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Abstract. In this paper we investigate the existence and uniqueness of solutions on a compact
interval for non-linear fractional integro-differential equations with state-dependent delay and non-
instantaneous impulses. Our results are based on the Banach contraction principle and the Kras-
noselkii fixed point theorem. For the illustration of the results, an example is also discussed.
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1 Introduction

This paper is concerned with the existence of solutions defined on a compact real interval for semilinear
integro-differential equations of fractional order for which impulses are not instantaneous of the form

t
t_
/ T QS, 0 Ay(s)ds = f(t,Yp(t,y))s a-e. t€(sitip] CJ, i=0,...,N, (1.1)
0
y(t) = 9i(t, Ypty)), t € (tiysi], i=1,...,N, (1.2)
Yo = (b S Bv

where 1 < a < 2, J =1[0,b], b > 0, A: D(A) C E — E is a closed linear operator of sectorial
type on a complex Banach space (F, || - ||g), the convolution integral in the equation is known as the
Riemann—Liouville fractional integral, f : J x B — E and p: J x B — (—o00, b] are suitable functions.
For any function y defined on (—oo,b] and any ¢ > 0, we denote by y; the element of B defined by
y(0) = y(t + 0) for 6§ € (—o0,0]. Here, y;(-) represents the history of the state from each time
6 € (—o0,0] up to the present time ¢. We assume that the histories y; belong to some abstract phase
space B, to be specified later, let 0 =tg = s¢g <t1 <51 <to < -+ <tny-1<sy <ty <tnys41=0>Dbe
pre-fixed numbers, and g; € C((t;, s;] x B, E), foralli = 1,2,..., N, stand for the impulsive conditions.

Fractional differential equations have been of great interest recently, in both the intensive devel-
opment of the theory of fractional calculus itself and the applications of such constructions in various
sciences such as physics, mechanics, chemistry, engineering, economy and so on (see [20,21,23]). In
particular, the question on the existence of solutions of the Cauchy problem for fractional integro-
differential equations was studied in numerous works; we refer the reader to the books by Abbas et
al. [1,2], Kilbas et al. [16], Lakshmikantham et al. [18], and the papers by Anguraj et al. [3], Bal-
achandran et al. [5]. Cuevas et al. [6,8,9], studying S-asymptotically w-periodic solutions of some
classes of semilinear differential and integro-differential equations. Recently, Wang and Chen [24]
considered a class of retarded integro-differential equations with nonlocal initial conditions where the
existence results of solutions are given over the half-line [0, 00). In [11], Gautam and Dabas studied
the existence of local and global mild solution for an impulsive fractional integro-differential equation
with state dependent delay.

Recently, Herndndez and O’Regan [13] initiated the study on the Cauchy problems for a new
type of first order evolution equations with non instantaneous impulses. In the model analyzed
in [13], the impulses start abruptly at the points ¢; and their action continue on a finite time interval
[t;, s;]. This type of problem motivates to study certain dynamical changes of evolution processes
in pharmacotherapy. For example, as in [13], we note the following simplified situation concerning
the hemodynamical equilibrium of a person. In the case of decompensation (for example, high or
low levels of glucose) one can prescribe some intravenous drugs (insulin). Since the introduction of
the drugs in the bloodstream and the consequent absorbtion for the body are gradual and continuous
processes, we can interpret this situation as an impulsive action which starts abruptly and stays active
on a finite time interval.

In this paper, we provide sufficient conditions for the existence of solutions for problem (1.1)-
(1.3). Our approach is based on the Banach contraction principle and on the Krasnoselskii fixed point
theorem.

2 Preliminaries

We introduce notations, definitions and theorems which are used throughout this paper.
Let C(J, E) be the Banach space of continuous functions from J into E with the norm

[ylloe = sup {{ly(t)]|&: t € J}.

