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Abstract. A periodic problem for systems of linear generalized differential equations is considered.
The Green type theorem on the unique solvability of the problem and the representation of its so-
lution are established. Effective necessary and sufficient conditions (of spectral type) for the unique
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1 Statement of the problem and formulation of the results

In the present paper, we investigate the solvability for the system of linear generalized ordinary
differential equations

dz(t) = dA(t) - z(t) + df (t) (1.1)
with the w-periodic (w > 0) condition

z(t+w) =x(t) for t €R, (1.2)

where A = (air)jy=y : R = R"™" and f = (fi)iL; : R — R" are, respectively, the matrix- and the
vector-functions with bounded variation components on every closed interval from R, and w is a fixed
positive number.

We establish the Green type theorem on the solvability of problem (1.1),(1.2) and the represen-
tation of a solution of the problem. In addition, we give effective necessary and sufficient conditions
(of spectral type) for the unique solvability of the problem.

The general linear boundary value problem for system (1.1) has been investigated sufficiently
well (see, e.g., [6,7,15] and the references therein, where the Green type theorems are obtained
for the unique solvability). Some questions related to the periodic problem for system (1.1) are
investigated in [2-5,8,14] (see also the references therein), but in these works no attention is given
to the investigation of specific properties analogous to the already established ones for the ordinary
differential case (see, e.g., [11]). But some questions concerning the results obtained in [11] for the
periodic problem for linear ordinary differential case is not investigated for the periodic problem for
the generalized differential case. So, the problem considered in the paper is quite topical.

We establish some special conditions for the unique solvability of the problem.

To a considerable extent, the interest in the theory of generalized ordinary differential equations
has also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive differential and difference equations from the unified point of view (see [1,7,9,10,13,14] and
the references therein).

The theory of generalized ordinary differential equations was introduced by J. Kurzweil [13] in
connection with the investigation of the well-posed problem for the Cauchy problem for ordinary
differential equations.

In the paper, the use will be made of the following notation and definitions.

R =] — o0, +o0[, Ry = [0, +00].

R™ ™ is the space of all n x m real matrices X = (;;); 2, with the norm

n
IX[| = max > |ayl.
j=1,....m =

RY™ = {(2i;); 2y 5 >0 (i =1,...,n; j=1,...,m)}.

Opnxm (or O) is the zero n x m matrix.

If X = (245);52, € R™™, then | X| = (lzy]);72-

R™ = R™*! is the space of all real column n-vectors = = (z;)7;; R% = R}

x % gy is the scalar product of the vectors z and y € R™.

If X € R"™" then: X! is the matrix, inverse to X; det X is the determinant of X; r(X) is
the spectral radius of X; X7 is the matrix transposed to X; A\g(X) and A\°(X) are, respectively, the
minimal and maximal eigenvalues of the symmetric matrix X.

I,, is the identity n x n-matrix.

The inequalities between the real matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its components
is such.

b
If X : [a,b] — R™™ is a matrix-function, then \/(X) is the sum of variations on [a,b] of its

components z;; (i = 1,...,n; j = 1,...,m); V(X)) = (v(:c”)(t)):’fil, where v(z;;)(a) = 0,
t
v(z5)(t) = V(mi;) for a <t <b.

a
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X (t—) and X (t+) are, respectively, the left and the right limits of X at the point ¢t (X (a—) = X(a),
X(b+)=X(b)); di X(t) = X(t) — X(t—), do X (t) = X (¢t+) — X ().

1 X1s = sup{[|X(0)]| : ¢ € [a,b]}, | X]s = (lzizlls)i )2y

BV ([a, b], R™*™) is the normed space of all bounded variation matrix-functions X : [a, b] — R™*™

b
(i.e., such that \/(X) < co) with the norm || X||,.

BVioe(R,R™*™) is the set of all matrix-functions X : [a,b] — R™*™ whose restrictions on every
closed interval [a, b] from R belong to BV([a, b], R"*™).

BV, (R,R™"™™) is the set of all matrix-functions G : R — R™*™ whose restrictions on [0, w] belong
to BV([0,w], R"*™) and there exists a constant matrix C' € R™"*™ such that

Gt+w)=G({t)+C for t eR.

BV ([a,b],R}*™) = {X € BV([a,b],R"*™) : X(t) > Opxm fort € [a,b]}.
Se, $1, 82 : BV([a, b],R) — BV([a, b], R) are the operators defined, respectively, by
s1(z)(a) = s2(x)(a)
si(@)(t) = Y diz(r), sa(x)(t) =

dax(7) for a <t <b,
a<t<t T<t

<

and
sc(@)(t) = x(t) — s1(x)(t) — s2(x)(t) for t € [a,b].
If g : [a,b] — R is a nondecreasing function, z : [a,b] - R and a < s < ¢t < b, then

t

[amdsn) = [ amdso)m+ 3 anidign) + Y a(r)dag(r)

S I s<T<t s<7t<t

where [ z(7)dsc(g)(7) is the Lebesgue-Stieltjes integral over the open interval |s, ¢ with respect to
Js,t[

the measure u(s.(g)) corresponding to the function s.(g).
If a = b, then we assume

b
/ 2(t) dg(t) = 0,

and if @ > b, then we assume
b a

[attydste) = - [atv)dgto).

a b

b
So, [x(7)dg(7) is the Kurzweil-Stieltjes integral (see [13,14]).
a

If g(t) = g1(t) — g2(t), where g1 and go are nondecreasing functions, then
¢ t t
/a:(T) dg(t) = /:c(T) dgi (1) — /{13(7') dga(7) for s <t.

