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Abstract. We discuss the existence of solutions to the implicit fractional differential equation “D*u =
F(t,u, e, DPu, “D*u) satisfying nonlocal boundary conditions. Here 1 < 8 < o < 2, f is continuous
and D is the Caputo fractional derivative. The existence results are proved by the Leray—Schauder
degree method.*
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1 Introduction

Let T > 0 be given, J = [0, T}, ||z|| = max{|z(t)| : t € J} be the norm in C(.J), while ||z||; = ||z||+|«’|
is the norm in C*(J).

In accordance with [12,13], let M be the set of (generally nonlinear) functionals ¢ : C'(J) — R
which are

(i) continuous, ¢(0) =0,
(ii) increasing, that is, z,y € C(J), z(t) < y(t) for t € J = ¢(z) < ¢(y).

Examples of functionals belonging to the set M were given in [12,13].
We are interested in the implicit fractional differential equation

Du(t) = f(t,u(t),u'(t), Du(t), Du(t)), (1.1)

where 1 < B < a < 2, f € C(J x R*) and D denotes the Caputo fractional derivative. Further
conditions on f will be specified later.
Together with (1.1), we consider the nonlocal boundary condition

w(0) =u(T), ¢(u)=0, ¢ M. (1.2)

Example 1.1. The special cases of (1.2) are the boundary conditions:

2(0) =0, 2(T) = 0;

2(0) = () = a(T), where & € (0,T);
2(0) = 2(T), min{z(t): te J} =0;
2(0) = 2(T) = — max{z(t) : t € J}.

Definition 1.1. We say that u : J — R is a solution of equation (1.1) if v/,“D*u € C(J) and u
satisfies (1.1) for ¢ € J. A solution u of (1.1) satisfying condition (1.2) is called a solution of problem
(1.1), (1.2).

If x,°D%x € C(J), then it is not difficult to verify that “DPz(t) = I*~#D%x(t) for t € J. Hence,
if u is a solution of equation (1.1), then the equality
Du(t) = f(t,ult), v (t), I*PD(t), Du(t)), t € J,
holds, that is, w = “D*u satisfies the equality
w(t) = f(tult),w (t), I* Pw(t),w(t)) forte J. (1.3)
The special case of equation (1.1) (for « = 2, a € C(J), f(t,z,y,v,2) = a(t)v + f1(t,z,y,2)) is
the implicit generalized Bagley—Torvik fractional differential equation
u” (t) = a(t)DPu(t) + f(tu(t), ' (t),u" (t)). (1.4)

For more details on the generalized Bagley—Torvik fractional differential equation one can see [13-15]
and the references therein.

We recall the definitions of the Riemann—Liouville fractional integral and the Caputo fractional
derivative [8,9,11].

The Riemann—Liouville fractional integral I7x of order v > 0 of a function = : J — R is defined as

t

— g1
Iz(t) = /(tr(i)x(s) ds,
0

where I is the Euler gamma function. I° is the identical operator.
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The Caputo fractional derivative D7z of order v > 0, v € N, of a function = : J — R is given as

N e N P
Dra(t) = @/ I'(n—7) (x(s) a kz—o k!
0 —

=
»
e
~—
[N
)

where n = [y] + 1, [y] means the integral part of the fractional number ~. If v € N, then DYz(t) =
()
X .
In particular,

2 [ _ gl
Drx(t) = d /u (z(s) — z(0) — 2'(0)s) ds

Tda2 ) T@2-7)
0
d2 2_,), !/

It is well known that I7 : C(J) — C(J) for v € (0,1); I"I*a(t) = I"tra(t) for x € C(J) and
Y, € (0,00); DIVx(t) = x(t) for x € C(J) and v > 0; if 2,°D7z € C(J) and v € (0,1), then
"DV (t) = z(t) — x(0).

The boundary value problems for implicit fractional differential equations were considered in the
papers [1,2,4-6,10] and the references therein. For instance, the problem

Du(t) = f(t,u(t), D*u(t)), a € (0,1],
Z aku(tk) = Up
k=1

was discussed in [6], while the problem

Du(t) = f(t,u(t), D*u(t)), ac(1,2],
w(0) = ug, u(T) =1

was considered in [4].

