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Abstract. In this paper, by applying a reversible three-term recurrence formula (R3TRF) (see [13,
Chapter 1]), we construct:

(1) power series expansions in closed forms of the grand confluent hypergeometric (GCH) equation,

(2) its integral forms for an infinite series and a polynomial which makes the leading non-constant
coefficient on the RHS of the recurrence relation terminated,

(3) generating functions for GCH polynomials which makes the leading coefficient on the RHS
terminated.
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1 Introduction

The equation

d*y 2 dy
x@—f—(um’ +5m+u)£+(9$+€w)y—0 (1.1)

is the grand confluent hypergeometric (GCH) differential equation where u, €, v, Q and w are real
or complex parameters [9,11]. The GCH ordinary differential equation is of Fuchsian types with
two singular points: one regular singular point which is zero with exponents {0,1 — v}, and another
irregular singular point which is infinity with an exponent /u. In contrast, the Heun equation
of Fuchsian types has four regular singularities. The Heun equation has four kinds of confluent
forms [20]: (1) confluent Heun (two regular and one irregular singularities), (2) doubly confluent
Heun (two irregular singularities), (3) biconfluent Heun (one regular and one irregular singularities),
(4) triconfluent Heun equations (one irregular singularity).

The BCH equation is derived from the GCH equation by changing all coefficients* [36]. The GCH
(or BCH) equation is applicable in the modern physics [1,21,22,35,37]. The BCH equation appears in
the radial Schrodinger equation with those potentials such as the rotating harmonic oscillator [30], the
doubly anharmonic oscillator [6,7,23], a three-dimensional anharmonic oscillator [17,18,23], Coulomb
potential with a linear confining potential [23,34] and other kinds of potentials [24, 25].

The fundamental solutions of the BCH equation for an infinite series and the BCH spectral
polynomials about x = 0 in the canonical form were obtained by applying the power series expan-
sion [2,15,19,39]. For the case of the irregular singular point x = oo, the three-term recurrence of the
power series in the BCH equation was derived [26,31], and the analytic solution of the BCH equation
was left as solutions of recurrences due to a 3-term recursive relation between successive coefficients in
its power series expansion of the BCH equation.t In comparison with the two term recursion relation
of the power series in a linear differential equation, analytic solutions in closed forms on the three-term
recurrence relation of the power series are unknown currently because of their complex mathematical
calculations.

As is known, there are no examples for analytic solutions of the BCH equation about z = 0
and x = oo in the form of definite or contour integrals containing the well-known special functions
such as o F} or 1 F}, consisting of two-term recursion relation in their power series of linear differential
equations. In place of describing the integral representation of the BCH equation involving only simple
functions, especially for confluent hypergeometric functions, the BCH equation is obtained by means
of Fredholm-type integral equations; such integral relationships express one analytic solution in terms
of another analytic solution [3-5,8,27-29].

2 The GCH equation about a regular singular point at zero

Assume that the solution of (1.1) is

y(z) = Z cnz™ A, (2.1)
n=0

where A is an indicial root. Substitute (2.1) into (1.1). We obtain a three-term recurrence relation for
the coefficients c,,:

Cn+1 = Apcn + Bncp—1, n>1, (22)

*For the canonical form of the BCH equation [36], replace y, ¢, v, 2 and w by —2, =8, 1 + a, v — a@ — 2 and
1/2(6/B8 + 1+ «) in (1.1). For DLFM version ( [32] or [38]), replace p and w by 1 and —g/e in (1.1).

TFor the special case, the explicit solutions of the BCH equation in the canonical form was constructed when one of
the coefficients 8 = 0 [16].
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where

B —e(n+w+A)

An = (n+1+Nn+v+A)’ (2:32)
_ Q4pn—-14N)

Bn = n+1+Nn+v+A)’ (2.:3b)

c1 = Aoco. (2.3c)

We have two indicial roots which are A =0 and 1 — v.

2.1 Power series

2.1.1 Polynomial of type 2

o0
By putting a power series y(z) = Y. c,z"** into a linear ordinary differential equation (ODE), the
n=0

recurrence relation between successive coeflicients starts to appear. In general, the recurrence relation
for a 3-term is given by (2.2) where ¢; = Agco and ¢p # 0. As is known, there are two types of power
series expansions for the two-term recurrence relation in a linear ODE such as a polynomial and an
infinite series. In contrast, there are an infinite series and three types of polynomials in the three term
recurrence relation of a linear ODE:

(1) polynomial which makes B, term terminated: A, term is not terminated, designated as ‘a
polynomial of type 17,

(2) polynomial which makes A, term terminated: B, term is not terminated, denominated as ‘a
polynomial of type 27,

(3) polynomial which makes A, and B,, terms terminated simultaneously.

For n =0,1,2,3,... in (2.2), the sequence ¢, is expanded to combinations of A4,, and B, terms.
It is suggested that a sub-power series y;(z), where [ € Ny, is constructed by observing the term of
sequence ¢, which includes [ terms of A/ s [10]. The power series solution is described by sums of

each y;(z) such as y(x) = > yn(z). By allowing for A, in the sequence ¢, to be the leading term
n=0

of each sub-power series y;(z), the general summation formulas of the 3-term recurrence relation in a
linear ODE are constructed for an infinite series and a polynomial of type 1, designated as ‘three-term
recurrence formula (3TRF).

Similarly, by allowing for B,, in the sequence ¢, to be the leading term of each sub-power series
in a function y(z) [13, Chapter 1], we have obtained the general summation formulas of the 3-term
recurrence relation in a linear ODE for an infinite series and a polynomial of type 2: the term of the
sequence ¢, which includes zero term of B,,’s, one term of B,’s, two terms of B,’s, three terms of
B,.’s, etc. is observed. These general summation expressions are denominated as ‘reversible three-
term recurrence formula (R3TRF).

In general, the GCH polynomial is defined as type 3 polynomial where A,, and B,, terms terminated.
For the type 3 GCH polynomial about z = 0, it has a fixed integer value of €2, just as it has a fixed
value of w. In the three-term recurrence relation, a polynomial of type 3 is categorized as a complete
polynomial. In Chapters 9 and 10 of [14], general solutions in series for the GCH polynomial of type 3
around x = 0 and = oo are constructed.

For type 1, the GCH polynomial about z = 0, pu, €, v and w are treated as free variables and 2 as
a fixed value. In [11,12], the analytic solutions of the GCH equation about the regular singular point
at = 0 are constructed by applying the three-term recurrence formula (3TRF) [10]:

(1) power series expansions in closed forms for an infinite series and a polynomial of type 1,
(2) their integral forms,

(3) generating functions for GCH polynomials of type 1.
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Four examples of the analytic wave functions and their eigenvalues in the radial Schrodinger
equation with certain potentials are presented:

(1) Schrodinger equation with the rotating harmonic oscillator and a class of confinement potentials,

(2

)
(3) the radial Schrodinger equation with confinement potentials,
)

(4

The Frobenius solutions in closed forms and their combined definite and contour integrals of these
four quantum mechanical wave functions are derived analytically.

For the GCH polynomial of type 2 about x = 0, u, €, v and €2 are treated as free variables and w
as a fixed value. In this paper, by applying R3TRF in Chapter 1 of [13], the power series expansions
are constructed in closed forms of the GCH equation about the regular singular point at x = 0 for
an infinite series and a polynomial of type 2. The integral forms of the GCH equation and their
generating functions for GCH polynomials of type 2 are derived analytically. Also, the Frobenius
solutions of the GCH equation about the irregular singular point at = oo by applying 3TRF [10] are
obtained analytically including their integral representations and generating functions for the GCH
polynomials of type 1.

In Chapter 1 of [13], the general expression of a power series of y(z) for a polynomial of type 2 is
defined by

the spin free Hamiltonian involving only scalar potential for the ¢ — ¢ system,

two interacting electrons in a uniform magnetic field and a parabolic potential.

Zyn = yo() +y1(2) +v2(z) +ys(x) + -
o ig—1 ag io—1 ig—1
- { ST A+ 30 { v L4 3 (T A)}

iOZO il 0 ’i():O ’Ll =0 ’LQ Z() ’L3 Z()

%) o ip—1 N-1 ak igp—1

+ Z { Z { io+1 H An H ( Z Bi2k+2k’+1 H Ai2k+1+2k>
N=2 ip=0 i1=0 k=1 dop=tio(k_1) 12k4+1=%2(k—1)
an ion—1
X Z ( H Ai2N+1+2N) } }mlzNJrQN}. (24)
IaN=lg(N-1) 2N+1=%2(N—1)

Here o; < a; only if i < j, where 4, j, a;, o; € Np.
For a polynomial, we need the condition

Aa;42: =0 where 4,0, =0,1,2,.... (2.5)
In this paper, the Pochhammer symbol (z),, is used to represent the rising factorial: (x), = F(Fx(:g)" )

In the above, «; is an eigenvalue that makes A4,, term terminated at certain value of the index n. (2.5)
makes each y;(x) where i = 0,1,2,... as the polynomial in (2.4). Replace «; by w; in (2.5) and put
n = w; + 2¢ in (2.3a) with the condition A, 2; = 0. Then we obtain eigenvalues w such that

w=—(w; +2i+ A).

n (2.3a), we replace w by —(w; + 2¢ + A) and insert it and (2.3b) in (2.4), where the index «; is
replaced by w;. After the replacement process, the general expression of a power series of the GCH
equation for a polynomial of type 2 is given by

y(x) = Zyn = yo0(2) +y1(2) + y2(2) +ys(z) + -

_ - (—wo)io io S (io +Q/p+A) (—wo)ig
“{Z (T Nig (v + V)i | +{Z (o + 2+ Mo 1+ T 1+ N + Vi
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0B+ Ni2+v+ N, 4
8 Z MEESYRCETES VA

11=10

— | < (0 +Q/pu+ ) (—wo)io
+Z{Z (lo+2+N)(io+1+v+X) (T4 N)i(v+ N

n=2 \ i0=0
x"‘l i (ik + 2k + Q/p+ )
B, S et 2k 2+ N+ 2k + T+ v+ )

(_Wk)ik (Qk +1+ >‘)i;%1 (Qk +v+ )\)ik—l }
(_wk)ik—l (2](5 +1+ >\)74k (2k +v+ )‘)Zk

o (—wn)i, 2n 14+ N Cn+v+ N,
n n n in n 9.
D D s S MINE  V r ey VA C (26)

where

n= —&x,

p=—pa?,

w=—(w; +2j+ ) as j,w; € No,

w; <wj; only if ¢ <j where 7,5 € Ny.
Put ¢y =1 as A = 0 for the first kind of independent solution of the GCH equation and as A =1 —v
for the second one in (2.6).