L([a,b],R; g) is the set of all functions z : [a,b] — R, measurable and integrable with respect to
the measures u(g;) (i = 1,2), i.e., such that

b

/Iw(t)l dg;(t) < 400 (i =1,2).

a
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IfG= (gm)izzl € BV([a,b],R"*") and X = (Thj )y joi  [a,0] — R™ ™, then

Se(G)(t) = (selgin)(0)ir_y,  SH(G)(H) = (s5(gan) D)y (G =1,2)

/bdG( (Z/xkj ) dgir (T )lil.

a

and

We introduce the operator A as follows. If the matrix-function X € BV,,.(R,; R™*"™) is such that
det(I, + (—1)7d; X (t)) #0for t € R (j = 1,2), and Y € BV,.(R; R"*™), then
A(X7 Y)(O) = On><m7
A Y)(1) = Y GX () (L - X () Y ()

o<r<t

— > X (1) (In + d2 X (7)) daY (1) for t >0,
o<r<t

AX,Y)(t) = —A(X,Y)(t) for t<0.

Here, the use will be made of the following formulas:

/b 1) ( / ils) dgls ) / f@t) ) (substitution formula);

JECCR: / 9(t) dF () = F(D)g(b) — Y () - dig(t)
@ a a<t<b
— Z dof(t) - dag(t) (integration by parts formula),
a<t<b
b b
[ reratsgte) - / h(E)F() da(t) + / at — 3 M) - diglt)
a a<t<b

— Z (t)daf(t) - dag(t) (general integration by parts formula)
a<t<b

and
dj< [ 16 dg<s>> — J()dyg(t) for 1€ ah] (j=1.2),

where f, g and h € BV([a,b],R) (see Theorems 1.4.25 and 1.4.33 in [14]). Further, we use these
formulas without special indication.

We say that the matrix-function X € BV([a, b], R"*™) satisfies the Lappo—Danilevskii condition if
the matrices S.(X)(¢), S1(X)(t) and S2(X)(¢t) are pairwise permutable for every t € [a,b] and there
exists to € [a,b] such that

t

/SC(X)(T) dS.(X)(r) = /dSC(X)(T) - Se(X)(7) for t € [a,b].

to
A vector-function z € BV,.(R,R"*™) is said to be a solution of system (1.1) if

t

x(t) —x(s) = /dA(T) cx(T)+ f(t) — f(s) for s<t, s, teR.

S
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We assume that A € BV, (R,R"*") and f € BV, (R,R"), i.e.,
Alt+w)=Alt)+C and f(t+w)= f(t)+c for t € R, (1.3)

where C' € R"*™ and ¢ € R™ are, respectively, some constant matrix and vector. Moreover, we assume
that
det (I, + (—1)’d;A(t)) #0 for t e R (j =1,2). (1.4)

If a matrix-function X € BV([0,w], R™*™) is such that det(l, — d1X(¢)) # 0 for ¢ € [0,w], then
we put
t
(X0 = (1~ X)X = (T~ diX () [ ax
0

for t € [0,w] (i=1,2,...), (1.51)

(X(#)o = Onxn, (X)) =X(8), (X(8))it1 = /de(T) (X(7))s
for t € [0,w] (i=1,2,...), (1.61)

and

VA(X)(8) = (I — di X (£) [V (X_)(0),
Virt(X)(8) = | (1o — du X (8)) 7! / dV(X_)(r) - Vi(X)(7) for te[0,0] (i=12,...),
0

(1.71)

where X_(t) = X(¢t—); and if X € BV([0,w],R™*") is such that det(I,, + da X (t)) # 0 for t € [0,w],
then we put

[(X()]o = (In + d2X (1)1, [X(®))i = (In +d2X (1) /dX+(T) X ()i
for tGTO,w] (1=1,2,...), (1.59)
(X ()0 = Onxn, (X(8)1=X(t), (X(t))it1 = /dX+(T) (X(7))i

w

for t€[0,w] (i=1,2,...) (1.65)
and
VX)) = [ + X (0) 7 [(VX @) - VO],
Virr (00 = |(Tn + d2X (6) | /dV X )(7) - Vi(X)(7)| for te[0,w] (i=1,2,...), (1.72)

where X, (t) = X (t+).
Alongside with system (1.1), we consider the corresponding homogeneous system

dx(t) = dA(t) - z(t). (1.1p)
Moreover, along with condition (1.2) we consider the condition

z(0) = z(w). (1.8)
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Definition 1.1. Let condition (1.4) hold and let there exist a fundamental matrix Y of problem
(1.1p), (1.8) such that

det(D) # 0, (1.9)

where D =Y (w) — Y(0). A matrix-function G : [0,w] X [0,w] — R™*™ is said to be the Green matrix
of problem (1.1y), (1.8) if:

(a) the matrix-function G( -, s) satisfies the matrix equation
dX(t) = dA(t) - X(¢)
on both [0, s[ and s, w] for every s €]0,w[;
(b) for ¢t €la, b,

Gt t+) = Gt t—) =Y () D H{Y (w)Y " (t) (I, + do A(t)) " = Y (0)Y 1 (t) (I, — di A(t)) ™'}

(¢) G(t, -) € BV([0,w],R™*™) for every t € [0,w];

(d) the equality
/ds(g(w,s) -G(0,8) - f(s)=0
0

holds for every f € BV ([0,w], R"™).

The Green matrix of problem (1.1p), (1.8) exists and is unique in the following sense (see [6,15]).
If G(t, s) and Gy (t, s) are two matrix-functions satisfying conditions (a)—(d) of Definition 1.1, then

G(t,s) = Gu(t,s) = Y (1) Hu(s),
where H, € BV([0,w],R™*"™) is a matrix-function such that
H,.(s+) = H.(s—) = C = const for s € [0,w],

and C € R™*™ ig a constant matrix.
In particular,
Y(#) DY (0)Y~1(s) for 0<s<t<w,
G(t,s) = Yt) DY (w)YY(s) for 0 <t <s<w,

arbitrary for t =s.

Theorem 1.1. System (1.1) has a unique w-periodic solution x if and only if the corresponding
homogeneous system (1.1g) has only the trivial solution satisfying condition (1.8), i.e., when condition
(1.9) holds, where Y is a fundamental matriz of system (1.1g). If the last condition holds, then the
solution x can be written in the form

x(t) = /dsg(t,s) - f(s) for t €[0,w], (1.10)
0

where G : [a,b] X [a,b] — R™ ™ is the Green matrixz of problem (1.1p), (1.8).

Corollary 1.1. Let conditions (1.3) and (1.4) hold, and the matriz-function A satisfy the Lappo—
Danilevskit condition. Then system (1.1) has a unique w-periodic solution if and only if

det <exp(So(A)(w)) [T o+ deA(m) [ (Lo —diA()) " - In) £0. (1.11)

0<7<w a<t<w
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Note that if the matrix-function A satisfies the Lappo—Danilevskii condition, then the matrix-
function Y defined by Y (0) = I,, and

Y(t) = exp(So(A) (1) [[ Un+d2A() [[ o diA@) ™ for te0,w]  (112)

0<r<t 0<r<t
is the fundamental matrix of system (1.1p).

Remark 1.1. Let system (1.1p) have a nontrivial w-periodic solution. Then there exists f €
BV, (R,R™) such that system (1.1) has no w-periodic solution (see [6]).

In general, it is rather difficult to verify condition (1.9) directly even in the case where one is able
to write the fundamental matrix of system (1.1g) explicitly. Therefore, it is important to find effective
conditions which would guarantee the absence of nontrivial w-periodic solutions of the homogeneous
system (1.1p). Below, we will give the results concerning this question. Analogous results have been
obtained by T. Kiguradze for ordinary differential equations (see [11,12]).

Theorem 1.2. System (1.1) has a unique w-periodic solution if and only if there exist natural numbers
k and m such that the matriz

k—1
My == ([AW))i - [A(0)]:) (1.13)
i=0
is nonsingular and
r(Mgm) <1, (1.14)
where .
My = Vin(A)(e) + (D2 [IACOL],) - M- (Vi(A4) ) = Vi(A)(0)), (1.15)
i=0

[A®)]; (i=0,...,m—=1) and V;(A)(t) (i =0,...,m—1) are defined, respectively, by (1.5;) and (1.7;)
for some l € {1,2}, and c = (2 — l)w.

