Memoirs on Differential Equations and Mathematical Physics

VOLUME 74, 2018, 153—-164

Short Communication

MALKHAZ ASHORDIA

ON THE WELL-POSEDNESS OF ANTIPERIODIC PROBLEM FOR
SYSTEMS OF NONLINEAR IMPULSIVE EQUATIONS
WITH FIXED IMPULSES POINTS

Abstract. The antiperiodic problem for systems of nonlinear impulsive equations with fixed points
of impulses actions is considered. The sufficient (among them effective) conditions for the well-
posedness of this problem are given.

gbondy. BoJlodgogm 0339mligm FgmGomgdosh s@s{®g0g 0339mligm yobEmmgdsms Lolidgdg-
dobmgols aobbogrgmos sbE03g@Momegmo sdmEsbs.  dmgdgmos o8 s8mEsbol gmegdGammdols
bogds@olio (dso Jmmol gg8gdHa®o) 3o@mdgdo.

2010 Mathematics Subject Classification: 34K10, 34K45.
Key words and phrases: Antiperiodic problem, nonlinear systems, impulsive equations, fixed
impulses points, well-posedness, effective conditions.

Let mg be a fixed natural number, w be a fixed positive real one, and 0 < 7 < -+ < Ty, < w be

fixed points (we assume 79 = 0 and Typ01+1 = w, if necessary). Let T = {r+mw: I =1,...,mp; m =
0,+1,£2,...}.
Consider the system of nonlinear impulsive equations with fixed impulses points
dx

i f(t,x) almost everywhere on R\ T,
x(t+) —x(r—) = I(1,z(7)) for T€T
with the w-antiperiodic condition
z(t+w)=—xa(t) for t €R,

where f = (f;)", is a vector-function belonging to the Carathéodory class Car(R x R™,R™), and
I=(L)~,:TxR"— R" is a vector-function such that I(7, -) is continuous for every 7 € T
We assume that

f+w,x)=—f(t,—x) and I(t +w,z) = —I(1,—x) for teR, 7€T, zR"

Due to the above condition, if x : R — R™ is a solution of the given system, then the vector-function
y(t) = —z(t + w) (t € R) will likewise be a solution of that system. Moreover, it is evident that if
x : R — R™ is a solution of the given w-antiperiodic problem, then its restriction on the closed interval
[0, w] will be a solution of the problem

d
e (t,z) almost everywhere on [0,w]\ {71,..., Tme} (1)

dt
x(n+) —x(n—) =I(m,z(n)) (I=1,...,mp); (2)
z(0) = —z(w). (3)
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Let now z : [0,w] — R™ be a solution of system (1), (2) on [0, w]. By = we designate the continuation
of this function on the whole R just as a solution of system (1), (2), as well. As above, the vector-
function y(t) = —x(t + w) (t € R) will be a solution of system (1), (2). On the other hand, according
to equality (3), we have y(0) = —z(w) = x(0). So, if we assume that system (1), (2) under the Cauchy
condition z(0) = ¢ is uniquely solvable for every ¢ € R”, then z(t + w) = —x(t) for t € R, ie., x
is w-antiperiodic. This means that the set of restrictions of the w-antiperiodic solutions of system
(1), (2) on [0,w] coincides with the set of solutions of problem (1), (2); (3).

In this connection, we consider the boundary value problem (1), (2); (3) on the closed interval [0, w].
Below, we will give the sufficient conditions guaranteeing the well-posedness of this problem.

Consider a sequence of vector-functions fr € Car([0,w] x R*,R") (k = 1,2,...), sequences of
points 7, (kK = 1,2,...; 0 = 1,...,mp), 0 < 713 < -+ < Tmer < w, and sequences of operators
I ks ooy Tk} X R — R™ (k = 1,2,...) such that Ip(mg, -) (k=1,2,...; 1 =1,...,mp) are
continuous.

In this paper, we establish the sufficient conditions guaranteeing both the solvability of the im-
pulsive systems

d
d—j = fr(t,z) almost everywhere on [0,w] \ {71k, -, Tmgk }+ (1x)

x(mp+) — x(m—) = Ik(le,x(le)) (I=1,...,mp) (Qk)

(k=1,2,...) under condition (3) for any sufficiently large k& and the convergence of their solutions
to a solution of problem (1), (2);(3), as k — +o0.