The aim of this paper is to discuss the existence of solutions to problem (1.1), (1.2). The existence
result is proved by the following procedure. We first show that for each x € C'(J) there exists a
unique solution w € C(J) of the equation w = f(t,z(t),s'(t), [* Pw,w). Then we put w = Fz and
obtain an operator F : C1(J) — C(J) and prove that if u is a solution of the problem ‘D%u = Fu,
(1.2), then w is a solution of problem (1.1), (1.2). In order to prove that this problem has a solution,
we introduce an operator @ : C1(J) x R — C!(J) x R having the property that if (u,c) is its fixed
point, then w is a solution of problem “D%u = Fu, (1.2). The existence of a fixed point of Q is proved
by the Leray—Schauder degree method [7].

We work with the following conditions on the function f in (1.1).

(Hy) There exist positive constants Ly and L such that

LlTaiﬁ

A= Ta-g1D

+ Ly <1

and the estimate
|f(t, 2, y,v1,21) — F(t, 2,y v2,22)| < Lifvy — va| + Lo|21 — 22
is fulfilled for ¢ € J and z,y,v;,2; € R.
(Hz) There exist p, u € (0,1) and A > 0 such that

|f(t,2,y,0,0)] < A(1+ |z]” + [y|*) fort e J, z,y eR.
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(Hs) There exist positive constants A, B and C such that

|f(t,2,9,0,0)] < A+ Blz|+ Cly| fort e J, z,y € R.

The paper is organized as follows. In Section 2, an operator F is introduced and its properties are
given. In Section 3, the operators Q, K and H are defined and their properties are stated. The main
existence results for problem (1.1),(1.2) are given and proved in Section 4. Examples demonstrate
our results.

2 Operator F and its properties
Keeping in mind (1.3), we need the following result.
Lemma 2.1. Let (Hy) hold and let x € C*(J). Then there exists a unique solution w of the equation

w= f(t,x(t),2'(t), [*Pw,w) (2.1)
in the set C(J).
Proof. Let an operator S : C(J) — C(J) be defined as

(Sw)(t) = f(t,2(t), 2 (), I*Pw(t), w(t)).
We show that S is a contractive operator. To this end, let wy,ws € C(J). Then
[(Sw)(®) = (Sw2)(t)] = | £ (8, 2(t), 2/ (0), 1 Fwn(£), w1 (1)) = F(t,2(8), ' (6), I P (t), wa(t))|
< La| 1% P(wi () = wa(1))] + Lafwi (t) — wa(t)]
LT 8

“T@-p+1D)
< Ale —’LUQH, te

w1 — wal| + Lallwi — w2

In particular,
[Sw1 = Swal| < Alwy — wa.

Due to A < 1, the operator S is contractive and therefore there exists a unique fixed point w of S. It
is clear that w is a unique solution of (2.1) in C(J). O

By Lemma 2.1, for each x € C1(J) there exists a unique solution w € C(J) of equation (2.1). We
put w = Fz and obtain an operator F : C1(J) — C(T) satisfying

(Fzx)(t) = f(t,x(t),a:’(t),]o‘fﬁ(fx)(t), (Fz)(t)) fort € J and z € C'(J). (2.2)
The properties of F are collected in the following result.

Lemma 2.2. Let (Hy) hold. Then F : C1(J) — C(J) is a continuous operator and

| Fz| < max {|f(t,2(t),2(t),0,0)| : t€ J}, =€ C'(J). (2.3)

1
1-A
Proof. Let {x,} C C'(J) be a convergent sequence and let x € C'(J) be its limit. Let (for t € J,
n € N)

du(t) = f(t, 2 (t), 2, (1), I* P Fa(t), Fa(t)) — f(t,x(t), 2 (t), [* P Fa(t), Fa(t)).
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Then lim ||d,| = 0. It follows from the relation (see (2.2))
n—oo

| Fan(t) — Fa(t)| < ‘ £t n(t), 2y (8), 1B Fan (t), Fan(t)) — f(t,xn(t),x;(t),fa—ﬁfx(t),fxn(t))‘