Remark 2.1. The power series expansion of the first kind GCH equation for a polynomial of type 2
about = 0 as w = —(w; + 2j), where j,w; € Ny, is

y(x) = QWf (,U/,E,V,Q,OJ = _(wj + 2])7p = _:u’l‘2777 = —&x

( O)’L zo - (ZO+Q/M) wo)o S 3 (2+V)io i1
71020(1) ()io +{ioz_:o(z'o+2)(20+1+u )io (V)io Z 21, ! }P

(io + /) (=wo)io
+ Z { Z (G0 +2)(io + 1+ v) (1)i,(¥)ig

RS (ik + 2k +Q/p) (—wn)ie (26 + Diy 2k + )iy,
" { 2 G T D2+ 1) (el ChF D G0, }

k=

N (—wn)i, (2n 4 1), (2 i ;
X Z ( w )n( n+ ) n—l( n+ V) n—1 nzn pn. (27)
G (Fwn)i (2t 1), (20 4 v)s,

For the minimum value of the first kind GCH equation for a polynomial of type 2 around x = 0,
we put wg =w; =wy =---=01in (2.7).

y(r) = QWOR<M7€ v,Qw=—2j;p=—pz’,n= —63:)

Q v 1 5
—|—f —— ur ), where — oo <z < 00.

o2 T2 2

&)
As in the above, 1 Fi(a,b,z) = ). EZ;W T

Remark 2.2. The power series expansion of the second kind GCH equation for a polynomial of type
2 about =0 as w = —(w; +2j + 1 — v), where j,w; € Ny, is

y(z) = RW[ (u,e,v,ﬁ,w = —(wj+2i+1—-v);p=—pa’,n= —633)
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— plv - (_Wo)io io
B { 2 Tl
{ Z (lo+1+Q/p—v)  (—wo)i, 3 (—w1)z:1(4 - V)fo (3)1:0 i }p

(io +3—v)(io +2) (2—1)i(1)i

oo wo

(o +1+Q/u—v) (w0
Z Z (lo+3—v)(i0+2) (2—v)i(1)s

0=

{ ’Lk +2k‘—|—1+Q//L— V) (_wk)ik(2k+2_y)ik—l(2k+ 1)ik—1 }
(g +2k+3—v)(ix +2k+2) (—wi)i,_, 2k +2—v);, (2k + 1),

’Lk lk,

(=wn)i, 1 (2n+2=v);, (2n+1);

in

o Z ( wn)zn (27L+2 )1n_1(2n+ ]-)in_l nin}pn}. (28)

Tn=fn—1

For the minimum value of the second kind GCH equation, for a polynomial of type 2 about z = 0,
we put wp =w; =wy =---=0in (2.8).

y(z) = RW(f%(u,s,z/,Q,w = 2§+ 1—-v);p=—pz? n= —em)

=gl 1F1(% — g + %,fg + %,f%,uxz), where — oo < z < 0.

In [11,12], Q is treated as a fixed value and p, €, v, w are treated as free variables to construct the GCH
polynomials of type 1 around « = 0: (1) if Q = —u(28; + j), where j, §; € Ny, an analytic solution of
the GCH equation turns to be the first kind of independent solution of the GCH polynomial of type
1; (2) if @ = —p(2¢; + j + 1 — v) where j,1; € Ny, an analytic solution of the GCH equation turns
to be the second kind of independent solution of the GCH polynomial of type 1.

In this paper, w is treated as a fixed value and p, €, v, Q) are treated as free variables to construct
the GCH polynomials of type 2 around = = 0: (1) if w = —(w; + 2j), where j,w; € Ny, an analytic
solution of the GCH equation turns to be the first kind of independent solution of the GCH polynomial
of type 2; (2) if w = —(w; + 25 + 1 — v), the analytic solution of the GCH equation turns to be the
second kind of independent solution of the GCH polynomial of type 2.

2.1.2 Infinite series

In Chapter 1 of [13], the general expression of a power series of y(x) for an infinite series is defined by

Zyn =yo(z) + y1(x) + y2(x) + ys(z) + - -

. { > (T )+ 3 (B T4 3 (1T Awes) b

i0=0 i1=0 ip=0 i1=0 i2=i0 13=10

[ ) i0—1 N-1 o] tor—1
+ { > {Bi0+1 1T 4. 11 ( > B[] Ai2k+1+2k>
2

N= i9=0 i1=0 k=1 dop=ta(k_1) t2k+1=%2(k—1)
o] ion—1
x Z ( H Ai2N+1+2N) }}$i2N+2N}- (2'9)
12N=lg(N-1) 2N+1=%2(N-1)

Substitute (2.3a)—(2.3c) into (2.9). The general expression of a power series of the GCH equation for
an infinite series about x = 0 is given by

Zyn =yo(z) + y1(x) + yo(x) + ys(z) + - -
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oo

NSRRI i { 20 (w + )i
= 0 +
ot { D YIRSy Z: (T Vo (v + Mg

w+2+)\)“(3+>\)10(2+1/+)\)10 il}
w+2+)\)i0(3+)\)i1(2+u+/\)i1n P

X
gk

- { i 200 (w + 2k + A)i 2k + 1+ N)ip, (2k + v 4+ A4, _,
] (WH2k+ XN, Ck+14+ N, Ck+v+ M),

=tk —1

20+ N (2n+1+4A); (2 Nins i
- (W+2n+ ), 2n+14+N);, ,2n+v+A);, zn}pn}, (2.10)

(wH+2n+A);, _,2n+14+XN);, 2n+v+N);,

in=tn—1

where )
(Zo + Q/M + )\)

(io+2+N(io+1+v+N)’
- (ik +2k+24+ N (i +2k+1+v+ )

Put ¢p= 1 as A = 0 for the first kind of independent solution of the GCH equation and as A =1 —v
for the second one in (2.10).

=) —

Remark 2.3. The power series expansion of the GCH equation of the first kind for an infinite series
about x = 0 using R3TRF is

y( ): QWR(M,E v, Q , Wi p = —Mx27n — _E.,L,)

m i oo (io + Q/ ) Wiy = @+2)5,(3)i(2+ )iy 4,
= Z 77 +{i0§_:0 (io+2)(ig + 14+ v) (1)iy (V)4 Z w ) ) — N }p

+i { = o+ ) (@
n=2 i

= (io +2)(i0 + 1+ v) (1)i, ()i

n—1 i lk—|—2k+Q/,u,) (W+2]€)1k(2k+ 1)ils:—l(2k+1/)ik—l }
5 (i +2k+2) (i + 2k + 14+ v) (w+2k);,_, 2k + 1), _, 2k +v);,

-1

s +2n);, 2n+1);, _,(2n+v); ;
y Z (w n), (2n i1 2R+ 1), zn}p’n (2.11)

(w+ 271)2“71 (2n+1);,_,(2n+v);,

i =tn_1
Remark 2.4. The power series expansion of the GCH equation of the second kind for an infinite
series about x = 0 using R3TRF is
y(z) = RW" (6,0, Q w; p = —pa®,n = —ex)

— gl-v S Mnio
2 B0,

— (o +1+Q/p—v) (W+1-0); = (W+3—1);(4—1);,(3)i,
{Z<io+3—v><z’o+2> CEDROD ~ 1) (3); }p

i0=0 i1=io

(io +3 = v)(io +2) (2= v)iy(1)i,

+i{i (o +1+Q/u—v) (w+1-v),

i (i +2k+14+Q/u—v)
(g +2k+3—v)(ix + 2k +2)

Ip=lk—1
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" (WH+2k+1-v);,2k+2—v);,_,(2k+1);,_, }
(WH+2k+1—-v)_,2k+2—v);,_,(2k+1);,

" i (wH+2n+1-v), Cn+2—-v),, ,2n+1); _, il
(w+2n+1—-v);, _,2n+2—-v);, _,(2n+1);, P

(2.12)

in=1ln—1

It is required that v # 0, —1, —2, ... for the first kind of independent solutions of the GCH equation
for an infinite series and a polynomial. But if it is not the case, its solutions will be divergent. And it
is required that v # 2,3,4, ... for the second kind of independent solutions of the GCH equation for
all cases.

Infinite series in this paper are equivalent to those in [11,12]. In this paper, B, is the leading term
in the sequence ¢, of analytic function y(x). In [11,12], A, is the leading term in the sequence ¢, of
analytic function y(x).*

2.2 Integral representation
2.2.1 Polynomial of type 2

Now I consider the combined definite and contour integral representation of the GCH equation by
using R3TRF. There is a generalized hypergeometric function such as

I = i ( wl)iz(2l+1+>‘)iz 1(2l+1/+)\)1’l 1
R G NN TS TPV CTE 7Y N

oo

i

By jBs (i1 — wy);n"

= . : — 1. 2.13
= (zl_1+21+)\)*1(u-1+21—1+u+A)*1(1)jj!’7 (2.13)
By using integral form of the beta function,
Bij=B(ii_1+20+X\j+1) = /dtl TR (PATA (2.14a)
1
Byj=DB(ii-1 +2l—1+v+N\j+1)= /dul upt RN L ) (2.14b)

0

Substitute (2.14a) and (2.14b) into (2.13) and the result divide by (41 + 2+ X) ({1 +2l =1+ v+ )\).
We get

i

(i—1+ 20+ N7} i (—w)iy 2L+ 14+ X, 2L+v+ )i,
(i1 +2l—1+v+A) (—wi)i_, L+14+ X)L+ v+ M),

=1

1 oo
/dt 2= 1“/d w2 (g ) Z (it 1 — “,” (n(1—t)(1 —w))’. (2.15)
0 i= )i d!
The integral form of the confluent hypergeometric function of the first kind is given by
= T nr exp(—2y)
Z ' P (O[() + ) (7) \%d'[}l — (I—w) . (216)
= )30 T 2wl (e + ) v (1 — )Y

*AsT(1/24v/2—-Q/(2p))/T(1/2+v/2) is multiplied by (2.11), the new (2.11) is equivalent to the first kind solution
of the GCH equation for an infinite series using 3TRF [11]. Again, as (—,u/2)1/2<17") r(1-9Q/(2n)/I'(3/2 —v/2) is
multiplied by (2.12), the new (2.12) corresponds to the second kind solution of the GCH equation for an infinite series
using 3TRF [11].
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Replacing ap, v and z in (2.16), respectively, by w; — 4,1, 1 and n(1 — ¢;)(1 — u;), we obtain

oo

5 = gt - g fon T

]jl wz+1 i 1(1_Ul)

Jj=

Substitute (2.17) into (2.15):

g = i +20+ M)t i (—w)iy CL+1+A); QL+ v+ N,
YT 2 —1Hv 4N Sl (—wp)i , U+14+X);,2L+v + N,
1 1
_ _ 1 exp (= g2y (L — ) (1 —w)) :

= [ dy t* 1+)‘/alu T fdv v tiugvy)-t. (2.18

[n ey X e — ()=, (2.15)
0 0

Substitute (2.18) into (2.6), where | = 1,2,3,...: apply K; into the second summation of the sub-

power series y1(z); apply Ko into the third summation and K; into the second summation of the
sub-power series y2(z); apply K3 into the forth summation, K5 into the third summation and K; into
the second summation of the sub-power series ys(x), etc.*

Theorem 2.5. The general representation in the form of an integral of the GCH polynomial of type 2
is given by

Zyn 7y0 )+yl(z)+y2($)+y3(q;)+...