Corollary 1.2. System (1.1) has a unique w-periodic solution if and only if there exist natural numbers

k and m such that the matriz
k—1

My == ((Aw)): — (A(0));) (1.16)

i=0

is nonsingular and inequality (1.14) holds, where

M = VAN + (Tt 30 1ACHL) - (V@) ~ (VA (117
i=0
(A(%)): (z = 0,). ,m—1) and (V(A)(t)); (i =0,...,m —1) are defined by (1.6;) for somel € {1,2},
and c= (2 - lw.
Corollary 1.3. Let there exist a natural j such that
(A(0); = (A(w)); (i=1,...,5—1) (1.18)

and
det ((A(w)); — (4(0));) #0, (1.19)

where (A(t)); (1 =0,...,J) are defined by (1.6;) for somel € {1,2}. Then there exists g > 0 such
that the system

dz(t) = edA(t) - 2(t) + df (t) (1.20)

has one and only one w-periodic solution for every e €]0, ]
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Theorem 1.3. Let a matriz-function Ag € BV, (R,R™*"™) be such that
det (I, + (—=1)7d;Ao(t)) #0 for t € [0,w] (j =1,2) (1.21)
and the homogeneous system
dx(t) = dAo(t) - z(t) (1.22)

has only the trivial w-periodic solution. Let, moreover, the matriz-function A € BV, (R, R™*"™) admit
the estimate

/ 1Golt, 7)) dV (So(A — A0))(7)

0
+ Y |Gt ) (A — A |+ YD |Goltm) - da(AlT) — Ao(P)| <M, (123)

0<7<w 0<T<w

where Go(t,T) is the Green matriz of problem (1.22), (1.8), and M € R}*" is a constant matriz such
that
r(M) < 1. (1.24)

Then system (1.1) has one and only one w-periodic solution.

Formula (1.10) can be written in a simpler form if we introduce the concept of the Green matrix
for problem (1.1p), (1.2).

Definition 1.2. A matrix-function G, : R x R — R™*" is said to be the Green matrix of problem
(1.1p), (1.2) if:

(a)
Gut+w,7+w)=G,,71), Gu(t,t+w)—Gy(t,t)=1I, for t,7 €R; (1.25)

(b) the matrix-function G, (-,7) : R — R"*" is a fundamental matrix of system (1.1g) for every
T eR.

Theorem 1.4. Let condition (1.3) hold,
det (I, £ d;A(t)) #0 for teR (j=1,2), (1.26)

and system (1.1g) have a unique w-periodic solution. Then system (1.1) has likewise a unique w-
periodic solution x which is written in the form

t+w

() = / Gu(t,7) dA(A, A(—A, 1)) (7) for t R, (1.27)

where G, is the Green matriz of problem (1.1p), (1.2).

We introduce the following class of matrix-functions.

Let m,r1,...,rm and ny,...,ny (0 =n9 <ny < --- < ny = n) be natural numbers; o; € {—1,1}
(G =1....m); gj : [0O,w] = R (I =1,...,75; j = 1,...,m) be nondecreasing functions; ay; €
L([0,w], R; g15) (I =1,...,75 j = 1,...,m), and let matrix-functions Pi; = (pijir )i =1 (1 =1,...,7j;
j = 1, N ,m) be such that DPljik S L([O,w],R; glj) (i, k= nj—1 + 1, SN ,’I’Lj) and

n; n;

g Z prjir(t)zizr > oy;(t) Z x? for p(gi;)-almost all t € [0,w], (z;)7; € R"
i7k:n]-,1+1 i,k::nj,1+1

(I=1,...,rj; j=1,...,m). (1.28)
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Then by Qw((rj,nj,aj)?“,(glj,alj,Plj);i’f?jzl) we denote the set of all matrix-functions A €
BV([0, w], R™*™) such that

aix(t) =0 (i=n;_1+1,...,n5; k=n;+1,....n; j=1,...,m), (1.29)

'r‘j t
O'j (bj“(t) — bj“(s) — Z/pljii(T)dglj(T)) 2 0 fOI‘ 0 S S S t S w
=17

(Z:’Ilj_1+1,,nj, ]:1,,m) (130)
and
7“.7‘ t
bjin(t) = Z/pljik(r) dgij(t) for t € [0,w] (i#k; i,k=n;_1+1,...,n5; j=1,...,m), (1.31)
=1
where
1 nj nj
bjik(t) = aik(t) — (2 Z Z dla”-(T) 'dlark(T) — Z Z dga”-(r) . d2ark(7')>
0<r<t T:’nj71+1 o<r<t T:nj71+1
(,k=nj_14+1,...,n5 j=1,...,m). (1.32)

If s € R and 8 € BV([0,w], R) are such that
L+ (=1)d;B(t) #0 for (—1)7(t—s) <0 (j=1,2),
then by ~5(8) we write a unique solution of the Cauchy problem
dy(t) = () dB(t), ~(s) = 1.