We assume that the above-described concept is fulfilled for problems (1), (2x); (3) (k=1,2,...),
as well.

The well-posed problem for the linear boundary value problem for impulsive systems with a finite
number of impulses points has been investigated in [5], where the necessary and sufficient conditions
were given for the case. Analogous problems are investigated in [1,11-13] (see also the references
therein) for the linear and nonlinear boundary value problems for ordinary differential systems.

A good many issues on the theory of systems of differential equations with impulsive effect (both
linear and nonlinear) have been studied sufficiently well (for a survey of the results on impulsive
systems see, e.g., [2-4,6-9,14-16] and the references therein). But the above-mentioned works do not,
as we know, contain the results obtained in the present paper.

Throughout the paper, the following notation and definitions will be used.

R =] — oo, +o0o[, Ry = [0,400[; [a,b] (a,b € R) is a closed interval.
R™"™ is the space of all real n x m-matrices X = (x;);7Z; with the norm || X|| = Jax Z; |-

1X| = (g )72y, [X] = B
RY™ = {(wig)i )2y s 2y 20(i=1,...,m; j=1,...,m)}.
R(nxn)xm — RPXT 5 ... % RPXT (m _ times).
R™ = R™*! is the space of all real column n-vectors = = (z;)7; R? = R’
If X € R™™" then X ! det X and r(X) are, respectively, the matrix, inverse to X, the determinant
of X and the spectral radius of X; I,,«,, is the identity n x n-matrix.
\b/(X) is the total variation of the matrix-function X : [a,b] — R"™*™, i.e., the sum of total

a
t

variations of components of X; V(X)(t) = (v(w;)(t)); 2, where v(zi;)(a) = 0, v(zi;)(t) = V(zij)

for a <t <b.
X (t—) and X (t+) are the left and the right limits of the matrix-function X : [a,b] — R™*™ at the
point ¢ (we will assume X (¢) = X (a) for t < a and X (t) = X (b) for t > b, if necessary).

BV([a, b], R"*™) is the set of all matrix-functions of bounded variation X : [a,b] — R™*™ (i.e.,
b
such that \/(X) < +00).
C([a,b], D), where D C R™*™, is the set of all continuous matrix-functions X : [a,b] — D.
Let Trmg = {71, Tmg }-
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C([a,b], D; Ty, ) is the set of all matrix-functions X : [a,b] — D, having the one-sided limits
X(n—)(A=1,...,mg) and X(r;+) (I =1,...,mgp), whose restrictions to an arbitrary closed interval
[e,d] from [a,b] \ T, } belong to C([c,d], D).

Cs([a,b],R™*™; T, ) is the Banach space of all X € C([a,b],R™"*™;T,,,) with the norm ||X||; =
sup{[| X (#)[| : t € [a, b]}.

If y € Cs([a,b], R; Ty, ) and r €]0, 400, then U(y;r) = {z € Cs([a,b], R™; Try) : |l —ylls <7}

D(y,r) is the set of all z € R™ such that inf{||x — y(¥)| : ¢ € [a,b]} <.

C ([a, ], D), where D C R"*™, is the set of all absolutely continuous matrix-functions X : [a, b] — D.
C(Ja,b], D;T,,,) is the set of all matrix-functions X : [a,b] — D, having the one-sided limits
X(n=)(U=1,...,mp) and X(r+) (Il =1,...,mg), whose restrictions to an arbitrary closed interval
¢, d] from [a,b] \ Tpn, belong to C([c,d], D).

If By and By are normed spaces, then an operator g : B — By (nonlinear, in general) is positive
homogeneous if g(Ax) = Ag(z) for every A € Ry and x € By.

An operator ¢ : C([a,b],R"*™;T,,,) — R™ is called nondecreasing if the inequality ¢(z)(t) <
o(y)(t) for t € [a,b] holds for every z,y € C([a,b], R"*™; T},,,) such that z(t) < y(t) for ¢ € [a,b].

A matrix-function is said to be continuous, nondecreasing, integrable, etc., if each of its components
is such.

L([a,b], D), where D C R™ ™, is the set of all measurable and integrable matrix-functions X :
[a,b] = D.