1 1
wo
_ A (—wo)i, io dt t2(n B-14x [ L2 R DA
o {,ZO(HA) v+ Nio | *Z{ {/ " ot
0= 0 0

1 exXp ( o (1?{5,6) w”—k'i‘l,n(l —tn—)(1 — un—k))
X b dvnfk i ") +1
2mi Uniik (1 —vn—k)

= (V/p2n—k=1)43) Q/p+2(n—k—1)+)\}

n—k,n (wn*kwnawn—k,n) n—k,n

o (_WO)iO i n
g z_:() (L4 N)io (v + Ny wlvn}p } (2.19)

0=

where
b

nHtlulvl, where a < b,
l=a

n only if a > b.

Wq,b =

Here the first sub-integral form contains one term of By, ’s, the second one contains two terms of By s,
the third one contains three terms of By’s, etc.

Proof. In (2.6), the power series expansions of sub-summation terms yo(z), y1(z), y2(z) and y3(x) of
the GCH polynomial of type 2 are

Zyn ) = yo(x) + y1(x) + y2(z) +ya(z) + -, (2:20)

where

= coz P 2.21
= ot Z 1+/\101/+)\) T (221a)

*y1(z) means the sub-power series in (2.6), contains one term of By’s; y2(z) means the sub-power series in (2.6),
contains two terms of By,’s; y3(x) means the sub-power series in (2.6), contains three terms of By,’s, etc.
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_ S (io + 9/ + N (=w0)iy
yi(z) = Coffx{ Z (io + 2+ N)(io + L+ v+ X) (1+ N (v + Vi
Jir B4+ N (2+v+ Ny 4,
" Z B+ N 2+ v Ay | }p’ —
_ S (i + Q/u +\) (—wo)io
ya(x) = C"xk{ 2::0 (io+2+ Mo+ 1+v+X) (14 N)i@+ ANy

(3N GEREEN) ()G N,
(1 +44+ N1 +3+v+N) (—w1)ig(B+N)i, 2+ v+ N4,

Jia B+ N (d+v+ X)),
2.21
XlZZzl WQ 115+>\) (4+V+>\)12n p, ( C)
wo
A (o +Q/p+A) (=wo)i
ya (@) = co {Zoz::o (io+ 24 N)(io + L+ v+ A) (1+ A (v + A,
y i (1 +2+Qu+2)  (—w)i B+ N2+ v+ Ny
= (1 +4+N(1+34+v+A) (—w1)i B+ Ny, 24+ v+ )y
f: (2 +4+Q/n+A)  (~wa)in(5+ N0, (4+ v+ N,
iz + 64+ N iz +5+v+X) (—wo)iy 5+ Vi (4 + v+ N
XZ is (T4 Ny (6414 Ny, o L. (2.214)

i (T+ Ny (64 v+ Ny,

7.3 1,2

Put I =1 in (2.18) and insert it into (2.21b):

uy exp (= g2l —t)(1—u

W1+1(1 — 1)

(—wo)ig io
X { i;(lo +Q/p+N) (1 Y (OV Y (nt1ugvy) }p

1 1
v+ exp ( — ﬁl ’17(1 — 11 (1 — ’LL1)
= Col‘)\/dtl t%+>‘/du1 o %d’t}l ( (d—v) ) )
0

2mi v (1 — o)
0

wo
_ —Ww 1 i
< wy (M (w110, YD :( (Zwo)i —wi’y, (2.22)
. 10

where

w11 =71 H tlul’U[.
=1

Put I =2 in (2.18) and insert it into (2.21c):

1 1
24v+A exp(— Ln(l—tg)(l—’dz))
u
yQ(Z') = CO‘CC)\pQ/dtQ tg+>\/du2 2 - %dUQ (1 oj)gj»l
0

271 Uy (1 — v2)
0
_ Z —+ Q —+ A —wo )i
x wg I (1, 10, Y éu+2+>\ (io +Q/p+A) (—wo)i,

rt (i0+2+)\)(i0+1+y+)\) (T4+XN)ig(v+ N

)i, B+ N)ig2+v+ Ny
! 2.2
x Z Yio B+ N, (2+v 4+ M), W22 (2.23)

Zl Z(]
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where

Wa o =1 H tiugvy.
1=2

Put I =1 and n = we 2 in (2.18) and insert it into (2.23). We get

1

\ L N u2+v+>\
2 34+ 2
= dta t dug —=——
y2($) Cox” p / 2 1y / U2 o
0 0
exp(— g2yl —t2)(1—u)) _
8 fdvz ( - j—l ) Wy, éﬂ/u+2+/\)(w2 Qawz 2)w§éﬂ+2+/\
o (1= va) e
1
V exp 0 wa 2(1—t1)(1—ul)
X/dtl t%ﬂ/ uy f{ ~ T w)+1 )
) 2m v (1 = vy)
wo
—(Q/u+N) Q/p+A (—wo)i, io
X w (w1,20u, ,)w w3y, (2.24)
1,2 w 2,2 iOZ:O (1 T )\)zo(y+ A)zo 1,2

where

w2 =1 H tiugvy.
=1

By using similar process as in the previous cases for integral forms of y; (z) and y2(x), we obtain the
following integral form of the sub-power series expansion yz(x):

1
4+V+A
yg(x):cox’\p /dt t5+ / Us
0

211

Q/p+4+X
w3738w3,3 )wB 3

d eXP(_ i 10— )~ w)) a/pain
X U3 (1 — ) W33 (

I 24+v+A

u
dtQ tg+A/dU2 22?

X

—

0

p ex (—(1 v)w33(1 t2)(1 — ug)) L ut 2N
X V2 w2+1(1 _ U2) w2,3 (

1 1
l/+A
X /dt1 TR /
2m
0

0
exp wa 3(1 —t1)(1 —wy _
X %dvl (- ( o ( ) ) wlvéﬂ/’w’\)(

T o

Q/ 424X
8’w2 3)

W2,3 Wa 3

Q/ptx
w130 w
,Utlul—Q—l(l o Ul) 1,3 wl,a) 1,3
N (—wo)
—Wo)ig io
X w,, 2.25
2 T, (229)
where
3
w33 = Wthuwu
1=3
3
Wa 3 = UHfzuzUu
1=2
3
w3 = UthuzUz-

=1
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By repeating the above process, we obtain integral forms of all higher sub-summation terms y,,(x),
where m > 4. Substituting (2.21a), (2.22), (2.24), (2.25) and including integral forms of y,,, (z), m > 4,
into (2.20), we obtain (2.19). O

Put ¢y = 1 as A = 0 for the first kind of independent solution of the GCH equation and as A = 1—v
for the second kind one in (2.19).

Remark 2.6. The integral representation of the first kind GCH equation for a polynomial of type 2
about * = 0 as w = —(w; + 2j), where j,w; =0,1,2,..., is

y(x) = QW:;%J (/.l/,ﬁ, V,Q,OJ = _(w] + 2.])7p = _:U“TQ?TI = —6.13)

oo n—1 P L
— Py (—wo; i) +Z{H{/dtn s 2R 1/dun 2
k=0 %9

0
Vp—

f eXP s ) Wp—k41, n(]- - tn—k)(]- - un—k))
dvn k

n 1
U:I kk+ (1 —vn—i)

x wgi‘i,/;‘“(”"“*”<wn_k,nawnk,n>w2£*;ﬁ?(""€‘”} 1 Fy (~w; u;wl,n>}p“. (2.26)

Remark 2.7. The integral representation of the second kind GCH equation for a polynomial of type 2
about © =0 as w = —(w; +2j + 1 — v), where j,w; =0,1,2,..., is

y(z) = RW] (u,e,v,Q,w =—(wj+2j+1—v);jp=—pa’,n= —Ez)

e’} n—1 1
le_”{lFl(—wo;Q—Vm)‘i'Z { H {/dtn—k 20 V/dun— w2
=1 k=0

% eXp (1 Un k) Wnp—k+1, n(]-_tn k)(l_unfk))
dv,—y,

U:n kk—H(l — Un—k)

xwggi{::ﬂ(n_k)_l_”) (wn,k’nawn_km)w?ﬁ‘;ﬁf(n_k)_ } 1F1(—wo; 2 V;wl’n)}p”}. (2.27)

In the above equalities, 1 F (a; b; z) is a Kummer function of the first kind defined as

1Fi(a;b;2) = M(a,b, 2) Z =efM(b—a,b,—2)

n:O nn'
_ 1 F(]' _ a)r(b) f 2V a—1 b—a—1
- 271 ’ F(b—a) dvﬂ € J( UJ) (1 UJ)
I
= (a.) }{dv ey b1 - i)_“
211 v;
_ 1 - G)F(b)% 1=t a1 -b
= %mi TO_a) dvj e vi (1 =) (2.28)

2.2.2 Infinite Series

Let us consider the integral representation of the GCH equation about = 0 for an infinite series by

applying R3TREF. There is a generalized hypergeometric function which is given by

i (W+204+ N, 2L+ 14+ Ny, U+ v+ Ny,
W20+ N, QI4+14+ N, 2L+ v+ M),

i

M,

=1

oo

Bi,_ (w20 + X +i_q)ni- o (2.20)
; (1 + 20+ M) (G + 20— 14+ v+ XN)71(1), 4! ’

Jj=
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where
Bi, i =DB(i—1+2l4+Xj+1)B(ij_1 +20—1+v+Xj+1).