Let B(FE) denote the Banach space of bounded linear operators from E into E.
A measurable function y : J — F is Bochner integrable if and only if ||y|| g is Lebesgue integrable.
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Let L'(J, E) denote the Banach space of measurable functions y : J — E which are Bochner
integrable normed by

b
Iyl = / ly ()] dt.
0

We define
PC(JvE) = {y = E; Yy e C((tkatk+1]7E)a k= Oa ]-7' . 'aN
and y(t), y(t; ) exist with, y(t;) = y(te), k=1,...,N}.
Obviously, PC(J, E) is a Banach space with the norm

lyllec = sup [y (@) 2-
teJ

In this paper, we will employ an axiomatic definition of the phase space B introduced by Hale and
Kato in [12] and follow the terminology used in [15]. Thus, (B,] - ||g) will be a seminormed linear
space of functions mapping (—oo,0] into E, and satisfying the following axioms:

(A1) Ify : (—o0,b) = E, b > 0, is continuous on J and yo € B, then for every ¢t € J we have the
following conditions:

(i) v € B;
(i) there exists a positive constant H such that ||y(¢)||z < H ||yl 5;

(iii) there exist two functions K (), M(-): Ry — R, independent of y with K continuous and
M locally bounded such that

lyells < K@) sup {[ly(s)lle: 0<s<t}+MH)|yols.
(A2) For the function y in (Ay), y: is a B—valued continuous function on J.

(A3) The space B is complete.

Denote
Ky=sup{K(t): teJ} and M, =sup{M(t): t € J}.

Remark 2.1.
1. (A1)(ii) is equivalent to ||¢(0)|| < H||¢||g for every ¢ € B.

2. Since || - || is a seminorm, two elements ¢, € B can verify ||¢ — ¢|z = 0 without necessarily
d(0) = () for all < 0.

3. From the equivalence in the first remark, we can see that for all ¢, € B such that ||¢ —||z = 0,
we necessarily have ¢(0) = 1(0).

Definition 2.2. A function f:.J x B — FE is said to be a Carathéodory function if
(i) for each t € J, the function f(¢, -) : B — E is continuous;
(ii) for each y € B, the function f(-,y):J — E is measurable.

Definition 2.3. Let A be a closed and linear operator with domain D(A) defined on a Banach
space E. We recall that A is the generator of a solution operator if there exists p € R and a strongly
continuous function S : RT — B(F) such that

{A*: Re(A) > u} C p(A)

and
oo

XTI\ —A) Tl = /e_”\tS(t)x dt, ReA>pu, z€E.
0
In this case, S, (t) is called the solution operator generated by A.
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Remark 2.4. The concept of a solution operator, as defined above, is closely related to the concept of
a resolvent family (see Priiss [22]). Because of the uniqueness of the Laplace transform, in the border
case o = 1, the family S(t) corresponds to a Cy semigroup (see [10]), whereas in the case a = 2,
a solution operator corresponds to the concept of a cosine family (see [4]). We note that solution
operators, as well as resolvent families, are a particular case of (a, k)-regularized families introduced

in [19]. According to [19], a solution operator S, (t) corresponds to a (1, %)—regularized family. The
following result is a direct consequence of [19, Proposition 3.1 and Lemma 2.2].

Proposition 2.5. Let S,(t) be a solution operator on E with generator A. Then the following
conditions are satisfied:

(a) Sa(t)D(A) C D(A) and ASy(t)x = S, (t)Ax for all x € D(A), t > 0.
(b) Let x € D(A) and t > 0,

t
Sa(t)z =z + / “‘F(‘Z;_l AS.(s) ds.
0
(c) Let x € E. Then ft (t}s():)_l Sa(s)xzds € D(A) and
0 t -
Sa(t)z =z + A/(t_r(sa)) Sa(s) ds.
0

Definition 2.6. Let A: D(A) C E — E be a closed linear operator. A is said to be sectorial of the
type (M, 0, u) if there exist u € R, 6 € (0,5) and M > 0 such that the resolvent of A exists outside
the sector and following two conditions are satisfied:

(1) p+Sp={u+s: AeC, |arg(-\)| < 0};
(2) I = A < A A gt So.
In this paper, we assume that in problem (1.1)—(1.3) the operator A is sectorial of type p with
0 <60 < m(152). Then A is the generator of a solution operator given by

1

" 2

S, (t) / expMAYTHAY — A) 7 a),

~

where + is a suitable path lying outside the sector u + Sp.
Cuesta [7] has proved that if A is a sectorial operator of type p, for some M > 0 and 0 < 6 <
7(1 — %), there is C' > 0 such that

[Sa®lBE) < if p<0

L+ [pfte

and

1
[Sa(®)|lB(r) < CM(1+ pt*)et ™" if p>0.
Note that S, (t) is, in fact, integrable on [0, b].

Theorem 2.7 (Krasnoselkii’s fixed point theorem [17]). Let B be a closed convex and nonempty
subset of a Banach space X. Let P and Q) be two operators such that

(i) Px+ Qy € B, whenever x,y € B;
(ii) P is compact and continuous;
(iii) @ is a contraction mapping.