If D; € R™ and Dy C R™*™, then Car([a,b] x D1, Ds) is the Carathéodory class, i.e., the set of
all mappings F = (fk])ZJm:l : [a,b] x D1 — Dy such that for each i € {1,...,1}, j € {1,...,m} and
ke{l,...,n}

(a) the function fg;(-,) : [a,b] — Dy is measurable for every x € Dy;

( .
(b) the function f;(¢, -) : D1 — Dy is continuous for almost every t € [a,b], and sup{|fx;(-,z)| :
x € Do} € L([a, b], R; gix,) for every compact Dy C D;.

Car®([a,b] x D1, D2) is the set of all mappings F' = (fi;)i =, © [a,b] x D1 — Do such that
the functions fr;(-,z(-)) (k = 1,...,n;5 = 1,...,m;) are measurable for every vector-function
x : [a,b] = R™ with a bounded total variation.

We say that the pair {X;{Y;}]",}, consisting of a matrix-function X € L([a,b],R"*") and of a
sequence of constant n x n matrices {Y;}7,}, satisfies the Lappo—Danilevskil condition if the matrices
Yi,...,Y,, are pairwise permutable and there exists ty € [a,b] such that

/X(T)dX(T) :/dX(T).X(T) for ¢ € [a, 1],

XY, =YXt for t €la,b] (I=1,...,m).

M (Ja,b] x R4, R, ) is the set of all functions w € Car([a, b] x Ry, R ) such that the function w(t, -)
is nondecreasing and w(t,0) = 0 for every t € [a, b].

By a solution of the impulsive system (1), (2) we understand a continuous from the left vector-
function z € C([0,w], R™; T}, ) satisfying both system (1) for a.e. on [0,w] \ Tpn, and relation (2) for
every [ € {1,...,mq}.

Definition 1. Let ¢ : C,([0,w],R™;T;,,,) — R™ and £y : Cs([0,w],R™; T,) — R be, respectively,
a linear continuous and a positive homogeneous operators. We say that a pair (P, J), consisting of
a matrix-function P € Car([0,w] x R™,R™*™) and a continuous with respect to the last n-variables
operator J : Ty, X R™ — R™, satisfies the Opial condition with respect to the pair (¢, £y) if:

(a) there exist a matrix-function ® € L([0,w], R} ") and constant matrices ¥; € R™*™ (I =
1,...,mp) such that

|P(t,z)| < ®(t) a.e. on [0,w], =€ R,
|J(,2)] < U for z € R™ (I=1,...,mp);
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det(Inxn +G)) £0 (I=1,...,mp) (4)
and the problem
Z—j = A(t)x a.e. on [0,w]\ Ty, (5)
z(n+) —xz(n—)=Gz(n) (=1,...,mgp), (6)
[0(z)| < Lo(x) (7)

has only the trivial solution for every matrix-function A € L([0,w],R™*™) and constant matrices
Gy, ...,Gun, for which there exists a sequence y, € C([0,w], R"; T),,) (K =1,2,...) such that

t t
lim [ P(r,yx(7))dr = /A(T) dr uniformly on [0,w],
0

k—4o00
0

lim J(m,ye(m)) =G, (I=1,...,mp).
k——+oo

Remark 1. In particular, condition (4) holds if ||¥;|| <1 (I =1,...,my).

As above, we assume that f = (f;)"; € Car([0,w] x R?,R™*™) and, in addition, f(m,z) is
arbitrary for z € R™ (I =1,...,my).

Let 2° be a solution of problem (1),(2);(3), and r be a positive number. Let us introduce the
following definition.
Definition 2. The solution 2 is said to be strongly isolated in the radius  if there exist matrix- and
vector-functions P € Car([0,w] x R*,R™*™) and ¢ € Car([0,w] x R™,R™), continuous with respect
to the last n-variables operators J, H : T,,, x R — R", linear continuous ¢ and ¢ and a positive
homogeneous ¢y operators acting from C,([0,w], R™; T}, ) into R™ such that

(a) the equalities
f(t,x) = P(t,x)z +q(t,z) for ¢ € [0,0]\ Ty, [lz —2(t)] <,
I(m,z) = J(m,z)x + H(r,z) for ||z —2°(n)|| <r (I=1,...,m),
2(0) + 2(w) = () + {(z) for = € U"r)

are valid;