[t 0), 20, 128 Flt), Faoa(t)) = (6,2 (0), 23, (6), 120 Fa(t), Fa(t))|

+ |dn(t)]
< Ly |12 (Fan(t) — Fao(t))| + Lo | Fan(t) — Fz(t)] + |da(t)]
LlTaiﬂ
< (== _
< (5 Y + L2 ) | Fan — Fall + ldull, teJ, neN,
that
|Fz, — Fz|| < A||Fz, — Fz| + ||dn]|, n€N.
Therefore |
_ < n
|Fan — Fz|| < 1A n €N,

and so lim ||Fz, — Fz| = 0. Hence F is continuous.
n—oo

It remains to prove that estimate (2.3) is valid. Let € C1(J). Then (2.2) and (H;) give

|Fz(t)] < |f(t,x(t)w’(t),Io‘_ﬂ]—"m(t)7.7-'x(t)) — f(t,x(t),x’(t),o,fx(t))’

< Ly|[I1°7PFa(t)| + La| Fa(t)| + | f(t, (1), 2/ (t),0,0)]
< Al|Fzx|| + |f(t,x(t),2'(t),0,0)], te

In particular,
[Fz| < Al Fz|| + max {|f(t, z(t),2'(t),0,0)| : t € J}

and (2.3) follows. O

3 Auxiliary results
We investigate the fractional differential equation
Du(t) = (Fu)(t). (3.1)
The following result gives the relation between the solutions of problems (3.1), (1.2) and (1.1), (1.2).

Lemma 3.1. Let (Hy) hold. If u is a solution of problem (3.1), (1.2), then u is a solution of problem
(1.1),(1.2).

Proof. Let u be a solution of problem (3.1), (1.2). In view of (2.2), we see that
D(t) = f(t,u(t),u’(t),]"_’BCDau(t), ‘Du(t)) fort e J.

Hence u is a solution of equation (1.1), because I*~#°D% = “DPu. Since u satisfies the boundary
condition (1.2), u is a solution of problem (1.1), (1.2). O

In order to prove that problem (3.1), (1.2) has a solution, we introduce an operator Q : C*(J) xR —
C1(J) x R by the formula

Q) = (e + I°(Fa)(t) = I(F)D)] . e+ (),

where ¢ is from (1.2).
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Lemma 3.2. Let (Hy) hold. If (z,c) is a fized point of the operator Q, then x is a solution of problem
(3.1), (1.2) and ¢ = z(0).

Proof. Let (z,¢) be a fixed point of Q. Then
2(t) = c+ I*(Fa)(t) - %I“(]—'x)(t)  ted (3.2)
o(x) = 0. (3.3)
It follows from (3.2) that x(0) = ¢, z(T) = ¢, z € C*(J) and
Dex(t) = DYI(Fx)(t) = (Fx)(t), te
These facts together with (3.3) imply that z is a solution of (3.1), (1.2) and ¢ = z(0), O

Lemmas 3.1 and 3.2 show that for the solvability of problem (1.1), (1.2) we need to prove that the
operator Q admits a fixed point. Really, if (z,¢) is a fixed point of Q, then z is a solution of (1.1),
(1.2). To this end, we first define an operator K : C*(J) x R x [0,1] — C*(J) x R as

’C(ZL’, c, A) = (670 + ¢(SC) + (>‘ - 1)(;5(71’))

Let
Q= {(z,0) eCY(J) xR |z[y <M, || < M}.

where M is a positive constant.
Lemma 3.3. The relation
deg(Z — K(-, -,1),91,0) #0
is valid, where “deg” stands for the Leray—Schauder degree and T is the identical operator on C*(J)xR.
Proof. Tt is not difficult to show that K is a completely continuous operator and since
K(=,—¢,0) = (—¢,—c + d(—a) — 6(x)) = —(esc+ 6(x) — d(—a)) = —K(x,c,0)

for z € C*(J) and c € R, K(+, -,0) is an odd operator.
Assume that K(x,c,\) = (x,¢) for some (x,c) € C1(J) x R and X € [0,1]. Then

x(t)=c, teJ, (3.4)
o(z) + (A =1)g(—z) =0. (3.5)