Then there exists z € B such that z = Pz + Qz.
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3 Main results

Motivated by [9], we give the following definition of a mild solution of (1.1)—(1.3).

Definition 3.1. We say that the function y : (—o0,b] — E is a mild solution of (1.1)—(1.3) if
Yo = OfS B on (—OO,b], y‘[O,b] € PC([Ovb]vE) and

t

Sa()6(0) + / Sult — 8)1(5, Upemny) ds, te (0.4,
0
y(t): gi(t,yp(t,yt))7 t e (ti,SiL i=1,2,...,N,

t
Sa (t - Si)gi(siu yp(s,;,ysl.)) + / Soz(t - S)f(S, yp(s,ys)) dsv te (Si7 ti+1]~
S

Set
R(p~) ={p(s.¢): (s,0) € J x B, p(s,) <0}.

We always assume that p : J x B — (—o0, b] is continuous. Additionally, we introduce the following
hypothesis:

(H,) The function t — ¢ is continuous from R(p~) into B and there exists a continuous and bounded
function L? : R(p~) — (0, 0) such that

I bells < LO(t)||6||ls for every t € R(p).

Remark 3.2. The condition (H,) is frequently verified by the functions, continuous and bounded.
For more details, see, e.g., [15].

Lemma 3.3 ([14, Lemma 2.4]). Ify: (—o0,b] — E is a function such that yo = ¢, then
lyslls < (My + L?)||¢lls + Kpsup {[y(0)] : 6 € [0,max{0,s}]}, s € R(p™)UJ,

where L® = sup L®(t).
tER(p™)

Proposition 3.4. From (H,), (A1) and Lemma 3.3, for allt € [0,b] we have
9ot 18 < (Mo + L?)I6]l5 + K lly(2)].
Our first result is based on the Banach contraction principle.

Theorem 3.5. Assume:

(H1) The solution operator S, (t) is compact fort > 0, and there exists M > 0 such that ||So(t)]| < M
for every t € J.

(H2) There exists | > 0 such that

|f(t,u) — ftv)le <lllu—ov|g forall u,v e B.

(H3) The functions g; : (t;,s;] x B — E, i =1,...,N, are continuous and there exist the constants
hi >0,t=1,...,N such that

lgi(t,u) — gi(t,v)le < lyllu —vlls for all u,v € B.

If
C = MEy(l, +1;b) < 1,

then there exists a unique solution of problem (1.1)—(1.3).
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Proof. Let Y = {u € PC(E) : u(0) = ¢(0) = 0} be endowed with the uniform convergence topology
and P :Y — Y be the operator defined by

t
Sa000(0) + [ Salt = )15, Ty(05,) 5 tefonl, i=0,
0

(Py)(t) = { 9t Tpez,)s te (tis], i>1,

t
Sa(t - si)gi(si»yp(si,ﬂsi)) + / Sa(t - s)f(svyp(s@s)) dS, te (siati+1]7 i >1,

where 7 : (—o0,b] — F is such that 7, = ¢ and j = y on J. Let ¢ : (—o0,b] — E be the extension

of ¢ to (—oo,b] such that ¢() = #(0) = 0 on J. It is clear that P is a well-defined operator from Y’

into Y. We show that P has a fixed point which is, in turn, a mild solution of problem (1.1)—(1.3).
For any ¢ € [0,t1] and y,y* € Y, from (H1)-(H2) we have

1(Py)(t) = (Py") (D)l z < / 1Sa(t = $)l 5|1/ (5 Tps 5.)) = f(5:Tpsge)) | o ds
0

t
S/ Mg|[Gpisz,) = Tpsg s d5-
0

Using Proposition 3.4, we get

I(Py)(t) — (Py") )]z < /leK,,Hy(s) —77(s)]| pds < leKb/H?(S) =77(s)| g ds
0 0

t

— MIK, / lu(s) — 4" (s)llpds  (since g =y on [0,5])
0
< Mz Kpblly — y*|lpc.

For any t € (t;,8;],4=1,..., N, we have
1(Py)(&) = (Py* )OI = ||9:(t: Upe3,) — 96 Tug) | 5 < LoKslly — y*[lec.