(b) the functions a(t, p) = max{llq(t, )| : llzl| < p}, B(m,p) = max{||H(r,2)| : 2| < p} (I =
1,...,mp) and y(p) = sup{[|i(z)| — lo(x)]+ : ||z||s < p} satisfy the condition

i~ (+(0) + / alt.p) i+ 3 i) =0 0
0 =1

p—+oo p

(c¢) the problem

Cﬁ% = P(t,z)r +q(t,x) ae. on [0,w]\ Ty,

z(n+) —z(n—) = J(n,z(n))z(n) + Hin,z(n)) (=1,...,mp);

lx)+4(x) =0

has no solution different from z°;

(d) the pair (P, J) satisfies he Opial condition with respect to the pair (¢, ¢p).
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Remark 2. If {(z) = 2(0) + z(w) and ¢p(z) = 0, then we say that the pair (P, J) satisfies the Opial

w-antiperiodic condition. In this case, condition (7) coincides with condition (3), and ¢(z) = 0 and
~v(p) = 0 in Definitions 1 and 2.

Definition 3. We say that a sequence (fx, Ix) (k =1,2,...) belongs to the set W,.(f, I;2°) if:

(a) the equalities

k——+oo

t t
lim /fk(T,IIT) dT:/f(T,ZL') dr uniformly on [0, w],
0 0

lim Ik(nk,x):[(n,x) (l:].,...,mo)

k——+oo
are valid for every x € D(2%;7);

(b) there exist a sequence of functions wy € M ([a,b] x R4, Ry) (k=1,2,...) such that

sup{/wk(t,r)dt: k1,2,...}<+oo, (9)
0
mo
sup{ wi (g, 7) s k=1,2,... } < +o0; (10)
=1
Sl;r&sup{/wk(t,s)dtz kzl,Q,...}:O, (11)
0
mo
81_1>151+sup{2wk(71k,3): k:1,2,...}:0; (12)

|
—

I fe(t,2) = fr(t, )l < wilt, ||z = yll) for t € [0,w]\ Ty, x,y € D(ar) (k=1,2,...),
2 (71> ) — T (i, y) || < wi(7ms |lz — yl|) for z,y € D(a%r) (I=1,...,mp;k=1,2,...).

Remark 3. If for every natural m there exists a positive number v,,, such that wy(t, md) < vpwi(t,9)
for § >0,t € [0,w]\ Trmy (k=1,2,...), then estimate (9) follows from condition (11); analogously,
if wi (1, md) < vpwi (g, 0) for 6 >0 (I =1,...,mg; k =1,2,...), then estimate (10) follows from
condition (12). In particular, the sequences of functions

wk(t’(s) = Inax {ka(t,l‘) - fk(tvy)| :

z,y € U0, [2°] +7), [lz —y]| < o}
for t € [0,w]\ T, (k=1,2,...),
wi (71K, 0) = max {|| Ly (e, @) — T (m, )| = 2,y € U0, [|2°]] +7), [lz — yl| < 0}
(Il=1,...,mp; k=1,2,...)

have the latters properties, respectively.

Definition 4. Problem (1), (2);(3) is said to be (2°;r)-correct if for every e €10, r[ and (fx, Ix);{25 €
W,.(f, I;x°) there exists a natural number kg such that problem (1), (2) has at last one w-antiperiodic
solution contained in U(2°;7), and any such solution belongs to the ball U(2°;¢) for every k > k.

Definition 5. Problem (1), (2);(3) is said to be correct if it has a unique solution z° and is (2°

correct for every r > 0.

;7)-

Theorem 1. If problem (1),(2);(3) has a solution 2° strongly isolated in the radius r, then it is

(205 7)-correct.
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Theorem 2. Let the conditions

[f(t,z) — P(t,z) z|| < a(t, |lz[]) a.e on [0,w]\Tn,, z€R", (13)
(7, 2) — J(m,2)x|| < B(m, ||z]|) for z € R™ (I=1,...,mp), (14)
2(0) + z(w) — £(z)| < bo(z) + tu([|z]ls) for = € BV([0,w], R) (15)

hold, where £ : Cs([0,w],R™;T)) — R™ and £y : Cs([0,w], R™;T)p) — R} are, respectively, a linear
continuous and a positive homogeneous operators, the pair (P,J) satisfies the Opial condition with
respect to the pair (£,4y); o € Car([0,w] x Ry,Ry) and S € C(Tym, X [0,w],Ry) are the functions,
nondecreasing in the second variable, and £, € C(R,R") is a vector-function such that

1 7 mo
lim = (o)l + [ alt,p)dt+> B(m,p) ) =0. (16)
( p / p ; z p)

p——+o0 p
0

Then problem (1),(2);(3) is solvable. If, moreover, the problem has a unique solution, then it is
correct.