In view of (3.4), it follows from (3.5) that ¢(c) + (A — 1)¢(—c) = 0. If ¢ # 0, then properties (i) and
(ii) of ¢ € M give ¢(c)p(—c) < 0, which contradicts ¢(c) + (A — 1)¢(—c¢) = 0. Hence ¢ = 0, and
so x = 0. We have proved that K(z,c,\) # (z,¢) for (z,¢) € 9Q; and A € [0,1]. By the Borsuk
antipodal theorem and the homotopy property,

deg (I K(-, +,0),01,0) £0,
deg (Z—K(-,,0),94, )zdeg(I—lC(~,~,1),Ql,O).
Combining these relations we give the conclusion of Lemma 3.3. O
Finally, let an operator H : C1(J) x R x [0,1] — C*(J) x R be defined as
H(z,c,\) = (Hi(z, e, N), Ha(z, 0)),
where H1 : C1(J) x R x [0,1] — C*(J), Ha(x,c) : CH(J) x R = R,

Hi(z, e, \)(t) = ¢+ A(I“(fw)(t) - %I‘X(”)(“L:T)’
Hao(z,c) = c+ ¢(x).
It is clear that
H(z,c,0) = K(x,¢,1), H(z,e,1) = Q(z,¢) (3.6)

for (z,¢) € C1(J) x R.
The following result states that H is completely continuous.
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Lemma 3.4. Let (Hy) hold. Then H is a completely continuous operator.

Proof. Step 1. H is continuous.
Let {x,} € CY(J), {c.} C R, {\,} C [0,1] be convergent sequences and let le |zn — 2|1 = 0,
lim ¢, =c, ILm An = A\, where z € C1(J), c € R, A € [0,1].

n—o0

By Lemma 2.2, lim ||[Fz, — Fz| = 0. Since
n—0o0

e t a o i o
19(Fan)(t) = 7 1°(Faa) ()| = 1°(F2)(O) + = *(Fo)(t)]
[—s [T =g a1
t—s)" —8)* @
< - A7 < -
< || Fan fx”(/ e d5+/ Ta) >ds S Tlat D) | Fxy, — Fl
0 0
and
1Y Faa) (1) — = 1°(Fan)(t)| _ — 177 (Fa)) + 1 1°(Fa)(t)|
T t=T T t=T
(=92 1 [(T—s\ Tl 1
t—s)*" —8)¥~ o—
< — — — < 14+ = _
< | Fan ]-':c||(/ ol ds+T/ = >ds_ F(Q)( + 2|1 Fan — Fal,
0 0
it is easy to verify that lim ||Hi(@n,cn,An) — Hi(z,¢,A)|[1 = 0. This fact together with
n— 00
lim Ha(wp,cn) = Ha(z,c) gives lim H(xp,cn,An) = H(z,c,A) in C1(J) x R. Hence H is con-
n—00 n—oo
tinuous.

Step 2. H takes bounded sets into bounded sets.

Let U C C1(J) and ¥V C R be bounded, ||z||; <V for x € U, |c| <V for ¢ € V, where V is a
positive constant. Then My = sup{|f(¢,z(t),2'(¢),0,0)| : t € J, x € U} < oo. In view of (2.3), we
have | Fz|| < M for x € U, where M = M7 /(1 — A). Hence (for u e U, c €V, A€ [0,1],t € J)

t T

_Safl _sa,1 o
Y%@&JW)SV+M</“F&)(E+/Gj)m)gv+éffn,
0

0

t T
%Hl(:v,c,A)(t)’ SM(/Mder;/st) < Mrf:) (1+é),
0 0

and therefore

[Hi(z, e, N[l <V + (3.7)

(e

Due to the properties (i) and (ii) of ¢ and =V < z(t) < V for t € J, x € U, we see that ¢(=V) <
¢(x) < $(V), and therefore

(07

[Ha(z,c)| =|c+¢(x)| <W foruecl,ceV, (3.8)

where W =V 4 max{|¢(—V)|, ¢(V)}.
From (3.7) and (3.8) we conclude that H maps U x V x [0,1] into a bounded set in C*(J) x R.