Notice that condition (1.4) guarantees the unique solvability of the Cauchy problem for system
(1.1) (see, e.g., [13,14]).
It is known (see [9,10]) that

exp (s0(B) (D) —=s0(8)(s)) [ A-duBr)™" J] (1+def(r)) for s<t<w,

s<T<t s<7t<t
2(B)(t)= y (1.33)
exp (so(3)(t)—s0(B)(s)) H (1-d18(7)) H (1+d2B(7)) for 0<t<s.
t<t<s t<r<s
Theorem 1.5. Let there exist natural numbers m, r1,...,rm and ny,...,ny (0=np <ny < -+ <
N, = n), o € {-1,1} (j = 1,...,m), nondecreasing functions g;; : [0,w] = R (I = 1,...,r;;
j = 1,...,m), functions oy; € L([0,w],R;q;;) (I = 1,...,7;; j = 1,...,m) and matriz-functions

P = (pljik);szl (l=1,....,r5; 5 =1,...,m), piyir € L(0,w],R; q15) (i,k =nj_1 +1,...,n;) such
that

A€ Qu((rj,m5,05)T, (9155 s Pig) 1y =1 )- (1.34)
Let, moreover,

(1= 0,)dig; (t) + (14 0,)dag; (t) # =2 for t€ [0,0] (j =1,...,m) (1.35)

and
Y, (0595)(w—1t;) <1 (j=1,...,m), (1.36)
where t; = % (14 0j)w, the functions v, (cj9;) (j = 1,...,m) are defined by (1.33), and

gj(t) = 22/(1”(7) dglj(’l').

1=1Y

Then system (1.1) has a unique w-periodic solution.
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Remark 1.2. In the above theorem, if in addition to condition (1.35), the condition

(1+05)digj(t) + (1 — 05) dag;(t) <2 (1.37)

holds, then, by (1.33), inequality (1.36) is equivalent to

e (s0(0)@) > —3 (1+05) [T 0=y T -+ gy

0<T7<w 0<T<w
+-0) [[ G+dign™ I1 (1—dggj<f>>) for te0,u] (j=1,...,m).
0<7<w 0<T<w
Let g : [0,w] — R be a nondecreasing function and P = (pix);—,, where p;x € L([0,w],R;g)
(i,k = 1,...,n). Then we denote by Q,(P;g) the set of all matrix-functions A = (aik)ﬁkzl €
BV([0,w], R™*™) such that
t
bou(t) = /pik(T) dg(r) for t€0,w] (i k=1,...,n), (1.38)
0
where

bik(t) = a,k (Z Z dlal, d1alk Z dgah d2alk(7')) (i, k=1,..., Tl) (1.39)

=1 0<7<t o<r<t

Theorem 1.6. Let A € Qu(P;g). Let, moreover, either

(a)
Z pik(t) x> aft Zx for p(g) — a.a. t €0,w], (x;)i, € R™, (1.40)
i,k=1
1—2a(t)dig(t) >0, 14 2a(t)dag(t)#0 for 0 <t<uw, (1.41)
Yo (a)(0) < 1 (1.42)
or
(b)
z": pik(t)ziz, < B(t Zx for p(g) —a.a. t€0,w], (x;)f, €R", (1.43)
i k=1
14+28(t)deg(t) >0, 1—28(t)d1g(t) #0 for 0 <t<w, (1.44)
20 (B)w) < 1, (1.45)

where o, € L([0,w],R; g), the function vo(B) is defined by (1.33), and

t

Jga(t) = 2/@(7’) dg(T) and gs(t) 22/5(7) dg(T). (1.46)
0

0

Then system (1.1) has a unique w-periodic solution.

Corollary 1.4. Let A € Q,(P;g). Let, moreover, either (a) conditions (1.41) and (1.42) hold, or
(b) conditions (1.44) and (1.45) hold, where the functions g, and gg are defined by (1.46), a(t) =
Xo(P*(t)), B(t) = \°(P*(t)), and P*(t) = P(t) + PT(t). Then system (1.1) has a unique w-periodic
solution.
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2 Auxiliary propositions

Lemma 2.1. The following statements are valid:

(a) if « is a solution of system (1.1), then the vector-function y(t) = z(t + w) (t € R) will be a
solution of system (1.1), as well;

(b) problem (1.1),(1.2) is solvable if and only if system (1.1) has on the closed interval [0,w] a
solution satisfying the boundary condition (1.8). Moreover, the set of restrictions of solutions of
problem (1.1), (1.2) on [0,w] coincides with the set of solutions of problem (1.1),(1.8).

Proof. Let x be an arbitrary solution of system (1.1). Assume y(t) = x(¢t + w) for ¢ € R. Then, by
(1.3), we have

t+w
(t) =o0) + [ dA()-alr) + f(t+w) - £(O)
?.u t+w
:x(O)—l—/dA(T)-:c(7)+f(w)—f(0)+ / dA(T) - 2(7) + F(t +w) — F(w)
0 w
=z(w)+ /dA(T—I—w) co(t+w)+ ft+w) — f(w)
0

y(0) + /dA(T) ~y(m) + f(t) — f(0) for t € R.

0

Therefore, y is likewise a solution of system (1.1). Thus statement (a) is proved.