Theorem 3. Let conditions (13)—(15),

Pi(t) < P(t,x) < Py(t) ae. on [0,w]\ {71, ..., Tmo}, = €R", (17)

Ju < J(m,z) < Jy for zeR™ (I=1,...,mp) (18)

hold, where P € Car®([0,w] x R", R™*") P, € L([0,w],R™*"), J; € R™" (i =1,2; 1 =1,...,mq);
0 Cs([0,w],R™; Tyyy) — R™ and £y = C([0,w],R™; Ty, ) — R are, respectively, a linear continuous
and a positive homogeneous operators; o € Car([0,w] X Ry, Ry) and f € C(Tp, % [0,w],Ry) are
the functions, nondecreasing in the second variable, and ¢; € C(R,R") is a vector-function such
that condition (16) holds. Let, moreover, condition (4) hold and problem (5),(6);(7) have only the

trivial solution for every matriz-function A € L([0,w],R"*™) and constant matrices G; € R™"*™
(I=1,...,mg) such that

Pi(t) < A(t) < Pa(t) a.e. on [0,w]\ Ty, = € R, (19)
Ju<G < Jy for xeR” (I=1,...,mp). (20)

Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution, then it is correct.

Remark 4. Theorem 3 is interesting only in the case where P ¢ Car([0,w] x R™ R™*™), because the
theorem follows immediately from Theorem 2 in the case where P € Car([0,w] x R™ R"*™),

Theorem 4. Let conditions (15),

|f(t,2) = P(t) x| < Q(t) [z + q(t, [|z]]) a.e. on [0,w]\ T, z€R™, (21)
|I;(z) — Jyz| < Hy|z| + h(m, ||z||) for z € R™ (I=1,...,mp) (22)

hold, where P € L([0,w],R"*"), @ € L([0,w],R}*™), J; € R™™™ and H; € R}*™ (I = 1,...,mp)
are the constant matrices, £ : Cs([0,w],R™; T),)) — R™ and £y : Cs([0,w],R™;T,y,) — R are,
respectively, a linear continuous and a positive homogeneous operators; q € Car([0,w] x Ry, R")
and h € C(Tm, x Ry;RY ™) are the vector-functions, nondecreasing in the second variable, and
(1 € C(R,RY) is a vector-function such that the condition

1 « mo
lim — ([[ti(p)|| + [ llg(t, p)lldt+ > (7, p)] ) =0 (23)
( 1(p 0/ q(t,p ; 1,p )

p—+oo p

holds. Let, moreover, the conditions

det(Insn +J1) 0 (I=1,...,mp) (24)
[H | | (Inxn +J) M <1 (G=1,2; 1=1,...,my) (25)
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hold and the system of impulsive inequalities

‘7—P ’<Q t)z a.e. on [0,w]\ Ting, (26)
|x(7’l+) —z(n—) — Jll‘(’fl)| < Hlz(n)| (=1,...,mo) (27)

have only the trivial solution satisfying condition (7). Then problem (1),(2);(3) is solvable. If,
moreover, the problem has a unique solution, then it is correct.

Corollary 1. Let the conditions

|f(t,2) = P(t)z| < q(t,||z]]) a.e. on [0,w]\Tp,, = €R", (28)
|I(7,z) — Jiz| < h(m, ||z]]) for x € R™ (I=1,...,mg), (29)
2(0) + z(w) — £(2)] < li(||lzlls) for z € BV([0,w],R") (30)

hold, where P € L([0,w],R™"*™), J; € R™™™ (I = 1,...,mq) are the constant matrices satisfying
condition (24), £ : Cs([0,w], R™; T)) — R™ is the linear continuous operator; q € Car([0,w] xRy, R"})
and h € C(Tm, x R;RY ™) are the vector-functions, nondecreasing in the second variable, and
(1 € C(R,RY) is a vector-function such that condition (23) holds. Let, moreover, the problem

% =Pt)x a.e. on [0,w]\ T, (31)
z(n+) —x(n—)=Jz(n) (I=1,...,mp); (32)
(x) = 0. (33)

have only the trivial solution. Then problem (1), (2);(3) is solvable. If, moreover, the problem has a
unique solution, then it is correct.