Similarly, for any ¢ € (s;,t;+1], i =1,..., N, we have

I(Py)(&) = Py )B)e < [[Salt = 50 [9:(55 Tpis, ) — 955002 |

E

t
+ [ 18t = Mo |15, Te) ~ £5. T

Si

< MU Ky|ly —y*llpc + Mg Kiblly — y*llpe < (MIgKy + MIgEKub)|ly — v [lpc-

Thus, for all ¢ € [0,b], we obtain ||(Py) — (Py*)|lpc < Clly — y*||pc. Hence, P is a contraction on YV’
and has a unique fixed point y € P, which is, obviously, a unique mild solution of problem (1.1)—(1.3)
on [0, b]. O

To obtain an existence result via Krasnoselskii’s fixed point theorem, we need the following as-
sumptions.

(H4) The function f: J x B — E is Carathéodory one.
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(H5) There exist a function p € L(J; R, ) and a continuous nondecreasing function ¢ : R, — (0, 00)
such that
If @t < pE)Y(||u|lg) for a.e. t € J and each u € B.

(H6) The functions ¢ — g;(¢,0) are bounded with

G" = max_gi(t,0)le-
Theorem 3.6. Assume that (H1), (H3)-(HG6) and (H,) hold. Then problem (1.1)-(1.3) has a mild
solution.

Proof. Let P be the operator introduced in the proof of Theorem 3.5. We introduce the decomposition
Py(t) = Py(t) + P%y(t), where

Sa(t = i)gi(si, (54:7s,) /S (t = 8)f(8,Yp(s3.)) ds, if t € (sistiya], i 21,

(Py)(t) = ;
+/Sa t_ S S gp(svgs))ds’ if te [Oat1]7
0
0, if te (ti78i], 1> 1,
and
gi(t’yp(t,ﬂt)% lf t € (tiasi]a 7’ Z 17
(sz)(t) =140, if te (Siati+1]7 1> 1,
0, if ¢ e0,t].

Let B, ={y €Y : |ly|lpc < r}. The proof of the theorem will be given in a couple of steps.
Step 1: For any y € B,., we have Ply + P?y € B,.
Case 1. For each t € [0,t1], we obtain

1Py + P2y) () < [1Sa(®)ll 5|60 IIB+/IIS (t = 8)f(5:Up(s3.)lle ds

<MH¢IIB+M/I|f s ypsy5>|\EdS<M||¢||B+M/ Y (1Tp(s3,)|8) ds

Set
d= (M, + L% ¢|s+ Kor.

Then we have

Py + Py)(®)l s < Milolls + Mo(d /p
0
Thus,
1P (y) + P2(y)ll < M||¢ll5 + M(d)llpll Lo, <7
Case 2. For each t € [t;,s;),i=1,2,...,N, we have
1Py + P2y)(O)lle < llgi(t: Upeg,) =
< 9:(t. Tpwz) — 98 0| 5 + llgi(t, 0)llE < [GlTp(eg,)lls + G* < lgd + G™.

Then
[Py + Pyl < ld+G* <r.
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Case 3. For each t € (s;,ti41), i =1,2,..., N, we obtain

I(P'y+ P*y)t)|le < ||Sa(t — Si)gi(si,?p(si,ysi))HE
t t

+/HSa(t*S)f(Svyp(s,ys))HEdS < M(l’gd+G*)+M¢(d)/p(5)ds.

Sq Sq

Then
t

[Pty + P?y|| < M(l'gd +G* +y(d) /p(s) ds) <r.
si
Thus, we obtain Py + P%y € B, for any y € B,.
Step 2: We show that P? is a contraction on B,.
Case 1. For y1,y2 € B, and for ¢ € [0,¢1], we have

[(P?y1)(8) — (P?y2)(t)]| p = 0.
Case 2. For y1,y2 € B, and for t € [t;,s;), i =1,2,..., N, we have

[(P2y1)(8) — (P?y2)(1)]| < lyd.
Case 3. For y1,y2 € B, and for t € (s;,t;41],1=1,2,..., N, we obtain

[(P2y1)(t) = (P*y2) (8)]| 5 = 0.

Thus, we obtain
|1P?y1 — P?ya|lpc < lyd = L,
which implies that P? is a contraction due to L < 1.

Step 3: P! is continuous.
Let y™ be a sequence such that y” — y in B,..

Case 1. For each t € [0,;], we have

t

Sa(t)6(0) + / Salt = )15 Ttgr) = 15 Tpezy)] s

0

/‘f (5. ¥p(s,5m)) f(s7yp(3,?s))HEd8'
0

[P ™)) = Py

ol - |
E

Case 2. For each t € [t;,s;),i=1,2,...,N, we have

1P (")) = P ) ()] 5 = 0.