Let us show statement (b). It is evident that the restrictions of every solution of problem (1.1), (1.2)
on the interval [0, w] will be a solution of problem (1.1), (1.8). Consider now an arbitrary solution x of
problem (1.1), (1.8). Any continuation of this solution we again denote by z. According to statement
(a), the vector-function y(t) = z(t +w) will be a solution of system (1.1), as well. On the other hand,
in view of (1.8), we have

y(0) = z(w) = (0).
This implies that the functions x and y are the solutions of system (1.1) under the common initial
value condition. So, x(t) = y(t). Therefore, x is a solution of problem (1.1), (1.2). O

Lemma 2.2. An arbitrary fundamental matriz' Y of system (1.1o) satisfies the identity
Y(t+w) =YY 0)Y(w) for teR. (2.1)

Proof. By Lemma 2.1, the columns of the matrix-function Z(t) = Y (¢t +w) are the solutions of system
(1.1p). Therefore, there exists a constant matrix C' € R such that

Z(t)=Y({#)C for t e R.

Thus it is clear that

Hence equality (2.1) holds. O

Lemma 2.3. Let problem (1.1p), (1.2) have only the trivial solution. Then there exists a unique Green
matriz of the problem having the following form.:

-1

Gu(t,7) =Y () (Y (w)Y(0) = I,) Y~ '(r) for t,7 €R, (2.2)

where Y is a fundamental matriz of system (1.1p).
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Proof. Let Y be an arbitrary fundamental matrix of system (1.1p). Then, by Lemma 2.1, condition
(1.9) holds because the lemma guarantees the validity of Theorem 1.1 (see the proof of Theorem 1.1
below). According to Definition 1.2, the matrix-function G, : R x R — R™*" is the Green matrix if

and only if
Gu(t,7) =Y ()C(r) for t,7 € R,

where the matrix-function C' : R — R™*" is such that equalities (1.25) hold, i.e.,
Y(t+w)C(r+w)=Y()C(r), Y()(C(t+w)—C(t) =1, for t,7 €R.
By equality (2.1), equalities (2.4) hold if and only if
Y HO)Y (w)C (T +w) =C(1), C(t+w)—C(r)=Y (1) for 7 €R.

Clearly,
(I, =Y H0)Y (w))C(r) =Y H0)Y (w)Y (7) for 7 €R.
Therefore, taking into account condition (1.9), we conclude that

-1

C(r)= (Y Hw)Y(0)—I,) Y !(7) for T €R.

Putting the obtained value of C(¢) in (2.4), we obtain equality (2.2).
Lemma 2.4. If X € BV, (R,R"*™) and Y € BV, (R,R"*"™), then

(a)
d; X({t+w)=d;X(t) for teR (j =1,2);

(b)
A(X,Y) € BV,(R,R™™™), e, AX,Y)({t+w)=AX,Y)t)+C for teR,
where C is some constant n X n-matriz.

Proof. Consider equality (2.5). Let 7 = 1. Then by the definition of the set BV, (R, R"*™) we
hX(t+w)= lim (X(t+w)—X(t+w—¢))

e—0, >0
= lim (X(t)—X(t—¢)) =di1 X(t) for teR.

e—0, >0

Analogously, we show equality (2.5) for j = 2.

(2.3)

(2.4)

(2.5)

(2.6)

have

Let us show (2.6). From the definition of the operator A and equalities (2.5), we conclude that

AX,Y)(t+w) =Y (t+w) — Y i X(1) (In—di X () diY (1)

- > dQX(TTT(thQX(T))ldQY(T)

= Y(t i;tjz’(o)JrCﬁ Y X (1) (I, — di X (7)) dyY(7)
- > dQX(T+w)~(;:;<;Z;((T+w))ldgy(ﬁw)

= Y(tii;;—tY(O)+ Cot Y diX(T+w)  (In—di X (r4w)) " diY (T+w)
— > doX(r O;sz}(7+w))_1d2Y(T+w):A(X7Y)(t)+0,

where o
Oz; di X (1) - (I, — di X (7)) O<Z Ao X (7) - (In + do X (1))~ do Y (1),

and C' is some constant matrix.
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Lemma 2.5. Let g : [a,b] = R be a nondecreasing function, tg € [a,b] and ¢y € R. Let, in addition,
z € BV([a,b],R) be such that

(dz(t) — 2(t) dg(t)) sgn(t — to) <0 for t € [a,b],
1—dig(t) >0, 1+4+dag(t)#0 for a<t<tp,
14dag(t) >0, 1—dig(t)#0 for to <t <b,
(=1)? (dj2(to) — codjg(to)) <0 (j=1,2)
and z(tg) < ¢o. Then
z(t) < z(t) for t € a,b],
where T is a unique solution of the problem
dz(t) = z(t) dg(t) for t € [a,b],
:L’(to) = Cp.
The above lemma is a particular case of Lemma 2.4 from the paper [1].

Lemma 2.6. If C is a symmetric matriz, then the inequalities
M(C)(zxz) < Crxa < \(C)(xx2)
hold for every xz € R.