Step 3. For each bounded U C C1(J) the family {I*~(Fz): z € U} is equicontinuous on J.
Let U be a bounded set in C*(J). As in Step 2, ||Fz| < M for x € U, where M > 0. Let x € U
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and 0 <ty <ty <T. Then

t1

1Y (Fa)(t )|t -1 Y Fx)( |t " ‘/m(fx)(s)ds—/m(fm)(s)ds
0
b 9 , oo Jyam?
‘ / : a_(tll) S (Fa)(s) s+ / (t;(a_) 5 (Fa)(s)ds
0 t

t1 to
(tl _ S)a—Q _ (tg _ 5)04—2 / (t2 _ S)a—Z
<M d ————d
= (/ Tla—1) T Ta-n ¢
0 t
M 2M
= s (T A~ 0) T ) < S (e - 1)
F(a)(l +2(ty — 1) 2 F(a)(2 1)
Since t*~! is a continuous function on J, we see that the family {I*~!(Fx) : = € U} is equicontinuous
on J.
To summarize, H is continuous by Step 1 and it follows from Steps 2 and 3 and the Arzela-Ascoli
theorem that H; is relatively compact in C*(J). Besides, (3.8) implies that H, is relatively compact
in R. Consequently, H is completely continuous. O

The following two results give bounds for fixed points of H.

Lemma 3.5. Let (Hy) and (Hz) hold. Then there exists S > 0 such that the estimate

lzlh < S, e < S, (3.9
holds for fized points (x,c) of the operator H(-, -, \) with X € [0,1].
Proof. Let H(z,c,\) = (z,c¢) for some (z,c) € C*(J) x R and X € [0,1]. Then

#(t) = e+ A(I*(Fa)(t) - %I Fa|_ ). tes (3.10)
b(2) = 0. (3.11)
By (H>),
[Flt,2(0),2/(8),0,0)] < AL+ 207 + &' (OF) < AL+ [all{ + al{), ¢ .
and therefore (see (2.3))
(ol < AQH LI+ lelt) 512)
Due to (3.11), we have 2(€) = 0 for some € € J [12]. Hence (3.10) gives
c= —/\(Ia(]-"a:)(t)‘tzg - %1& (]-"x)(t)’t:T>,

and therefore

Then

_safl ‘ _Safl 1z _Safl Y
lz(t)] < ||Fz|(/%ds+/%ds+/%ds> < %H}'xﬂ,
0 0

T
1 [ (T—-s)"! To-1 1
< — ~ 7 < il
|2/ (t)] |]-'x||</ e ds+T/ T ds) <T@ (1+Q)H}'x||7 teJ
0 0
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In particular,

3T« 7ot 1
< — N < 1+ — .
ol < gy el 1l < gy (14 5) 17l
Hence 1
T 3T +1
< .
el < Frgy (1 =5 =) 1721 (3.13)
and (see (3.12)))
el < K (1+ Il + ll2]1), (3.14)
where .
AT~ 3T +1
K= 1 .
(1—A)F(a)( =)

Since (note that p,p € (0,1)) lim 7T = 00, there exists S > 0 such that
vV— 00

ROForor)
v>K(1+v”+0") forallv> 6.

The last inequality together with (3.14) gives ||z|; < S. In view of ¢ = z(0), we get |c| < S. Since S
is independent of x, ¢, A, estimate (3.9) follows. O

Lemma 3.6. Let (Hy) and (H3) hold and let

(B+C)T>t <1+3T+1) 1

V=AW

Then the estimate
lz]l1 < S1, |e| < 51,

holds for fized points (x,c) of the operator H(-, -, \) with X € [0,1], where

AT ! 3T +1

S1 = .
T - AQ - W) (@) ( )

Proof. Let H(z,c,\) = (z,c) for some (z,c) € C*(J) x R and X € [0,1]. Analysis similar to that in

the proof of Lemma 3.5 shows that ¢ = z(§) for some & € J and estimate (3.13) is valid. From (H3)

and (2.3) we have

A+ Bllz| + Cll2"l| _ A+ (B+ O]