Case 3. For each t € (s;,t;41], i =1,2,..., N, we obtain

[P (y™) () — Py

t
Ol = ‘ +/ Salt =) [£(5.Ttu ) = F(6.Tpaz)] ds
0

t
/ 7y71) f<57yp(s,§s))HEd8.
0

Then by (H4), by the Lebesgue dominated convergence theorem, we have

|P'y™ — Ply|lpc — 0 as n — 4o0.

Step 4: P! is compact.
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I. PY(B,) C B, because |Ply| <r.

Il. We show that P! maps a bounded set into a equicontinuous set of B,.

Case 1. For the interval ¢t € [0,¢1], 0 < 73 < 79 < t1, any y € B,, one has

[(Pry)(m2) = (Pry)(m1)|| g < 1Sa(m2) = Salm)l B lI9lls

+/||S<T2—s>— S(r = )50 (5, T, >|\Ed8+/ns (2 = ) (5,05,
0

T1

T2

< 180 (r2)=Salr0) () |0l 0(d) [ 150 (r2=5) = Sa(ri =) gyp(5) s+ 2100d) [l .
0

T1
Case 2. For the interval t € [t;,5;),i=1,2,...,N, t; <7 <19 <s;, any y € B,, one has
|(Py)(r2) — (P'y)(11)||, = 0.

Case 3. For the interval ¢t € (s;,t;41],1=1,2,...,N, 8; <7 <15 <#;+ 1, any y € B, one has

(P ) (72) = (Pry)(m) | p < [[Sa(m2 = 50) = Salmi = 50| 5 ) 198 (36, Do, ., )l e

+/||Sa(72 —58i) = Sa(m1 — HB(E £ (s, Yo(s, HEdSJr/HS (s yp(sy HEdS
0

<|[Salre = si) = Salr1 — Si)HB(E) lyd +G")

T2

d)/||sa(72—si)—sa(n =5y p(s) ds+M¢(d)/p(s) ds.
0

T1

From the aforementioned equation, we find that ||(P'y)(m2) — (P'y)(m1)|| — 0 as 72 — 71, since
S (t) is continuous in the uniform operator topology. So, P! is equicontinuous. As a consequence of
Steps 3-4, together with the Arzeld—Ascoli theorem, we can conclude that P! : B, — B, is continuous
and completely continuous. By using Krasnoselskii’s fixed point theorem, the operator P = P! 4 P2
has a fixed point, which is a solution of problem (1.1)—(1.3). O

4 An example

We consider the fractional differential equation with a state-dependent delay of the form

¢
ou 1

n (t,z) — Ta-1) / (t — 5)* 2Lyu(s,z)ds

_ e Mult —o(u(t,0)),2)] el W
= S e T —atuge oy 0 € Ul il

u(t,0) = u(t,m) =0, ¢€][0,b],

u(r,x) = uo(r,2), 0€ (—00,0], x€0,n],

u(t,z) = Gi(t,u(t — o(u(t,0)),z)), (t,z)€ (t;,s] % [0,7], i=1,2,...,N,

where 1 < a < 2,0 =1%) =859 < t1 <tag < - <ty—1<sy <ty <ty+1 = b are pre-
fixed real numbers, o € C(R,[0,00)), v > 0, L, stands for the operator with respect to the spatial
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variable x which is given by L, = 88—; — 7, with » > 0. Take E = L?([0,7],R) and the operator
A:=1L,;:D(A) C E — E with domain D(A) := {u € F: v € E, u(0) = u(r) = 0}. Clearly, A
is densely defined in E and is sectorial. Hence A is a generator of a solution operator on E. For the
phase space, we choose B = B, defined by

= {qb € C((—00,0],R) :  lim e"?¢(0) exists}

60— —o0

with the norm

Iglly = sup e|g(6)].

e (—00,0]

Notice that the phase space B, satisfies axioms (A1), (A2) and (As) (see [15] for more details). Set

y(£)(2) = ut, ),
6(0) () = uo(0. 2),

L ee(0)
16.9)@) = 3= e +|¢<o D)
9i(t, 9)(z) = Gi(t,u(t — o(u(t,0)),z)),
p(t.0) = t — 0(6(0,0).

Let ¢ € By be such that (Hy) holds, and let ¢ — ¢; be continuous on R(p~). Then by Theorem 3.5,
there exists at least one mild solution of (4.1).
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