?C] (u)
£
Blug +1 —n(d+7) ny+n—1 - Tt W
o | s 0 a0 - S @ -0,
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Xs(+) denotes the characteristic function of the set S.
Using the fact that ¢ > 1 and taking into account Lemma @, one has

S
nf—n(ﬂw) / gm+n—1 o1
O A GET IR

u

< 775777(6+7) 7 sl s97lds = ¢+ 11;71 +1)
IR A (§n —sm)t=0 P(y+ 42 +6+1)

Therefore, for any t,u € I,

Tt o (o] + Tlos )¢+
G
Gl 1y AT(g)

Bl(Jvs| + Tlor)) €' PO+ E2+1) (oo + Toa T
AC(q)  T(y+ L +45+1) AT (q) H K

By definition, a function z(-) € C?(I,R) is called a solution of problem (E), (@) if there exists
f@) € L'(I,R) such that f(t) € F(t,z(t),V(x)(t)) a.e. (1), Diz(t) = f(t) a.e. (I) and conditions

are satlsﬁed
Lemma 2.4 ([1]). For f(-) € AC(I,R), z(-) € C?(I,R) is a solution of the problem
Dea(t) = f(t) ae. (I),
with the boundary conditions (@) if and only if

ta—1

2(t) = JUf(t) - — (anf Zﬁf%wﬁf )

where ) )
m q— X q—
A=aTd ! — Z Ble F(lzll—’_ M; + 1)
o T+ 4 +0i+1)

T
Remark 2.5. The solution z(-) in Lemma 2.4 can be written as z(t) = [ Ga(t, s) f(s) ds, where
0

— e 1 at?—1
(t ) X[o,t] ('LL) - A;(q) (t - u)q71X[U,t] (’LL)

é‘ i 5+’Yz) &

/th q-1 gMiYitni—1 .
- Z I'(6;) / (&1 — smi)l=o (s = u)?™"ds Xy ¢y (W)

As in Remark @, for i =1,2,...,m, one has

mgi*m(c‘ﬁ%) & gMivitni—1 -1 Eg_lf‘(%' + L;il +1)
L (5; / Tyt WSS sem s
( l) (67, S ) F('Yz + m + 51 + 1)

and thus, for any t,u € I,

Tt Iﬂz Eq T+ %2 +1)
Go(t, T 1+§ =: Ks.
G2t < Ty |A|F( [ | +—qm1+51+1) i
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3 The main results

First, we recall a selection result (see [4]) which is a version of the celebrated Kuratowski and Ryll-
Nardzewski selection theorem.

Lemma 3.1. Suppose X is a separable Banach space, B is the closed unit ball in X, H : I — P(X) is
a set-valued map with nonempty closed values and g : I — X, L : I — R are measurable functions. If

Ht)N(g(t)+L(t)B) # 2 a.e. (I),
then the set-valued map t — H(t) N (g(t) + L(¢t)B) has a measurable selection.
In order to prove our results, we need the following hypotheses.
Hypothesis 3.2.
(i) F(-, ) : I xR xR = P(R) has nonempty closed values and is L(I) @ B(R x R) measurable.

(ii) There exists L(-) € L'(I,(0,00)) such that, for almost allt € I, F(t, -, -) is L(t)-Lipschitz in
the sense that

dH(F(tv‘Tlvyl)ﬂF(tﬂx27y2)> < L(t)(|(l?1 - $2| + |y1 - y2|) V.’I,'17£C27y1,y2 eR.
(iif) (-, -, ) : I xR xR — R is a function such that Va € R, (t,s) — k(t, s,x) is measurable.
(iv) |k(t,s,2) — k(t,8,9)| < L(t)|z —y| a.e. (¢,8) €I xI, Va,yeR.

Next, we use the notation
¢ T
M(t) == L(t)(1 +/L(u) du), tel, Ko= /M(t) dt.
0 0
Theorem 3.3. Assume that Hypothesis @ is satisfied and K1Ko < 1. Let y(-) € C*(I,R) be such
that y(0) = aJ?y((), y(T) = B} y(§) and there exist p(-) € L*(I,Ry) with

d(Dey(t), F(t,y(t),V(y)(t)) < p(t) a.e. (I).
Then there exists a solution z(-) : I — R of problem (EI), (E) satisfying for all t € I the inequality

o(8) ~ y(0) < T ()l

Proof. The set-valued map t — F(t,y(t), V(y)(t)) is measurable with closed values and

F(t,y(t), V(y)®) N {D2y(t) + p(t)[-1,1]} # & ae. (I).