Remark 5. Let Y = (y1,...,y,) be a fundamental matrix, with columns yi,...,y,, of system
(31), (32). Then the homogeneous boundary value problem (31), (32); (33) has only the trivial solution
if and only if

det(¢(Y)) # 0, (34)
where £(Y) = (U(y1), ..., 4(yn))-

If the pair {P; {J;};"% } satisfies the Lappo-Danilevskii condition, then the fundamental matrix Y’
(Y(0) = L,xn) of the homogeneous system (31), (32) has the form

Y (t) = exp (]P(T) dT) - T Gnsen +20)-
0

o< <t

Theorem 5. Let the conditions

’f(t,x)—f(t y) — y)’ﬁ )z —y|l ae on [0,w]\ Th,, z,y€R" (35)
|I(Tl, —I(m, ) y)| < l|x—y| for x,y e R™ (k=1,...,myp), (36)
|2(0) = y(0) + 2(w) — —y) <t ) for z,y € BV([0,w],R")

hold, where P € L([O,w],R"X”), Q < L([O,w],RiX”), Jy € R™*™ and Hy € RY™ (1 = 1,...,my)
are the constant matrices satisfying conditions (24) and (25), ¢ : Cy([0,w],R™;T},,) — R™ and
by : Cs([0,w], R™ T)y) — R are, respectively, linear continuous and positive homogeneous contin-
uous operators. Let, moreover, problem (26),(27);(7) have only the trivial solution. Then problem
(1),(2);(3) is correct.

Corollary 2. Let there exist a solution x° of problem (1),(2);(3) and a positive number r > 0 such
that the conditions

|f(t,2) = f(t.2°(1)) - P(t)( —2°(t)| < QW)w —2°(M)| a.a. [0,w]\ Ty, [z —2"(B)] <1,
(i, @) = I(m, 2" () = Ji - (@ — 2" (n))| < Hiw — 2(n)| for |lz —a®(n)| <r (I=1,...,mo),
0 0

|z(0) (0)+ z(w) — 2’ (w) — Lz — 2°)| < 0 (|x — 2°]) for z € U(2"r)
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hold, where P € L([0,w],R"*"), Q € L([0,w],R}*™), J; and H; € R™™ (I = 1,...,mq) are
the constant matrices satisfying conditions (24) and (25), £ : Cs([0,w],R™;T),) — R™ and ¢* :
Cs([0,w], R™; Tp) — R are, respectively, linear continuous and positive homogeneous continuous
operators. Let moreover, the system of impulsive inequalities

’Eip ‘<Q iz a.e. on [0,w]\ Ty,

}x(Tl-i-)—l‘(Tl_)_Jl' (l)’SHl' z(n) (I=1,...,mo)

have only the trivial solution under the condition |¢(x)| < £*(|z|). Then problem (1), (2);(3) is (z%;7)-
correct.

Corollary 3. Let the components of the vector-functions f and I (I = 1,...,n) have partial derivatives
by the last n variables belonging to the Carathéodory class Car([0,w] x R™ R™). Let, moreover, z° be
a solution of problem (1), (2);(3) such that the condition

det(nxn"'Gl( (l)))?éo (l:1,...,m0)
hold and the system

d
dfatc = F(t,z°(t))x almost everywhere on [0,w]\ Trn,,
x(n+) —x(n—) = G (2°(n)) - 2(n) (I=1,...,mp);
l(x) =0,
where F(t,z) = % and Gi(z) = 81[ , have only the trivial solution under condition (3). Then

problem (1), (2); (3) is (z%;r)-correct for any sufficiently small r.

In general, it is rather difficult to verify condition (34) directly even in the case if one is able to
write out the fundamental matrix of system (31), (32);(33). Therefore, it is important to seek for
effective conditions which would guarantee the absence of nontrivial w-antiperiodic solutions of the
homogeneous system (31), (32); (33). Below, we will give the results concerning the question. Anal-
ogous results have been obtained in [2] for the general linear boundary value problems for impulsive
systems, and in [12] by T. Kiguradze for the case of ordinary differential equations.