Substituting (2.14a) and (2.14b) into (2.29) and dividing the obtained equality by (i;—1+21+X)(i;—1+
20— 14+v+)), we get

i

i Aj (w204 N, 2L+ 14+ )i, U+ v + )iy,
(WAH+2l4+ N, QL+1+ N, 2L+ v+ M),

=t —1

1 1
_ o o w—|—2l—|—)\—|—2 j
:/ﬁnﬁl“*/ﬁmu?2++kmmlll§: J'lﬁ (n(1 —t)(1 —w))’, (2.30)
); 4!
0 0 J=

where

1
A, = .
=t (il_1+2l+>\)(il_1+217].+l/+/\)

n (2.28), replacing a, b and z, respectively, by w+ 20+ A+4;_1, 1 and n(1 —t;)(1 — u;), and inserting
the resulting equality into (2.30), we obtain

]

v i Ay (W42l + N 2L+ 1+ N 2L+ v+ )i,
: W20+ N)i, 2L+ 1+ N);, (2L + v + N,

=11
1

1
1 exp (— g2~ (1 —t)(1—w)) ,
20—14X 20—2+4v+A (1-w) i
/dtl i /dul “ %?{dw vf(‘””l*l*’\)(l ~ ) (ntiwwy)* =" . (2.31)
0 0

We substitute (2.31) into (2.10), where [ = 1,2,3,...: apply V; into the second summation of the
sub-power series y1 (z); apply Va2 into the third summation and V; into the second summation of the
sub-power series y»(x); apply V3 into the forth summation, V5 into the third summation and V; into
the second summation of the sub-power series y3(x), etc.*

Theorem 2.8. The general representation in the form of an integral of the GCH equation for an
infinite series about x = 0 using RSTRF is given by

Zy" = yo(x) + y1(x) + y2(z) + ys(z) + - -

YR~ (w+ Nig io

- {2_3 T+ Vo (v + 2z,
_ 1

D) { T { fats it fanaioves

- - 0 0

7{ exp (1”23” -y Wn—k+1, n(l—tnx)(1— Un—k))
dvn k

1

U;£w+2(n k)— 1+/\)(1 B Un_k)
x w,, S mE D) (wn_k,nawn,m)w,?i*,gjf(”"“‘”“}
w+A) .
x io \ ol 2.32
§%1+AMV+M “1 }p} (2:32)
1o

*y1(x) means the sub-power series in (2.10), contains one term of By’s; y2(x) means the sub-power series in (2.10),
contains two terms of By,’s; y3(x) means the sub-power series in (2.10), contains three terms of By ’s, etc. Or we replace
the finite summation with an interval [0, wo] by an infinite summation with an interval [0, oo] in (2.19). We also replace
wo and wp—j; by —(w + A) and substitute —(w + 2(n — k) + ) into the new (2.19). Its solution is likewise equivalent to
(2.32).
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Here the first sub-integral form contains one term of By,’s, the second one contains two terms of By, ’s,
the third one contains three terms of By’s, etc.”

Put cop= 1 as A = 0 for the first kind of independent solution of the GCH equation and as A = 1—v,
for the second kind one in (2.32).

Remark 2.9. The integral representation of the first kind GCH equation for an infinite series about
x = 0 applying R3TRF is

y(l’) - QWR(M,5,V Q) , Wy p = 7#’1’277’ — 751,)

—1F1(w1/77+2{ {/dtnkt”k)l/dunku"kl)Jr

1 €xXp ( m Wp—k+1, n(l - tnfk)(l - unfk))
s dvn—k (@t 2(n—R)=1)
™ Up—k (1 - 'U’n*k)
% w;ﬁ%{#-ﬂ(n—k—l))(wn_kmawnkm)wili;’i—,if(n—k—l)} VP (w; l/;wLn)}p". (2.33)

Remark 2.10. The integral representation of the second kind GCH equation for an infinite series
about x = 0 applying R3TRF is

y(r) = RWR(M75, v, Qw;p=—pa*n= —Ex)

1 1
= {Fl(w+1—z/2—1/77 +Z{ {/dtnkt2(n k)u/dun,kui(_"k—k)ﬂ
0 0

n=1
1 exp ( % Wn—k+1, n(l - tn—k)(l - un—k))
X 5— ¢ dvp—i B ) copy s
271, v (1 —vn_s)

xw;£52{5+2(n7k)7171’) (wnk,n[“)wn_km)wgiiﬁf(nk)1”} 1Fillw+1—-v;2—v; wlﬁn)}p”}. (2.34)

(2.33) multiplied by L/ 1%67/21”%52” ) g equivalent to the integral form of the first kind solu-
tion of the GCH equation for an infinite series applying 3TRF [11]. Also, (2.34) multiplied by
(—p/ 2)1/ 2“‘”% corresponds to the integral representation of the second kind solution of

the GCH equation for an infinite series applying 3TRF [11].

2.3 Generating function for the GCH polynomial of type 2

Now let us investigate generating functions for the type 2 GCH polynomials of the first and second
kind around x = 0.

Definition 2.11. Define

{sa “Saq41 - Sat2 " Sb—2 - Sp—1 - Sp, where a < b,
Sa,b =

Sq only if a =b,
, (2.35)

J
j = MSi,00 H tyug,
=i

where a,b,i,j € Ng, 0 <a<b<ooand 1 <i<j<o0.

*The method how to prove an integral for an infinite series is similar as an integral for a fixed value of w at
Subsection 2.2.1. Explicit proof for this integral is available on pages 250-253 in Chapter 6 [13].
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We have
5%

Z st = 5 at |s;| < 1. (2.36)
Si

wi=wj )

Theorem 2.12. The general expression of the generating function for the GCH polynomial of type 2
about x = 0 is given by

oo oo oo

> o Mt II{ > - 2 Y@ = [] e This0i)

wo=0 n=1 wp=wn_1 k=1 (1 a Sk,oo)

{If[l T~ /dtt /du uy exp( (lilj:w)nu—tl)(l_ul))

X w (Q/“H)(w 5’611)15?{MH (>\;80§@1,1)}P

1 1
o0 (o)
1 2n—1+4+X 2(n—1)+v+A Sn, 00
+Z{ H(l_w/dtn i) duy, uy, exp(—(in(l—tn)(l—unn
' 0

n=2 k=n 1- Sn,oo)

% w—(Q//L+2(TL 1)+)\)(w 8~ )~1§12(’7{L+2(71,—1)+)\

1 1 Sn_j ~ ) . ) . )
{/ ity 2071 / i a2 Ty Oyt ) (1t y))
n—j
0

n—1
<]1

nﬂn] n—j
=1

(1—sn—j)
0

<.

% wn<§’/“+2<” Jj— 1)+A)( By j,naan_j,n)ﬁg/’ﬂz(njI)H}T(A; 80;1ﬂ1,n)}p", (2.37)

where
o 5050 F(wo +7) +’Y —wp)i ;
T(Asso0in) = D w! (v { cor’ Z 1+>\ W+ ”}
UJ():O
~ 2 580 T(wo + 9/ —wo)i —j
T(Ass0: Bra) = ) MLO'T{ AZ 1+/\ =y w1?1}7
wo=0 ’ i0 —O
~ o~ 50° Dwo +7) (=wo)i —
Y (N s0:W1,0) = wool “To7 {coa:)‘ Z e 0 i }

Nio (v + Nig "

w():O

. . X550 D(wot+)
Proof. Applying the summation operator »: 27 =5 H { §
wo=0 Wn=Wn—1

integral of type 2 GCH polynomial y(x), we get

‘*’"} to the form of a general

oo SWOFwo-i-/ oo oo "
wza:z.!wﬂ{ £ e

0=0

Z w0+7 H{ Z }(yo(w)+y1(x)+y2(a:)+---). (2.38)

Applying the summation operator > ‘i‘;, ;’E’j; H { Z s@n} to (2.21a) and using (2.35)
wp=0 Wn=Wn—1
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and (2.36), we obtain

oo

PRRCE-Tetl ) KD RCE T

wo=0 n=1 wnpn=wp—1

- o~ 00 Dwo +7') 5 (—wo0)iq ;
: o, (2.39
[Il—amggzum o7 2 T A (23

Applying the summation operator Zio(: F(;?j,)vl) [T{ > s%} to(2.22)and using (2.35) and
0 n=1 wp=wnp—1

wo=

=0

(2.36), we get

oo 00 00 - 1
2 200 wo-i-’Y H{ . s }y1(x)=H 175,?00 /dt t1+)\/du1 o>
B 0

0 n=1  wp=wn-1 k=2
1 eXP( (1 1) (1 —t1)(1—u1)) & 51,00\ —(Q/pu4N) Q/ A
X5 dvy w(l—o) Z ( o ) Wy 1 (w1,10u, 1 )Jwy )y
wi=wo
80 F((UQ + ’7/) o WO io io
_ . 2.40
szowo [~ zz—:o 1+)\ v+ Ny WP (240)

(2.36) and inserting it into (2.40), we have

Replacing w;, w; and s;, respectively, by w1, wy an

1 1
— 56" D(wo+7) 1 { - } - 1 / 1+A/ +A
= sn )= —— [dist duy uy
2wt oy M 2 = I fanat [
n n—1 = 0 0

1 fd 1 exp (= 2y 11— 1) (1 —w)) W) (9 Y
2 (1—’()1)(’()1—51 ) “1 B

=1 50,00 \#0 I'(wo +7') A wom io
B A e e £ e )

By using Cauchy’s integral formula, the contour integrand has poles at v; =1 or 51 o, Where §1 o is
only inside the unit circle. As we compute the residue in (2.41), we obtain

1
o0 wo [e'¢) [e%e)
55° T'(wo +7') { Wn } / 1+,\/ VA
_ s dti t dui u
Pt ond | (DI VERS | e g Y
51.00 o .
X eXp ( 117 77(1 - tl)(l - ul)) (Q/lH_ )( 8151 1)w?{u+/\
(1—s1 OO)
55" I'(wo +7) { R (—wo)i, i }
X ———— { T w 0, 2.42
;;wo O P SN ey vl (G
where
1

W1,1 = N51,00 Htlul.
=1

00 Dleot) T LSS s ) to (2.24) and using (2.35) and

Applying the summation operator ) -2 Nea)
wp=0 o v n=1 wp=wp_1

(2.36), we obtain
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oo oo

ZSO UJO+'Y f{{ Z SZ"}yQ(JC)

wo=0 wO' Wn=Wn—-1
= / 2 (1 — ) (1
1 3+ 24v4r L exp (- T—v2) (1 —t2)(1 - ug))
=] +——— [ dt2 13 dug w2t — ¢ du,
(1= sk.00) 271 va(1 — vg)
k=3 0 0
oo 1 1
S92 0o _ . y
« Z (3}7) 2§Q/M+2+/\) (w2723w212)w%; +2+’\/dt1 t?”\/dul ot
w2 =Ww1 2 0 0
1 exp (— vy weal — )1 —w)) S N o/ /A
X o dvy nd—wu) Z (UT) Wy,2 (w1,200, 5 )W 5
w1 =wo
1 . (243
XZOMO, T z HMH) wio, 2. (2.43)
wo=