The lemma is proved in [11, Lemma 1.9]

3 Proof of the results

By Lemma 2.1, Theorem 1.1 follows immediately from the corresponding results of the papers [6,
15], and Theorems 1.2, 1.3 and Corollaries 1.1-1.3 follow immediately from Theorems 2.1, 2.2 and
Corollaries 2.2-2.4 of [7], respectively, if we assume that the linear operator | appearing there has the
form I(z) = 2(0) — x(w). Note that condition (1.9) has form (1.11) when the fundamental matrix of
system (1.1p) is given by (1.12) in Corollary 1.1.

Proof of Theorem 1.4. By Theorem 1.1 and Lemma 2.3, problem (1.1), (1.2) is uniquely solvable, and
problem (1.1p), (1.2) has the unique Green matrix G,,. Therefore, for the proof it is sufficient to verify
that the vector-function given by (1.27) is the w-periodic solution of system (1.1).

Assume

p(t) = A=A, f)(t) for t € R.

Let us show that the vector-function x defined by (1.27) satisfies condition (1.2). By Lemma 2.4,
it is evident that A(A, ¢) € BV, (R,R") and, therefore,

A(A, ) (t +w) = A(A, )(t) + ¢ for t €R, (3.1)

where ¢ is some constant n-vector. Taking into account (3.1) and (1.27), due to (1.25) we have

t+2w t+w
z(t+w) = / Gu(t+w,7)dA(A, p)(T) = / Go(t +w, 7+ w)dA(A, o) (T + w) = x(t).
t+w t

Let us verify that the vector-function z satisfies system (1.1). By equality (2.2),
Go(t, ) =Y (t)C,Y ! (r) for t,7 €R,

where Y is a fundamental matrix of system (1.1¢), and
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Thus, using the general integration by parts formula, we find that

a(s) = jdm / d( / G (7,m) dA(A >) - / d(Y(rm TY-l(n)dA(A,w(n))

t T+w
= [av(n-c. / Y1) dA /Y e / YA
T+w
S Y ave-c dl( [ ymaaaom)
s<n<t T
T+w
+ Z d2Y (1) - C,, d2< / Y_l(n)dA(A,go)(n)> for s<t. (3.2)
s<n<t T
On the other hand, due to (2.1),
Yt +w) - Y7 ) = Coly (). (3.3)
By (3.1), for 7 € R, we conclude that
Ttw w T+w

/ Y1 () dA(A, ) (1) = / Y1 () dA(A, ) (1) + / Y () dA(4, ) (1)

Hence, taking into account (3.3), we get

T+w

/ Y 1(5) dA )= / Yy P)m) + ¢! / Y () dA(A, 9)(1).
T 0

0

Due to the last equality and the general integration-by-parts formula, taking into account the equalities
dY (t) = dA(t) - Y (t) and d;Y(t) =d;At)-Y(t) for teR (j=1,2),
it follows from (3.2) that

t T+w

£(t) — 2(s) = / dA(r) - Y(r)C, / Y1 (n) dA(A, 9)(n) + F(s.1)

= /dA(T) ~x(T)+ F(s,t) for s,t eR, s<t, (3.4)

where

F(s,t) = A(A, ¢)(t) — A(4, ¢)(s
— ) diA(r) - diA(A + > daA(r) - dyA(A, 9)(7) for s,tER, s<t.

s<t<t s<T<t

Q. —
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Moreover, taking into account condition (1.26), according to the definition of the operator .4 and the
function ¢, we conclude that

dip(r) = dif(r) = > diA(r) - (I + diA(r)) " duf(r) for 7 €R,
s<t<t
and
dop(T) = dof (7 Z do A(T) - — d2A(7‘))71 daf (1) for T € R.
s<t<t

Using the last equalities, we can easily show that

Fls,t) Z;tdl (I, — di A(7)) "L dyo(7)
_S:itdQA( ) - (In + d2 A(7)) ™" dap(T)
_ ;t(dlA(T))Q'(I — A A(r) " dip(r)
- X A (oA )
=) =50+ 3 ddlr) duglr) = 3 aA(r) o)

= f(t) — f(s) for s,teR, s<t.

Consequently, due to (3.4), the vector-function x satisfies equation (1.1). O

Proof of Theorem 1.5. According to Theorem 1.1, to prove the theorem, it suffices to show that the
homogeneous system (1.1p) has only the trivial w-periodic solution. Let x = (z;)!_; be an arbitrary
solution of the latter problem. Assume

7

ui(t)y =Y aj(t) for te0,w] (=1,...,m).

i=nj_1+1

By condition (1.34), conditions (1.28)—-(1.32) are fulfilled. In view of (1.29) and the formula of
integration by parts, we find that

o1(ur(t) — ur(s)) = o1y <2/xi(7') doi(r) = > (dimi(t)’ + Y (dgxi(t))Q)

i=1 S s<T<t s<t<t

=0 Z (2/xi(7)xk(7') da;i (1) + Z (22(1) — 27 (1—) — 24(7) drzy(7))

s<t<t

+ > (a(r+) — 2P (r) — 23i(7) dei(T))>

/xi(r)xk(T) daik(T) — Z i (T)xg (1) dyag(T) — Z x; (7)2k (1) dzaik;<7'))

s<t<t s<tT<t

+ o1 Z (5j(u1)(t) = sj(u1)(s)) for 0< s <t <w.
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Hence,

al(ul()—ul —20'1 Z /171 Ik dSO(azk)( )

i,k=1

+ 01 Z (s5j(u1)(t) = s;(u1)(s)) for 0< s <t <w.