It follows from Lemma @ that there exists a measurable selection f1(t) € F(t,y(t),V(y)(t)) a.e.
(I) such that

[f1(t) = Dey(t)] < p(t) ae. (I). 3.1
Define z1(t) = OfGl (t,s)f1(s)ds. One has

T
21 () — y(t)] < My / p(t) dt.
0
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We construct two sequences x,,(-) € C(I,R), fo(-) € L*(I,R), n > 1, with the following proper-
ties:

n(t) = / Gr(t, s)fu(s)ds, €T, (3.2)
0
fn(t) GF(t,xn,l(t),V(xn 1)(t)) a.e. (I), (3.3)
|fn+1<t>—fn<t>|SL<t>(|xn<t>—xn O+ [ L)fen(s) = aa(s >ds) ac (1) (34)
0

If this is done, then from (@)7(@) for almost all ¢ € I we have
T
|Tnt1(t) — 2 (t)] < K1 (K1Kp)" /p(t) dt VneN.
0
Indeed, assume that the last inequality is true for n — 1 and we prove it for n. One has

|Tn1(t) — 2 (O] < [ [G1(E 8] [ fasa(t1) — fu(tr)] dta

Ot~

T t1
< 1/L [m o 1(t1)|+/L(s)|atn(s)—xn1(s)ds] dty
0 0
T T
< K, / L(t <1+ ds) dty - KKy / p(t) dt
0 0

Therefore, {z,(-)} is a Cauchy sequence in the Banach space C(I,R) converging uniformly to
some z(-) € C(I,R). Hence, by (@), for almost all ¢ € I, the sequence {f,(¢)} is Cauchy sequence
in R. Let f(-) be the pointwise limit of f,(-).

At the same time, one has

|20 () — y ()] < Jaa(2) HZlml — x(t)]

T
T T Ky fp(t) dt

<M / ) dt + Z ( /p )(KlKo)i = 1_0%- (35)

0 0

On the other hand, from (@)7 (@) and (@) for almost all ¢t € I we obtain

n—1 Kl fp(t) dt
[fn(t) = D2y(t)| < Z [firr(t) = fi(t)] + [f1(t) — Dey(t)| < L(t) #ﬁﬁ) +p(t).

Hence the sequence f,(-) is integrably bounded and therefore f(-) € L(I,R).

Using Lebesgue’s dominated convergence theorem and taking the limit in (@), (@), we deduce
that x(-) is a solution of (@), (@) Finally, passing to the limit in (B.H), we obtain the desired
estimate on z( )
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It remains to construct the sequences x,(-), fn(-) with the properties in (@)7(@) The con-
struction will be done by induction.

Since the first step is already realized, assume that for some N > 1 we have already constructed
2,(-) € C(I,R) and f,(-) € L*(I,R), n = 1,2,..., N, satisfying (@), (@) forn=1,2,...,N and
(@) forn=1,2,..., N —1. The set-valued map ¢t — F'(¢,zn(t), V(zn)(t)) is measurable. Moreover,
the map

t— L) (m(t) ey ()] + / L)l (s) — v 1(5) ds)
0

is measurable. By the lipschitzianity of F'(¢, -) for almost all ¢ € I we have

F(umw,wxm(w)m{fN<t>+L<t><|xN<t>:cN_1<t>+ / L<s>|xN<s>mN_1<s>|ds) -1, 11} 4o

0

Lemma @ yields that there exists a measurable selection fyy1(-) of F(-,zn(-),V(zn)(-)) such
that for almost all t € I,

Unan(t) — (0] < (1) (xw) — a1+ [ L)) — v () ds).
0

We define zn41(+) as in (@) with m = N + 1. Thus fy41(-) satisfies (@) and (@) and the proof
is complete. O

The assumption in Theorem @ is satisfied, in particular, for y(-) = 0 and therefore with p(-) =
L(-). We obtain the following consequence of Theorem

Corollary 3.4. Assume that Hypothesis @ is_satisfied, d(0, F'(¢,0,0) < L(t) a.e. (I) and K1 Ky < 1.
Then there exists a solution x( ) of problem (EI),( ) satisfying for all t € I, the inequality

Ky
< —k||L(- .