Replacing in (2.36) w;, w; and s;, respectively, by wa, wy an
into (2.43), we get

1

[e%s) S UJ +’V [e’s) Jo%S)
o
Z wo H{ Z Sin}yz(x) =~ /dt t3+>\/ iy U2V
wo=0 0 n=1 Wn=Wn_—1 k=3 k, oo ,
* omi : %d = ( - (1372%) i) - U2)) w @/ u+2+N) (w2 20, )wﬂ/u+2+x
271 U2 (1 — ’()2)(’()2 — 89, oo) 2,2 2,20w; » 2,2

1 1
« /dt t1+>‘/du uu+)\ 77{ eXp ) wa2(1—1t1)(1 — ul))
0 ' ’Ul(l 71)1)

0

(oo}
3 () (w0,

V1V
56 Dlwo +’Y'){ AN (—=wo)io : } 2
X — = T wi’y pp°. 2.44
P e B TR S PN (e N 24

By using Cauchy’s integral formula, the contour integrand has poles at vo =1 or sg o, where sg o is
only inside the unit circle. As we compute the residue in (2.44), we obtain

1 1
= so° FWO+'Y N { - w} - 1 / 3+A/ 2+4v+A
spmoey2(x) = — [ diat dugz u
2 W 2 =gy faens faee
82,00 Q/p+242 Q242
X exp ( - mn(l —ta)(1 —u2)>w (ot )(w 20, 2)w2,éu+ -
1 1 ~
1 exp (— g5 Wa2(1 —t1)(1 —w)
X /dtl t%'“‘/dul UTJ’_)\ —,%dvl ( (1=v) )
2mi v1(1 —v1)
0 0
30 () S a0, )i
wlZ
U1
wi=wo
o0 wo / wo
55" I'(wo +7") { A (—wo)i, e } 2
x ST 20 20TV ) ox @i, L o2, (2.45
wgz::o wo!  T(Y) XZIO L+ N)i (v + )5 2 )
where
2 2

Wa,2 = 152,00 thuu W12 = 182,0001 thul-
1=2 =1
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Replace in (2.36) w;, w; and s;, respectively, by wi, wy and j—i and insert the result into (2.45). We
have

1 1
— sg° T wo —I— ’y N = - 34 24
> hitor I Y srtuer =gy fand™ fau
=0 n=1 wp=wn—1 k=2 0 5
1
X exp ( - (1?%) n(l—tg)(l—ug)) ~7(9/,#2%\)( 2,205, , ~Q/M+2+>‘/dt t1+>‘/du uy
,00 0
exp )wz g(l—tl)(l—ul)) —(Q i+ Q) \
s ¢Pd " O pt
X j{ v1 (17111)(1)1751) Wy 5 (11,204, )7 5

1 501)“0 I'(wo +7/) { AN (—wo)i i } 2
X — ———= < w . (2.46
UJOZZO wo! ( (% F(’y/) 0 ng:O (1 + )‘)io(V + )‘)io 1,2 p ( )
By using Cauchy’s integral formula, the contour integrand has poles at v; = 1 or s1, where s; is only
inside the unit circle. As we compute the residue in (2.46), we obtain

oo

0o o 0o 1 1
50" “’0 +7 { w } 1 / 3+A/ 22
Cheat X)) = P E—— dt t du u
Z wo! };[1 Z n y2( ) ]};[2 (1 — Sk,oo) 2 1y 2 Uy

wo=0 Wn=Wn—_1

52,00 ~—(Q 242 ~Q 24X
XeXp(*mﬁ(lftQ)(lfuz))w (Q/p+2+ )( 3@22) zéu-i- +

1 ~
exp | — 7i1§ ’UJQQ(]. — tl)(]. — ’I.Ll)
/dtl t1+>\/du1 ull/Jr)\ ( (1—s1) ) wl (SZ/#+>\)( 20, 2)~Q/,u+>\
0

(1 - 81) 1,2
> 8(6)0 F(Lc)o + ’7 ,\ ~i 2
X —_— © 2.47
wz—:owol I'(y E:O z0V+/\) Wiy 0P, (2.47)
0= 0=

where
2
W12 = 51,00 | [ trwr-
=1

Applying the summation operator Sg, (wo-+') H { Z s@n} to (2.47) and using (2.35) and

w ()
(2.36), we get

0= Wn=Wn—1

o oo 9] ) 1 1
S0 wo +’Y son _ . e
ZWO H{ > }ys _Hl—s;mo /dt3t3 /d ul
wo=0 ne=l = Wp=wn_1 il3 J )
X exp ( _ %300 n(1 —t3)(1 — u3))w (2/ pt4+X) (5 ws s)wg/“+4+>\
(1 - 53,00)
1 1 sy _
exp (= g% W1 —ta) (1—u2) .
x/dt2 tg“/dm u§+u+>\ ( (1 2)(1 ) ) (Q/u+2+x) (w (%23) %u+2+/\
— 59

—Q/ A
8@1 3) o

1 1 _
exp (= 2y Was(l = t1)(1 —w1)) _
x/dtl t%+*/du1 AR ( a 1)(1 ) ) (Q/MH)(
— 51
0

Wy 3
0
oo wo
SO M A (—(.AJO),L'O ~7,0
X wozz:o wo!  T(¥) {Cox ioz::o (14N (v 4+ N4y P’ (2.48)
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where
3 3 3

W33 = 183,00 Htluh Wa,3 = 152,00 H tiug, W1,3 = 1NS1,00 thul-
1=3 =2 =1

By repeating the above process for all integral forms of higher sub-summation terms y,,(x), m > 3, we

o0 w
obtain every term > 500 F(wo'w H { Z 597 Yy (). If into (2.38) along with (2.39), (2.42),
QJO:O

wo! T(v)

Wn=Wn—1

(2.47), (2.48) we substitute all such terms, we obtain (2.37). O

Remark 2.13. The generating function for the first kind GCH polynomial of type 2 about = 0 as
w = —(w;j +2j), where j,w; =0,1,2,..., is

og:o wot 1;[ {wn_zw:nl Snn}QWji (ko &0, Qw5 p,m) = kl;[l [(E) A (50,005 1)

1—s
k1 koo

1
s 1 Q) ~ ~Q .
+ { II——— A=) /dh i1 /du1 uy I‘1 (s1 007751,U1777)w171/#(w1,15151,1)w17{”A(80;w1,1)}/>
C 0

S

/dt t2n= 1/du w2 DT 1 (Sn,005 try Un s 1)

_Skoo

xw;(ﬂ/wz(n 1>>(wn)na@’n)@%ﬂ+z<n 1)

el 1 1
2n=i)-1 2n—j—1)+v ) ~
<] {/dtn j b /dun—j (O Ly j(Sn—jitn—j, Un—j, Wn—j41,n)
0 0

<.

> ,w;if;/lt+2(n Jj— 1))(wn i O . ﬂ)wrfz/;;;Q(njl)}A(SO; @1,n)}Pn’ (2.49)

where
w=—(w;+2)), p=-pr® 7=—ex;
= 51,00
T (51,003 t1,u1,7) = €xp ( - ———n(l—t)1- u1)>;
(1—s1,0)
(E Sn,oo 1 1
n(Sn,00; tn, Un, = (77’ —ty - n);
(Sn, Un, 1) = €xp 0= o) n( )1 = un)
o N eXp(— (lszn 5) Wn—jt+1,n(1 _tn*j)(l_un*j))
Fn—j(sn—j§tn—jyun—j7wn—j+1,n) =
(1= sn—j)
and
_ 750,00
A(Sp.00;m) = (1 —80.00) Y €X (—7’)7
( 0, 77) ( 0, ) p (1 — 50700)
A(So;al’l) = (]. — So)_u exp ( — %)
A(so;wi,n) = (1 —s09) " exp ( — %).

Proof. The generating function for a confluent first kind Hypergeometric polynomial is given by

Z fT w0+7) 1R (~woiviz) = (1_t)_veXp(_ ﬁ) (2:50)
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Replacing ¢, v and z, respectively, by so.c0, ¥ and 7 in (2.50), we get

00 8{6}’000 F(WO + V) _y 150,00
S Ty e = s e (- ). @5y
wop=

Replacing ¢, v and z, respectively, by so, v and w; 1 in (2.50), we get

o~ 55° Dlwo +v) i N (1 eV (_ @1,130)

Zo wo!l  T() 1Fi(—wosvswy ) = (1 —s9) " exp T —s0))" (2.52)
wo=

Replacing ¢, v and z, respectively, by so, v and @w; ,, in (2.50), we get
> 550 T(wo +v) ~ _ W1 150
S0 Fy(—w0; 3 W) = (1= 50) ™ exp (= 7220, 2.53

> TGy s = (1) e (- e (2:53)
wo=

Taking ¢p = 1, A=0 and +' = v in (2.37) and substituting (2.51), (2.52) and (2.53) into the obtained
equality, we get the desired result. O

Remark 2.14. The generating function for the second kind GCH polynomial of type 2 about x =0
as w= —(w; +2j +1—v), where j,w; =0,1,2,... , is
oo (oo}

w _ o]
2 f;Ooo'F(wl“o(;—QV)y) H{ > S%)"}Rwoi(%&”aﬁvw;p,n)
=0

wo

1 1
1—v 2—v
= —B ; —— [ dt; t d r it
’ {_1 0= 500) “““”””“_I (1_%,00)0/ i /“ Honesit )

~(Q — ~ ~Q — ~
Xw1,§ fpt V)(wl,laal,l)wL{HH VB(So;le)}P
1

<
dtn tiniu / dun U?Lnilrn(sn,oo; tn7 U, 77)
0

« @;,Slﬂ/u+2nflfv) (@n,naa ; )w;l,(nuw%nflfu

+

K
——
e
o _

n—1 1 1
2(n—j)—v 2(n—j) -1 . m
X {/dtn—] tnfj dun—j Unij I‘n—j(sn—ﬁtn—j;un—jawn—j-i-l,n)
0

X ,{E;£(;,/nﬂ+2(n—j)_l—l/) (@n—j,naﬁnj,n)ai}/l}:‘;2(n_j)_l_y}B(SO; 'L’ULn) }pn}7 (254)

where
w=—(wj+2j+1-v); p=—pa? n=—cm;

A S )
F1(517oo;t1>U1,77)ZGXP(—i(l 1; )n(l—tl)(l—ul));
— 91,00

= sn,oo
Lo (et o) = 0 (= (22 (L= ) (1= ) )
n,o00

n—j

€xp ( B (1isn,j) wn—j+17n(1 - tn—j)(l - Un—j))
(1 —sn—j)