In this connection, we introduce the operators. For every matrix-function X € L([0,w], R™*™) and
a sequence of constant matrices Y, € R™*" (k=1,...,mp) we put

[(X,Yl,...,YmO)(t)]O:In for 0 <t<w,
(X, Y1, Vi) (0)], = Onxen (i =1,2,...),
t

(X Y1, Vo) (D] /X (X, Y1,..., Y, )(7)], dr
0
+ > Y [(X Y, Yo ) ()], for 0<t<w (i=1,2,...). (37)

o< <t

Corollary 4. Let conditions (28)—(30) hold, where

0= [aci
0

P e L([0,w],R™*™) J, € R™*" (I = 1,...,mq) are the constant matrices satisfying condition (24),
L e L([0,w],R"*™); g € Car([0,w] x Ry,R%) and h € C(Tp, x Ry ;RE™) are the vector-functions

nondecreasing in the second variable, and ¢; € C(R,R%) is a vector-function such that condition (23)
holds. Let, moreover, there exist natural numbers k and m such that the matriz

k-1 ¢

My = —Z/dﬁ(t) P T T ()],

=07
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is monsingular and
r(Mym) <1, (38)

where the operators [(P, Ji, ..., Jme)()]i (¢ =0,1,...) are defined by (37), and

Mk,m = [(|P|7 |J1|a IR |Jm0|)(w)}m

—

m—

3 T0PL AL s g D], [ VLT L0 TIPLIAL - [ D,

1=

Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.

Corollary 5. Let conditions (28)—(30) hold, where
no

(x) = Zﬁjx(tj), (39)
j=1

P e L([0,w],R™™), J; € R™™™ (I = 1,...,mq) are the constant matrices satisfying condition (24),
tj € [0,w] and L; € R™™ (j =1,...,n9), L € L([0,w],R"*™), £ : Cs([0,w],R"; T}p,) — R™ is the
linear continuous operator; q € Car([0,w] x Ry, R?) and h € C(Tm, x Ry;RE*™) are the vector-
functions nondecreasing in the second variable, and ¢ € C(R,R") is a vector-function such that
condition (23) holds. Let, moreover, there exist natural numbers k and m such that the matriz

no k—1

My, = ZZ@ (P, 1oy T ) ()]

j=114=0

is nonsingular and inequality (38) holds, where

My = [(IP1 115 o) (@)
m—1 70
(0 TUPL L - W ma )@, ) S 1M 5l [P - 1 ) (8]
i=0 j=1

Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.
Corollary 5 for £k =1 and m = 1 has the following form.

Corollary 6. Let conditions (28)—(30) hold, where the operator £ is defined by (39), P € L([0, w], R"*™),
Jp€ R™™ (I = 1,...,mq) are the constant matrices satisfying condition (24), t; € [0,w] and
L; e R (j=1,...,n0); ¢ € Car([0,w] x Ry, R%) and h € C(Trn, x Ry;RY*™) are the vector-
functions, nondecreasing in the second variable, and £, € C(R,R"}) is the vector-function such that
condition (23) holds. Let, moreover,

)

det (Zﬁj) #0 and r(LoAp) < 1,

j=1

where

mo

no _ no “
Lo= T +|(2£5) " | 21651 and Ao = [1P@]dt+ Y 1.
j=1 j=1 5 =1

Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.
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Remark 6. If the pair {P;{J;};"%} satisfies the Lappo-Danilevskii condition, then condition (34)
has the forms

w t

det (O/dﬁ(t) - exp <O/P(T) d7> ] Tnxn +Jl)> 0,

o< <t

det (iLj exp <7P(7‘) dT) - I osn + Jl)> 40

0§T1<tj
for the operators ¢ defined, respectively, in Corollary 4 and Corollary 5.

By Remark 2, in the case if £(x) = z(0) + x(w) and £y(z) = 0, the results given above have,
respectively, the following forms.

Theorem 2'. Let conditions (13) and (14) hold, where the pair (P,J) satisfies the Opial w-antipe-
riodic condition; a € Car([0,w] x Ry, Ry) is a function, nondecreasing in the second variable, and
B € C(Th, % [0,w],Ry) is nondecreasing in the second variable function such that

i % ( O/ a(t, p) dt + ; B(mi, p)) =0. (40)

Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution, then it is cor-
rect.