Example 3.5. Consider

3 6 1 1
q_ivT_lva_ﬁvp_fvc_Zv
VT 3 VT 1 3
6:7a7:7>6:77n:7a€:7'
9 4 5 6 4

Denote by K the corresponding estimate of G (-, -) in Remark @ and take a € (0, -1+ ,/1 + %)
1
Define F/(-, ) : I x Rx R — P(R) by

F(t,x,y) = [_alflﬂ 0] U fo.a 1yl ]

and k(-, -, ): I XxRxR — R by k(t, s,z) = az.
Since

sup{|u|: ue F(t,z,y)} <a Vte[0,1], z,y €R,
du (F(t,z1,11), F(t,22,y2)) < alzy — x2] + alyr — ya| Va1, 22,51,92 € R,

in this case p(t) = L(t) = a, M(t) = a(l + at) and Ky =a + %
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According to the choice of a, we are able to apply Corollary 3.4 in order to deduce the existence
of a solution of the problem

D2x(t) e {“1f|(fc)(lt)’0] U [o,az

|fg:c(s)ds| ]
1—|—a|f0tx(s)ds‘ 7

O RO 0

that satisfies
KYa

— 1% wie(o,1].
1—(a+ %)KY

()] <

If F' does not depend on the last variable, Hypothesis @ becames
Hypothesis 3.6.
(i) F(-,): I xR — P(R) has nonempty closed values and is L(I) ® B(R) measurable.

(ii) There exists L(-) € L*(I,(0,00)) such that for almost all t € I, F(t, -) is L(t)-Lipschitz in the
sense that
dy (F(t,$1), F(t,xg)) < L(t)|$1 — $2| Vxl,xz c R.

T
Denote Lo = [ L(t) dt.
0

Corollary 3.7. Assume that Hypothesis @ is satisfied, d(0, F(t,0) < L(t) a.e. (I) and KLy < 1.
Then there exists a solution x(-) of the fractional differential inclusion

Dix(t) € F(t,z(t)) a.e. (I),
with the boundary conditions (@) satisfying for allt € I

KLy

lz(t)] < - KLy (3.6)

Remark 3.8. If F(-, -) is a single-valued map, the fractional differential inclusion reduces to the

fractional differential equation
Dix(t) = f(t,z(t)) a.e. ().

In this case, a similar result to the one in Corollary @ may be found in [2], namely, Theorem 3.1.
It is assumed that the Lipschitz constant of f(¢, -) does not depend on ¢ and its proof is done by
using the Banach fixed point theorem. Therefore, our Corollary @ extends Theorem 3.1 in [2] to
the situation when the Lipschitz constant of f(t, -) depends on ¢ and to the set-valued framework.
Moreover, Corollary @ provides a priori bounds for the solution, as in (B.4).

The proof of the next theorem is similar to that of Theorem @

Theorem 3.9. Assume that Hypothesis @ is satisfied and KoKo < 1. Let y(-) € C*(I,R) be such
m

that y(0) =0, ay(T) = > &Igj*‘siy(&) and let there exist p(-) € L*(I,R) with
i=1

d(Dy(1), F(t,y(t,V(y)(1)))) < p(t) a.e. (I).
Then there exists a solution x(-): I — R of problem (@), (@) satisfying for allt € 1

o®) = y(0) < T ()l
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Example 3.10. Consider

3 2 e T NS

q 27 , m , 3561 27ﬁ2 37ﬁ3 67
V3 Y2 e 52 e
771—57772—5a773—37’71—3,72—9a73—27
3 V3 e? 4 3 2
61_?762_?753_1751_5752_§a€3_?'

Denote by K9 the corresponding estimate of Ga(-, -) in Remark 2.5 and take a € (0,1 (-1 +

1/1+1,%2))).