-
anj (Snfj; tnfja Unp—j, wnfjJrl,n) =
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and ns
B(s0.00;7) = (1 = S0.00)" 2 ex (—ﬁ),
(50,00:m) = ( 0,00) p (1 — $0.00)
B(so;w1,1) = (1 —50)" 2 exp ( - &Ul_’ljs))
B(so; W1,n) = (1 —s0)" % exp ( - (101_”::3))

Proof. Replacing t, v and z, respectively, by sg 00, 2 — v and 7 in (2.50), we get

— S0 I(wo+2—v) 9 150,00
’ Fi(—wo;2 — vin) = (1 — s0.00)" (- 2=, 2.
ZO wol T2 —0) 1F1(~wo vin) = ( 80,00) exp (1 — s0.0) (2.55)
wo= >
Replacing ¢, v and z, respectively, by sg, 2 — v and w; 1 in (2.50), we get
= 550 D(wo +2—v) _ 2 w1150
2 Ty MRCe2 i) = (L) e (- (2:56)
wo=
Replacing ¢, v and z, respectively, by so, 2 — v and wy 5, in (2.50), we get
580 T(wo +2—v) _ 5 W1 1 So
20 R (—wo; 2 — v ) = (1 — v (— ’ ) 2.57
> Ty MPCen2 v = (s e (- ey (2:57)
wo=
Taking ¢o =1, A\ =1 —v and 4/ = 2 — v in (2.37) and substituting (2.55), (2.56) and (2.57) into the
obtained equality, we get the desired result. O

3 GCH equation about an irregular singular point at infinity

Let z = % in (1.1) in order to get an analytic solution of the GCH equation about x = oo:

d? d
2 T;; +((2—v)2® —e2? — p2) d—z + (2 + ewz)y = 0. (3.1)

Assume that its solution is -
y(Z) = Z CTLZn+)\7 (32)
n=0

where A is indicial root. Substitute (3.2) into (3.1). For the coefficients ¢,, we get the following
three-term recurrence relation:

Cn41 = Ancn + Bncn—h n Z 1, (33)
where
€ (n—w-+A)
An = —— 5 34
pn+1—-Q/u+ N (3-4a)
Il n=14+Nn—-v+2A)
B, =—- , 3.4b
PRSI YRy (3:40)
c1 = AOCO- (34C)

We have an indicial root A = Q/pu.
Now, let us test for the convergence of the analytic function y(z). As n — oo, from (3.4a) and
(3.4b), we get

lim A, = -, (3.5a)
I

n—0o0

lim B, = -~ — co. (3.5b)
1

n—oo
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There are no analytic solutions for a polynomial of type 2 and infinite series. Since, by (3.5b), y(z)
is divergent as n — oo, there are only two types of analytic solutions of the GCH equation about
2 = oo such as polynomials of type 1 and of type 3. In Chapter 10 [14], the polynomial of type 3
about z = oo is derived: pu, g, ) are treated as free variables and v, w as fixed values. In this section,
we have constructed the power series expansion, an integral form and the generating function for the
GCH polynomial of type 1 about = = oo: u, €, w and €2 are treated as free variables and v as a fixed
value.

3.1 Power series for a polynomial of type 1

In [10], the general expression of a power series of y(z) for a polynomial of type 1 is given by

Zy" _yo )+y1($)+y2(a?)+y3(x)+...

Bo  io—1 io—1 in—1
= COLL)\{ Z ( H B211+1) 2o + Z {A220 H B221+1 Z ( H B2¢3+2)}$2i2+1

io =0 ll =0 lo 0 ’Ll =0 7,2 _ZQ i3:i0
%) io—1 N-1 B igp—1
+ E { § {A2ZO H BQzl+1 H ( § A2i2k+k H B2i2k+1+(k’+1))
N=2 *ipg=0 i1=0 lok=l2(k—1) 12k+1=%2(k—1)

BN 2N —1

x Y ( II B2i2N+1+(N+1))}}x2i2N+N}- (3.6)

IgN=la(N—1) 2N+1=%2(N—1)

Here 8; < B; only if ¢ < j, where 4, j, 5, 5; € No.
For a polynomial we need the following condition:

Bag,(i41) =0, where i =0,1,2,..., 5;=0,1,2,.... (3.7)

Here f; is an eigenvalue that makes B,, term terminated at a certain value of the index n. (3.7) turns
each y;(z), where ¢ = 0,1,2,..., into the polynomial in (3.6). Replace §8; by v; in (3.7) and put
n = 2v; + (i + 1) in (3.4b) with the condition Bj,,(;4+1) = 0. Then we obtain eigenvalues v of the
form

v=2u+i+1+ A\

n (3.4b), we replace v by 2v; +i+ 1+ A, and insert the obtained result and (3.4a) into (3.6), where
a variable x and an index [3; are, respectively, replaced by z and v;. Hence the general expression of
a power series of the GCH equation for a polynomial of type 1 about z = oo is given by

y(2) =D un(2) = y0(2) +y1(2) + y2(2) +y3(2) + -+~
n=0
_ A N (—1/0)10(%)10 io
= cpz {i;)(l_zfi_’_é)ion
n { i . (4o 1— 5 :2‘ %))\ (—1/0()22'0(%320 i (—Vl)u(% + %)11% - % + %)10 T]il}g
io=0 (io+3 — 2t 3) (1- ot 3 )io ii—io (=1)io (5 + 5)io (5 — .t 5 )iy

N i O (io—%43)  (—10)i(3)i
=0 (io-i-%—%—i—%) (1-2+3),
Q

xl:f{ i (.(ikJr’;“;;ré\) (—Vk)ik(§+§)ik(§+1—g,ﬂ'g)ik1}

(Bl )i, ),
TR S Tt A A (3.8)
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where

2
77:*22,
Me
£:_7z7
v=2v;+j+1+A,
1
z=—,
x
v; <wvj onlyif ¢ <j, where ¢,j,v;,v; €Ng....

Put co= 1, as A = Q/p in (3.8).

Remark 3.1. The power series expansion of the first kind GCH equation for a polynomial of type 1
about x = 00, as v = 2v; + j + 1+ Q/p, where j,v; € Ny, is

o & (_Vo)io(%)io o
:zu{z(l)zj n

+a0) (F10)i0 (55 )i0 s (=11)is (

o 35 LonEa ) il 5t it e
= (ot 3) (L)io = (—11)io (5 + %)io(%)il
N i o, (io— 5+ 5) (—v0)io (33 )io

n=2 i0=0 (7’0 + %) (1)i0

Un —Un)i, (5 Qgin % Pt .
x D (( e ’“‘Q)_( MR nln}s”}- (3.9)

in=In—1

For the minimum value of the first kind GCH equation for a polynomial of type 1 about x = oo,
in (3.9) we set vy =11 =19 =--- =0 and get

Q 1 2
() Q(ZW<H7€QWV_.]+1+7 *,52—52,7’]:7'22)
I T w J
—(2_
z O en_ (14 22) 70

From the above it follows that a polynomial of type 1 requires |i z| < 1 for the convergence of the
radius.

3.2 Integral representation for a polynomial of type 1
There is a generalized hypergeometric function such that

I zyl: (_Vl)iz(%+%)lz(%+1_Q—i_%)il 1
l:
(_l/l)il 1(% %)'Ll 1( +1_£+;\)
)

i

=i -1

_ it i Al —w)ilia + 5+ %) (3.10)

S -,

where ; Q )
Aj=B<Zlf1+§—@+§,J+1>.
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By using integral form of the beta function, we have

1

. l Q )\ G ti-1—-2 42 .

B(, S 42 1): dty T ETI TR gy

o1 2M+21+ /l (1-t)
0

Substitute (3.11) into (3.10), and divide L; by (ij—1 + § — ﬁ + 2). We obtain

G 1 i ( Vl)ZL(Q %)H( 1_£+%)iz 1
= 7
(i + 5 =50 +3) 57 (5 4+ 3, (5 +1— 35+ 3)i

2 2/1. 2 2 =11 —1

iy

F-1-42+3 oo (e — )1+ £+ 3); ,
= [aned B ey B 2B g e
0 =0 J
Tricomi’s function is defined by
I'(1-b) rb-1) ;.
U(a,b M(a,b e M(a—b+1,2—b,2).
(a, b, 2) NCETESY) (a,b,z) + Ta) z (a—b+1, ,2)

The contour integral form of (3.13) is given by (see [33])

]_"(1 ) (0+4)
) —a
b _ ,—ami d —zpr,a—1 1 b—a—1
Ula,b,z) = e™*™ ——— / pr e *Pip T (1 +pi) ;
where )

a#1,2,3,..., |phz|] <=

2
Also (3.13) is written as (see [33])

oo

—b+1 ,
U(a,b,z) =z “Za——'_)( N =27 3 Fy(a,a — b+ 1;—; —271).

j= 7

Replace a, b and z in (3.15), respectively, by 4,1 — v, —, + 1 — é — % and 77(177—1&) We get
2 (i1 — ) (-1 + £+ 3); ,
Z - 1 222 (n(1 —ty))?
= (1);

-1 i_1—V] l A
=\ 77 -1 — y T 1_7_73 )7
(n(l—tl)) U(” L=t 5@

where
-1
w=——.
n(l—t)
Replace a, b and z in (3.14), respectively, by 41 — v, —v + 1 — £ — % and 77(1_7_1”)
result into (3.16). We obtain
o, : LA ‘
Z (t1—1 — uz)j(llzfl +5+35); (1 — 1)) = I'(y —2217'1 +1)
=0 ( )j e
(0+) a )
Dl —1 —1(1+A)<77 —h )"l( i )”—1
x [ dpexp (— P (1) .
/ ERATE A VAL (1+2) n n(l —t)(1+p)

[e )

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

and insert the

(3.17)
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The Gamma function I'(z) is defined as follows:
/dul e “u;~!, where Re(z) > 0. (3.18)
0
Put z =y, —4;—1 + 1 in (3.18). We have
F(Vl - 7:l—1 + 1) = /dul e_ul’u,zll_ilil. (319)

Substitute (3.19) in (3.17) and insert the result into (3.12). We get

G 1 i ( Vl)u(é %) ( +17£+%)il 1 n
= 7
i+ =g +3) S, i B+ D (5 H1- 52+ 3

2]

U=r-1 pm 2
1 _Q I 1
/dtl i “*A)/dulf
2mi
0
v (1-t) '
Di 1 —1(+N) (777.14 —1 )Vz ( tipy )1171
X dp; ex <7> 1+ P (3.20
[ e (g i) ” i —waim) - %
Substitute (3.20) into (3.8), where | = 1,2,3,...: apply G into the second summation of the sub-

power series y1(2); apply Gs into the third summation and G; into the second summation of the
sub-power series yo(2); apply Gs into the forth summation, G5 into the third summation and G; into
the second summation of the sub-power series ys3(z), etc.*

Theorem 3.2. The general representation in the form of an integral of the GCH polynomial of type 1
about x = 0o is given by

Zy" _yO )+y1(2)+y2(z)+y3(z)+...