<
7o) < SRS < SIS O

and therefore

7! 37 +1 AT>! 37 +1
< 1 A+ (B = 1 .
Il < = xypay (1 =) A+ B+ Ol = = gy (1 =) + Wlells
Hence 1
AT~ 3T +1
1-— <
a=Wllelh < 5= gy ()
which implies ||z||; < S7 and |¢|] < Sy because ¢ = z(0). O

4 The main results and examples

Theorem 4.1. Let (Hy) and (Hz) hold. Then problem (1.1),(1.2) has at least one solution.

Proof. Let S > 0 be from Lemma 3.5 and let

Q={(z,c) e C'(J) xR: |z|ly < S, |c| < S}



Existence Results for Implicit Fractional Differential Equations with Nonlocal Boundary Conditions 129

By Lemma 3.4, the restriction of H to € x [0,1] is a compact operator and Lemma 3.5 shows that
H(z,c,\) # (x,c) for (x,¢) € 9 and A € [0, 1]. Hence it follows from the homotopy property that

deg (Z —H(-,-,0),9,0) =deg (Z —H(-,-,1),9,0).
In view of (3.6) and Lemma 3.3 (for M = S in Q;), we have

deg (Z—H(-,,0),92,0) =deg (T - K(-, -,1),Q,0) #0,
deg (Z—H(-,+,1),92,0) =deg (Z - Q(-, -),2,0),

and so

deg (Z — Q(-, -),©,0) #0. (4.1)
Consequently, there exists a fixed point (u,c) of Q and, by Lemmas 3.1 and 3.2, u is a solution of
problem (1.1), (1.2). O

Theorem 4.2. Let (H;) and (Hs) hold and let W < 1, where W is from Lemma 3.6. Then problem
(1.1),(1.2) has at least one solution.

Proof. Let S be from Lemma 3.6 and let
Q={(z,c) eC'(J) xR: |zl <S1+1, || < S1+1}.

By Lemma 3.6, H(x,c,\) # (z,¢) for (z,c) € 02 and X € [0,1]. Analysis similar to that in the proof
of Theorem 4.1 shows that relation (4.1) holds. Hence there exists a fixed point (u,c) of Q and u is a
solution of problem (1.1), (1.2). O

Example 4.1. Let r € C(J), p,p € (0,1) and k > /2T7*F /T (o — B+ 1). Then the function

1 (z+y)In(l +|z|)

t,r,y,v,z) =r(t x|? K arctan

satisfies condition (H;) for L1 = 1/k?, Ly = 1/2 and condition (H;) for A = max{||r||,7/2,1/k}. By
Theorem 4.1 there exists at least one solution u of the equation

1 (u~+ o) In(1 4+ |“Dul)
k+<Dbfy 24 u? 4+ (u)?

D = r(t) + |u|” + |u'|* arctan u’ + (4.2)

satisfying the boundary condition (1.2).
For instance, if ¢(u) = min{u(t) : ¢ € J}, then there exists at least one solution u of (4.2) fulfilling
w(0) =w(T), min{u(t): te J} =0.

Example 4.2. Let T =1, a = 3/2, 8 € (1,3/2), |k| <T'(5/2 — 8)/4 and r,r1,r2 € C[0,1], ||r1] +
lr2]] < 3+/m/44. Then the function
In(1 +
f(tvxvyvvv Z) = T(t) + Tl(t)x + TQ(t)y + kv + W

satisfies condition (H;) for Ly = |k|, Lo = 1/4 (note that A < 1/2) and condition (Hs) for A = ||r||,
B = |r1]|, C = ||r2]|. Since

(B+O)1! 3T+ 1N 22([|rafl + llr2l) _ 44(lrall + lIr21)
(- A (1+ )= 3L-d)r S 3vF

by Theorem 4.2 there exists at least one solution u of the equation

W= <1

o' In(1 + |D3/2u)

c3/2 c
DY = r(0) + ra(tu+ ol + KD+ =

satisfying the boundary condition (1.2).
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