Define F(-,-): I x R xR — P(R) by

F(t,z,y) = [—alfuyo} Y {O’Cll#l%/'yl}

and k(+, -, ) : I x RxR = R by k(t,s,x) = ax.
As above,
sup{|ul: u e F(t,z,y)} <a Vte[0,1], z,y €R,
dH(F(t,J?l,yl),F(t,.]jg,yg)) < Cl|.’131 —$2| +a|y1 _92‘ Vﬂ?l,x%yla?ﬁ € R7

and, therefore, p(t) = L(t) = a, M(t) = a(1 + at) and Ko = 5a + 252~
Taking into account the choice of a, we can apply Theorem 3.9 with y(-) = 0 and deduce the
existence of a solution of the problem

t
D3a(t) € {faiw(t)' ,0] U [O,a2 s IES) ds| ],
1+ [a(t)| 1+al [y x(s)ds
2 e 53 /4 w23 3 R
0)=0, Za)=sIe(5)+ 50 a(5) + X a(2)
@(0) 50 =g lue(5) + 5" w3) g s 7
that satisfies o
5K
()] < L Vte (0,5
1 (5& + T)KQ
Remark 3.11. If F(-. -, -) does not depend on the last variable and y(-) = 0, similar results to
the one in Theorem can be found in [[lf], namely, Theorem 3.1 and Theorem 4.2. Even if our

hypothesis concerning the set-valued map is weaker than in [[] (in Theorem 3.1 of [[] it is assumed
that F' has the approximate end point property and in Theorem 4.2 of [I] it is assumed that F' is a
generalized contraction), our approach does not require for the values of F' to be compact as in [[]
and also provides a priori bounds for solutions.

References

[1] B. Ahmad and S. K. Ntouyas, Existence results for fractional differential inclusions with Erdélyi—
Kober fractional integral conditions. An. Stiint. Univ. “Ovidius” Constanta Ser. Mat. 25 (2017),
no. 2, 5-24.

[2] B. Ahmad, S. K. Ntouyas, J. Tariboon and A. Alsaedi, Caputo type fractional differential equa-
tions with nonlocal Riemann—Liouville and Erdélyi-Kober type integral boundary conditions.
Filomat 31 (2017), no. 14, 4515-4529.

[3] B. Ahmad, S. K. Ntouyas, Y. Zhou and A. Alsaedi, A study of fractional differential equations and
inclusions with nonlocal Erdélyi-Kober type integral boundary conditions. Bull. Iranian Math.
Soc. 44 (2018), no. 5, 1315-1328.



26

Aurelian Cernea

[4]

J.-P. Aubin and H. Frankowska, Set- Valued Analysis. Systems & Control: Foundations & Appli-
cations, 2. Birkhduser Boston, Inc., Boston, MA, 1990.

D. Baleanu, K. Diethelm, E. Scalas and J. J. Trujillo, Fractional Calculus. Models and Numerical
Methods. Series on Complexity, Nonlinearity and Chaos, 3. World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2012.

M. Caputo, Flasticita e Dissipazione. Zanichelli, Bologna, 1969.

A. Cernea, Continuous version of Filippov’s theorem for fractional differential inclusions. Non-
linear Anal. 72 (2010), no. 1, 204-208.

A. Cernea, Filippov lemma for a class of Hadamard-type fractional differential inclusions. Fract.
Calc. Appl. Anal. 18 (2015), no. 1, 163-171.

A. Cernea, On some fractional differential inclusions with random parameters. Fract. Calc. Appl.
Anal. 21 (2018), no. 1, 190-199.

K. Diethelm, The Analysis of Fractional Differential Equations. An Application-Oriented Exposi-
tion Using Differential Operators of Caputo Type. Lecture Notes in Mathematics, 2004. Springer-
Verlag, Berlin, 2010.

A. Erdélyi and H. Kober, Some remarks on Hankel transforms. Quart. J. Math. Ozford Ser. 11
(1940), 212-221.

A. F. Filippov, Classical solutions of differential equations with multi-valued right-hand side.
SIAM J. Control 5 (1967), 609-621.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations. North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam, 2006.

H. Kober, On fractional integrals and derivatives. Quart. J. Math. Ozford Ser. 11 (1940), 193-211.

K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations. A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1993.

1. Podlubny, Fractional Differential Equations. An Introduction to Fractional Derivatives, Frac-
tional Differential Equations, to Methods of their Solution and Some of their Applications. Math-
ematics in Science and Engineering, 198. Academic Press, Inc., San Diego, CA, 1999.

(Received 27.11.2018)

Author’s addresses:

1. Faculty of Mathematics and Computer Science, University of Bucharest, Academiei 14, 010014

Bucharest, Romania.

2. Academy of Romanian Scientists, Splaiul Independentei 54, 050094 Bucharest, Romania.
E-mail: acernea@fmi.unibuc.ro



	Introduction
	Preliminaries
	The main results