17 n—1
A 20: (—=10)io % ZO+Z L dt tz(n k—2— Q+A) d nk
= Cpz —(l—zﬂ By n—k lp_k Un—k €
0

i0=0 2
(0+)
-1 — 3 (n—k+A
X o [ dpnk pp (1 o) EOTHEY
S
X exp ( Prn—k ) (wn—k—‘anun_k(l — tn—k,‘))l’"—k
wniqu’n(l —tn—k) Prn—k

Ll _k—1—w Lin—k—1—-w Yo —10); AZ i
T el ST e e e
lo= 2

where
tip;
wi,j = ul(l —ti)(l—Fpi)’
n only if i > j.

where 1 < 7,

Here the first sub-integral form contains one term of Al s, the second one contains two terms of Ay,
the third one contains three terms of A,’s, etc.

*y1(z) means the sub-power series in (3.8), contains one term of Al s; y2(z) means the sub-power series in (3.8),
contains two terms of A}, s; y3(z) means the sub-power series in (3.8), contains three terms of A/ s, etc.
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Proof. In (3.8), the power series expansions of the sub-summation terms yo(2), y1(2), y2(2) and y3(2)

of the GCH polynomial of type 1 about x = co are

Zyn =yo(z

)t y1(2) +y2(2) +ys(2) +-- -,

where

im0 =20 %)lo
yi(z) = coz’\{ - ' (io ; % g %))\ (*Vos)zio(%zlo
i0=o(l0+§_ﬂ+§) (1= 55+ %)
2 )i+ 23— 5+ 3
o) = e { Z ; (o — % + %)A (—uogl()(%gm
ot s —o,+35) =5+ %)

UL (i d -2 ) )G+ 3)a (3 - ap D
x> (h+1- 2+ CoaE s 2B 24 Ay,
ir=ip \'1 20 T2 i\ T 2)io\2 ™ 2 T 2/01
o
o ()i (L4 9)n (2= 35 + )i
ootz =55 +3) (L= 55 + 3o
y i (h+3-24+2) ()G +3)a(G— 25+ i
o= g+ 3) ()i (5 + 2)ie (3 — 55 + 2
i (g +1—2+2) (=12)i(1+2)u(2- 3 +3)i
= G2+ 5 =5+ 3) () (1+3)0 (2 55 + 3)a
- <_V3)i3(% + %)ls(g - % + %)12 ia 3
x Z 5 5o a8
i ()i (54 2)ia (5 — 5 + 9)is
Put I =1 in (3.20) and insert the result into (3.23b). We get

X exp (n(1p_1 tl))pfl(l +p1)_%(1+x)( e t1)>

D1

(=100 (3)io ( t1p1 )’0
1 u1(1—t1)(1 +p1)

1 0o (0+)

L1 2 1
=z ¢ [ dty tf( ! “H\)/dul et — / dp,
2mi

oo

P 1 _l(1+,\)(77u1(1_t1)>ul
exp (=2 Yo (14 )b (=)
Pa /P (I +p1) o

(3.22)

(3.23a)

(3.23b)

(3.23¢)

(3.23d)

(3.24)
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where wy 1 = m . Put I =2 in (3.20) and insert the result into (3.23c). We get

1
1@
y2(2) :C()Z)\fz/dtg t22( g )/duQ [ p— / dps

1—1t2)\"2 —1(-w
Xexp( ) Y1+ p2)~ %(%A)(%) w2,5(1 +A)(w2723w2)2)w

;) (_VO)io<%)io L (_Vl)il(% + %)11(% - % + %) i
Z s e YD D e Y R

= 20 2/%0 41=4,

where wo o = m . Putl=1and n = wsys in (3.20) and insert the result into (3.25). We get

1 (0+)
F(=242 ) u2
y2(2) = coz A2 [ dty ty dus e "2 — dps
0

p — _1 1—1¢ V2o Ly 1
77(17_2@))1’2 1(1 + p2) 2(2H3) (%) wz,f ( )(w2,23w2,2)w22,2(
o (0+)

1

1— S)_,’_)\ B .

/dt1 t2( )/d ui e “1— / dp1 exp (p71>p11(1 +pp) 2N
) 2,2(1 —t1)

0

X exp ( 1—w+A)

1—¢ Vi _1(_gy 1(_w Vzéz i
% (%) w1’22( +/\)( a 22( +X) Z ( 0) 0(2)0. w21(327 (326)

— __tipr
where w12 = = Sarpy -

By using similar process as for the previous cases of integral forms of y; (z) and y2(2), the integral
form of the sub-power series expansion ys3(z) takes the form

1 oo (0+4)
14_0 1
yg(Z) :COZ)\gg/dtg t; (1 u"!‘)\)/dug P / dp3
211
0 0 e3¢}
D _ 1 uz(l —1 —1 (2wt 1 (2—wtA
X exp <73>p31(1+p3) ;wm(M) Wi O (15 40, od 27
n(1 —t3) P3
1 00 (0+)
/dt tz( +>\)/ P / dps
0 0
_ 1 w3 g3uUs(1—1 —l1—w L (1—w
y exp< P2 )p21(1 +p2) é(m)(M) wid 07 (10, yud {1
w3 3(1—12) D2
1 oo (0+)
L(-1-2+)) _ 1 D1 -1 —L(14x
dty 2 duy e — [ g (7) 1 B(1+N)
/ 1 / v e 2777, / P1EXp w273(17t1) pl ( +p1)
0 0
wo 3wy (1 — 1)\ "1 —1 (Cwia 1 (—wtr (—10)i0(3)i0 4
X ( =2 1( 1)) wl,??( " )(wl 38w1 3)’[1)12’; . )Z QO 2)\ - w1?37 (327)
b1 10=0 (1 E + 5)7‘.0
where
S l3ps
3,3 — 9
uz(1l —t3)(1 + p3)
W = tapa
T ug(1—t2)(1+p2)’
we e tipi
1,3 = .
u1(1 — tl)(]. +p1)
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By repeating this process for all higher terms of integral forms of sub-summation terms y,,(z), m > 4,
we obtain their integral forms. If we substitute (3.23a), (3.24), (3.26), (3.27) and the integral forms
of ym(2), m > 4, into (3.22), we obtain (3.21). O

Remark 3.3. The integral representation of the first kind GCH equation for a polynomial of type 1
about = oo as v = 2v; + j + 1 + Q/u where j,v; € Ny is

. Q
y(z) = Q(%)Wuj (M,E,Q,w, v=2v;+j+1+ E;z,f,n)

00 n—1 1
= zg{(—n)“‘JU( —v,—+1— % —77_1) +> { 11 { /dtn_k tz (n=hk=2)
n=1 k=0 0

00 (0+)
_ 1 _ C1(p_ka
X /dun,k e Un—k 27” / dpnfk pnik(]‘ +pn7k) 3 (n—k+3)
0 oo
X exp ( Pn—k ) (wn—k+1,nun—k(1 - tn—k))yn_k ;%k(?l*k*1*w+%)
wnkarl,n(l - tnfk) Pn—k ’

lin—k—1—w+2 Q
X (WD w2 “)}(—wl,n)"w( oot ~wih) }g”} (3.28)

where

1
z=—,

T
52_527

I

2
n==2%

1

Proof. Replace a, b and z, respectively, by —vg, —vg+ 1 — % and —n~! into (3.15):

8 (—0)in(3)i0 Q 1
—2=n) = (—n)"U( —vo,— o +1——,—n7"). (3.29)
T ( )

Replace a, b and z, respectively, by —vg, —vg + 1 — % and —w;}l into (3.15):

Vo A
—V0)ig\ 3 )i i 0 _
3 %w{m _ (—wLn)VoU( o~ +1— = —wljl). (3.30)
3=0 (1- ﬂ+§)io 2
Putting ¢cp = 1 and A = Q/p in (3.21) and substituting (3.29) and (3.30) into obtained equality we
get the result. O

3.3 Generating function of the GCH polynomial of type 1

Let us investigate the generating function for the first kind GCH polynomial of type 1 about x = co.
Definition 3.4. Define

Sq " Satl " Sat2' " Sp—2 - Sp—1- Sy, where a <b,
Sa,b = .
Sq only if a = b,

8itiWiy1,j

— , where 7 < j, (3.31)
ﬁ;'. o 1 + siui(l — ti)wi+17j J
w Si,00til) e
: only if i = j,

1+81‘700U7;(1 7@)77
where a,b,i,j € Ng, 0 <a<b<ooand 1 <i<j<o0.
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We have

”j

Zs - _is) at |s;] < 1. (3.32)

Vi =V,

Theorem 3.5. The general expression of the generating function for the GCH polynomial of type 1
about x = oo is given by

ZZH{Z 2 9(2) = T e X smi)

om0 v poi (1 Shoo)

2( 1=324X) —1 (14N
H = dt1 duy exp(—(1 = $1,00)u1)(1 + 81,00u1 (1 — t1)7) 2
0

X @11 . wH\)(

s )

o0 o0 o0
Z{ H 1—s /dt t2(n 2— +>\)/dun eXp(_(l_Sn,oo)un)(l—&-sn,ooun(l—tn)n)—%(”+>\)
koo
0

1 —Ww ~
w1,10g,, 1)w121( +A)'I'(/\; So;wm)}ﬁ

I (n—1—w+A) ~1 (n—1—w+N) — (n—j— 277+)\
X Wn, 3 (Wn,n 0, . ) Wnn H dtn i taj dun j

XeXp(f(]_ Sp— ])Un ])(1+Sn jUn— J(].ftn ])wn ]_Hn)**(” J+/\

~— 2(n j—1—w+A) ~ 1 (n—j—1-w+A)

X w, 2, (Wn—jn O, ;)W }T(/\;so;ﬁlm)}f", (3.33)

where

0oy v (_ A
S Vo) ( ) ~
T(A,SO,le) - E VO' {COZ)\ E QZO 2/\10 wi?1}7
vo=0 0 i0=0 ( T2 + 5)10