On the other hand,
o1 Z (55 (u)(t) = s;(u1)(s))

{ > diwi(r) - (2i() — dizi(r)) + D dowi(r) - (2ai(7 )+d2$i(7))}
i,k=1

s<t<t s<tT<t

=2 Z { Z 7)oy (T )(dlazk dem “diarg(T ))

i,k=1 ~ s<7<t

1«
+ Z 2 (T) 2k (1) (dgazk(T) —5 nga”(T) dgark(T))} for 0<s<t<w
s<t<t r=1
From this and (1.32), we obtain
o1(ur(t) —u1(s)) = 201 Z /xl )Tk (7) dbrix) (1) for 0 <s <t <w. (3.5)

i,k=1"

With regard for (1.28)—(1.31), it follows from (3.5) that

o1 (ur(t) — uy (s —2012/ 7) dbyii (7) + 207 i / 7) dbyix(7)

i#k;i,k=1"
S /plhk Pes(r)e(r) dn (7 >22 /au zx ) du (r
=1 1i,k=1

ie.,
t

o1(uy(t) —ui(s)) > /ul(r) dgy (1) for 0 <s<t<w.

S

Moreover, by (1.35), the conditions of Lemma 2.5 are fulfilled for tq = ¢1, co = u1(to) and g(t) =
91(t). In addition, by (1.35),

L+ (=1)djg1(t) #0 for t € [0,w] (j=1,2)
and, therefore, the problem
dz(t) = o1x(t) dg1(t), x(to) = co
has a unique solution x given by

x(t) = cove (0191)(t) for t € [0,w],

where the function ~y;, (0191)(¢) is defined by (1.33). According to Lemma 2.5, we have

up(t) < eoye,(0191)(t) for ¢ € [0,w]. (3.6)
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Due to (1.8), we have u1(0) = u1(w). Hence, it follows from (3.6) that

ur(w —t1) < ur(t) v, (0191)(w — 1) = wi(w — t1) 1, (0191) (W — t1).

Therefore, due to (1.36),
co = u1(0) = uy(w) =0,

and thus, by (3.6), we have
Using this identity and (1.28)—(1.32), by induction, we prove u;(t) =0 (j =1,...,m). Consequently,
zi(t)=0fort € [0,w] (i=1,...,n). O

Proof of Theorem 1.6. According to Theorem 1.1, to prove the theorem, it suffices to show that the
homogeneous system (1.1g) has only the trivial w-periodic solution. Let z = (x;)}_; be an arbitrary
solution of the latter problem. Assume

n

u(t) = fo(t) for t € [0, w].

=1

Consider the case (a). Analogously to the proof of equality (3.5) in Theorem 1.5, using (1.39), we
can show that the equality

u(t) —u(s) = 2Z/xi(7)xk(7) dbip () for 0<s<t<w

is valid. Thus, by (1.38), we have

u(t) —u(s) =2 Z /pik(r)xi(r)xk(r) dg(r) for 0 <s<t<w.

Therefore, due to (1.40), we find
t
u(t) — u(s) > /u(T) dge () for 0 <s<t<w,

ie., (du(t) — u(t) dga(t)) sgn(t —w) <0 for 0 <s<t<w

and
dru(w) — u(w) d1ge(w) > 0.

Now, taking into account condition (1.41), due to Lemma 2.5, we find
u(t) < u(w)yo(a)(t) for t e 0,w], (3.7)
whence, by equality u(0) = u(w) and (1.42), we have
u(w) = u(0) < u(w)r(@)(0)

and u(w) = 0. Hence by (3.7) we find u(t) =0 and z;(t) =0 (i =1,...,n).
In a similar way we can prove the theorem in the case (b) as well. It should only be noted that
due to (1.43), (1.44) and Lemma 2.5, we have the estimate

u(t) < u(O)10(A)(E) for t € [0,u]
instead of (3.7). Thus
u(0) < u(0)70(8)(w)

u(w) =
0, u(t)=0and 2;(t) =0 (i=1,...,n). O

and, therefore, by (1.45), we get u(0) =
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Proof of Corollary 1.4. It is evident that

M=

(pik(t) +p;ﬂ-(t)) for p(g)-almost all ¢ € [0,w], (x;)}; € R",

pik(t)zix, = 2 :

n
ik=1 i,

E
I

from which by Lemma 2.6, we have

n n n
i=1 ik=1 i=1

Therefore, the corollary follows immediately from Theorem 1.6. O
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