Theorem 3'. Let conditions (13), (14), (17), (18) and (40) hold, where P € Car®([0,w] x R™ R"*"),
P e L([0,w],R™™), Jy € R™™ (i =1,2; 1 =1,...,mgp); o € Car([0,w] x Ry,Ry) is a function,
nondecreasing in the second variable, and B € C(Tp,, X [0,w],R4) is nondecreasing in the second
variable function. Let, moreover, condition (4) hold and problem (5), (6);(3) have only the trivial so-
lution for every matriz-function A € L([0,w], R"*™) and constant matrices G; € R™*" (I =1,...,mg)
satisfying conditions (19) and (20). Then problem (1), (2);(3) is solvable. If, moreover, the problem
has a unique solution, then it is correct.

Theorem 4'. Let conditions (21) and (22) hold, where P € L([0,w],R™"™), Q € L([0,w], R}*"),
Ji € R™ and H; € RY™ (I = 1,...,mq) are the constant matrices satisfying conditions (24) and
(25), ¢ € Car([0,w] x Ry, R%), and h € C(Tm, x Ry;RY*™) are the vector-functions, nondecreasing
in the second variable, such that

1 w mo

lim — to)ldt+ 3 |h(m, —0. 41

Jim 2 ([ lateol > i 2 (a)
o =

Let, moreover, the system of impulsive inequalities (26), (27) have only the trivial solution satisfying

condition (3). Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution,

then it is correct.

Corollary 1'. Let conditions (28),(29) and (40) hold, where P € L([0,w],R™*™), J, € R™*"
(I =1,...,mg) are the constant matrices satisfying condition (24), ¢ € Car([0,w] x Ry, R%}) and
h € C(Tp, x Ry;RY*™) are the vector-functions, nondecreasing in the second variable. Let, more-
over, problem (31),(32), (3) have only the trivial solution. Then problem (1), (2);(3) is solvable. If,
moreover, the problem has a unique solution, then it is correct.

Theorem 5'. Let conditions (35) and (36) hold, where P € L([0,w],R"*™), @ € L([0,w],R}*™),
Jy € R™™ and Hy € RI™ (I =1,...,mq) are the constant matrices satisfying conditions (24) and
(25). Let, moreover, problem (26), (27);(7) have only the trivial solution. Then problem (1), (2);(3)
18 correct.

Corollary 5. Let conditions (28),(29) and (41) hold, where P € L([0,w],R™*™), J, € R"*" (] =
1,...,mg) are the constant matrices satisfying condition (24); q € Car([0,w] x R, R%}) and h €
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C(Timy x Ry RY*™) are the vector-functions, nondecreasing in the second variable. Let, moreover,
there exist natural numbers k and m such that the matriz

k-1

M= [(P.Jr. o Jmy)(w)],

i=0
is nonsingular and inequality (38) holds, where
Mk,m = [(|P|7 |Jl|1 ceey |Jmo|)(w):|7n

m—1

+ (2 LOPL - g D @] M - [P - oo ) ()]

i=0
Then problem (1), (2); (3) is solvable. If, moreover, the problem has a unique solution, then it is correct.
Corollary 5’ for k = 1 and m = 1 has the following form.

Corollary 6'. Let conditions (28),(29) and (41) hold, where P € L([0,w],R™*™), J, € R"*" (] =
1,...,mg) are the constant matrices satisfying condition (24); q € Car([0,w] x R, R%}) and h €
C(Tim, x Ry RY™) are the vector-functions, nondecreasing in the second variable. Let, moreover,

where
Ay :/|P(t)|dt+Z|Jl|.
0 =1

Then problem (1), (2);(3) is solvable. If, moreover, the problem has a unique solution, then it is
correct.

Remark 7. In the conditions of Corollary ', if the pair {P; {.J;}," } satisfies the Lappo-Danilevskii
condition, then condition (34) has the form

det (Inxn + exp (/P(T) dT) . ﬁ(Ian + Jl)) # 0.
5 =1

The analogous questions are investigated in [7] for system (1), (2) under the general nonlinear
boundary condition h(z) = 0, where h : C([0,w],R™; T,,,) — R™ is a continuous vector-functional,
nonlinear, in general. The results given in the paper are the particular cases of the results obtained

in [7] for h(z) = 2(0) + z(w).
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