OO
Proof. Applying the summation operator l/o' H { Z ”"} to the form of a general integral
vo=0 n=1 vp=Vnp_1

of type 1 GCH polynomial y(z), we obtain

ZLH{Z ) =3 H{Z st b (o) + 1 (2) +92(2) + ). (3:34)
0=0 n=1 vnpn=Vn_1 Vo= 0 n=1 vp=Vn—1
Applying the summation operator H { Z stn} to (3.23a) by using (3.31) and (3.32),
Vo= 0 Vp=Vn_—1
we get
) vy OO S 0o 0o v 17 A
SOO { v } 1 SO?OO{ A - ( VO)%(i)’m i }
- sy Yo(z) = oz no b (3.35)
Zwill 2 Ho=o 2w Sa-g o
Applying the summation operato e I1{ X } to (3.24), by using (3.31) and (3.32)
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we get
(0+)

o §¥0 e} e} (—1- .
ZULO!H{ Z szn}yl(z) H 1_3koo /dt1 2 /dule 1T/dp1
vo=0 n=1 VUn=Vn—1 k= 2 50

X exp ( = ) t +p1)7%(1+>\) i (Sl,oonul(l - tl))yl

(1 —t1) i = 2
_ 1 (CwA s N (—0)i(3)i0
X Wy 12 ( " )(wl,lawl 1)w12,1( e Z 0| {cozk Z 1 Q . 2)\ . wlol E (3 36)
1/0:0 10:0 ( - ﬂ + 5)10

Replace v;, v; and s; by v, 1y and %11(17“) in (3.32). Substitute the new (3.32) into (3.36),

1 [e%e)

s v —LtN —
SET S = et fond O o

VO Sk oo
vo=0 Un=Vn—1 k72 0 0

(0+) 1
1 1 (14py)—2(HY L (—wt ) 1 (—wtA)
X — d ( ) i a 01 ;
27 PP Ga =)/ p - Stoonur(1—t1)  bL (w1180, s

o0 o vo ) (2D,
« 3 (W) 1 {coz’\ 3 Ww?l}f- (3.37)

py
V! — = 42,
vo=0 p1 0 i0=0 ( i 2 )io

By using Cauchy’s integral formula, the contour integrand has poles at p; = s1,00nu1(1 — t1), where
$1,00mu1(1 — 1) is inside the unit circle. Computing the residue in (3.37), we obtain

Zi?) H{ Z Vn}yl(z) 1*5koo O/d (=1=54+0)

vp=0 VUpn=Vn—1 k= 2

s

1 (Cwt) 1 (cwtd) = 8 Ao (C10)io(3)io i
B 00, ) 35 L $ G g e g

where
t1p1

ur (1 —=t1)(1 +p1)

w11 =

P1=581,c0Nu1(1—11)

o0 o0 (o)
Applying the summation operator Y. SL [IT{ X si} to(3.26), by using (3.31) and (3.32),

vo=0 n=1  VUpn=Vn_1
we have
oo oo o %) 1 %)
1 19245
Z SOI H{ Z s;jzn}yZ(Z) = H_i/dtQ tg( nt )/du2 e "2
=0 VO 1 = k= (1 Sk,OO)
Vo= n= VUn=Vnp—1 =3 9 0
(0+)
1 P2 (14 pg)~ 22+
-— dps exp ( )
2mi n(l—t2) P2

oo
s wo (1 —t9)\¥2 1 (1—wt+r 1 (1—wtA
X Z ( 2.oell 2( 2)) w2,22( ¢ )(w2,26w2,2)w22,2( o)
P2

Vo=Vr1
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(0+)

1
1(-1-2+%) p1 (1+py) 20+
dt; t? d ulf d
XO/ th / e / h exp( 22(1—t1)) D1

%)
81’(1)2’211,1(1 —tl) oo _L(— +A) 1 (—w+A)
X Z (p—l) 'LU1,22 “ (w1,25w1,2)w12,2 :

V1=Ulg
oo % Yy A
SOO{ A . (_Vo)io(i)io io } 2
x S0 ) a0l g dio i Le2 (339
2w\ g, e

Replace v;, v; and s;, respectively, by v2, v1 and W in (3.32) and the insert the result into
(3.39). We have

1 00

S —u
ST Y e - H1 /dtt Y fug e
1z Oyonl Vp=VU. k_3 _Skoo
00— n n—1 0 0

0+
xi( )dp exp( = ) (1t pe) 2200 w_%(l_wﬁ)(w o) )w%(l_wﬂ)
27 2 N1 —t2)/) pa — s2.conua(l —ta) 22 2,2%wz2,2)72,2

1 (04)
1(-1-24x) P (1+py)~ 30N
dt t2 du; e™" — d
x/ th / e / P exp( 22(1—t1)) »1

> 51,00MU2(1 — to)wo ouq (1 — ¢ — 1 (—wtA
o Z ( (1 —t2)wa guy ( 1)) wuz( )
P1p2

V1=Vg
oo Vo Yo _ ().
<Y B {an Y R e @)

By using Cauchy’s integral formula, the contour integrand has poles at pa = s2 sonua(1 — t3), where
S2,00Nu2(1 — t2) is inside the unit circle. Computing the residue in (3.40), we obtain

- 1
30 { yn} _ 1 gt t%(—%+x)
ST Y wehne =T i [t
vo=0 Vn=Vn_—1 k=3 ’ 0
2+ 1—w+A L (1—w4
. /du2 eXp(*(1*52700)“2>(1+52,oou2(1*tz)n) 2E 22( M@ 223w22)w5,2( "
0
1 00 (0+) 1
1 (—1-24)) uy 1 / D1 (1+py)~2 Y
dty t2 duy e — [ d ( )
/ 14 / uy € o P1 €Xp 22(1 7t1) 1
0 0 e’}
o0 ~
S1wWaouUl(l —t1)\Y1T —1 (—wtA L (—w+A
3 (Pt O a0, bl
V1=Vro
%) v 14 A
500{ A (F10)i0(3)io i | 22
x 30 20l ST R i, Le2 (3,41
vo=0 vo! i0=0 (1= 57+ %)
where
topa 82,00t2M

Wo2 =

u2(17t2)(1+p2) o ].+SQ,OO’U,2(].7152)’I7 ’

P2=52, coNua(l—12)

Replace v;, v; and s;, respectively, by v, vg and %ﬁ in (3.32) and insert the result in (3.41):
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0 vg oo o) 1
Z LH{ Z Szn}yz(z):g(llskoo)/db t2(—ﬂ+A)
0=0 n=1  vpn=vnp_1 = ’ 0

_1 A _1 w
X /du2 exp(—(1 — s3,00)u2) (1 + s2,00u2(1 — t2)n) 2 2+ )w2 z (1- +A)(

)

1 (1—w+A)
w2 28102 2)w22,2

1 oo (0+4)
3 (-1=040) D1
dty t7 " / — / dp; ex )
/ 1 P1 P 22(1 — t1)
0 0
1+p _5(1+)\) — L (—wtA L —wA
( 1) w1,22( " )(wl,Qawl,z)wlz,é )

p1 — s1Wa2u1 (1 —t1)

oo ~ Vo A

1—t1)\» 1 —Y0)io\3 )i i

o Z (80,1w272m( 1)) = {COZA Z (Os);o(z)wwgg}gi (3.42)
= P1 p! =0 1 .

By using Cauchy’s integral formula, the contour integrand has poles at p; = s1ws 2u1 (1 — t1), where
$1Wa ou1 (1 — t1) is inside the unit circle. Computing the residue in (3.42), we obtain

- e3¢} 1 e
Z % { Z sﬁ"}yz(z) :,}_[g)ﬂ—;od/dtg t;( 24 3)
- 0

vo=0 0° 21 " vn=vm_
2+ 1—w+A 11N
X ~/du2 exp(_(l - 82’Oo)u2)(1 + 32,001142(1 - tg)'ﬂ) ( " ) 2 2 ( * )( w2 281112 2)’11}22’2( N
0
1 00
e 1
/dtl 2 (=1=4+X) /dul exp(—(1 — 31)“1)(1 + syup (1 — tl)wzz)—f (1+X)
0 0

L (—whA) 1 (0t ) x50 N (—10)io(3)i0 ~
x 1‘01,22 (et )(w1,26ﬁ1,2)w12,2( ™ Z I/Lo' {COZ«)\ Z ﬁ wi‘fz 52, (343)
! : 5 )io

where _
S1t1ws2 2

B 1+ 81u1(1 — tl)lﬂg,g '

t1p1
up (1 — tl)(l +p1)

Wwi2 =

p1=s1W2,2u1(1—t1)

Applying the summation operator T H { Z ”"} to (3.27), by using (3.31) and (3.32), wi

have = e
o0 §¥0 [e's] oo o) 1
Z L H { Z }y3(2;) = H a 71816 ) /dt3 o 1(1-242)
0=0 n=1  vp=Vnp_1 k=4 »o0 0

23N ~—1 (2— w+)\)(

oo
- L(2—w+A
X /du3 exp(—(1 — 33,oo)u3)(1 + 83 00uz(1 — t3)77) 2 Wy 5 +2)
0

3 (
w3 38103 3)w?f,3

1 [e%e)
Q 1 —w
/dt tz( + )/du2 exp(i(l752)u2)(1+82u2(1,t2)@373)*%(2+>\)@;’§(1 +2)
0 0
1 [e%s}
1 —w Q )\ _ 1
x (W2,30%,, a)wf,:gl H)/dt t2( e )/dm exp(—(1 = s1)ur) (14 syus (1 — t1)Wa 3) 20
0 0

1wt 1 (cwtn) = 8 N (—0)io(3)i0 i
x 3 " @50, s Y Y %., {cozA > M—”(’_w;jg £, (3.44)

vo=0 ’ i0=0
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where
By g = t3ps _ $3.00l37 ’
; uz(1 —t3)(1 + ps3) Ppa—s3.conus(1—ts) 1+ s3.00us(l —t3)n
Ty g = tap2 _ Sotots 3 .
, uz(1 —t2)(1 4 p2) prmsa@esus(1—ts) LT soug(1l — ta)ws 3
By g = t1p1 _ $1t61Wa 3 -
Tow( =)+ | g 1y L s1ua(l — )W

By repeating this process for all higher terms of integral forms of the sub-summation y,,(z) terms,

where m > 3, we obtain every Z 1/0' H { Z s¥n bym(2) terms. Since we substitute (3.35),
n=1

vo=0 Vn—l/n 1

(3.38), (3.43), (3.44) and include all E 60 H { Z 54" }ym(2) terms, where m > 3, into (3.34),

vo=0 VUn=Vn—1

we obtain (3.33). O

Remark 3.6. The generating function for the first kind GCH polynomial of type 1 about x = oo as
v=2v;+j+14+Q/u, where j,v; € Ny, is

(oo}
> STl Y s @O ue e g
Vo= 0 VYn=Vn—1
1
G H Ao+ { [ s [
zn - @@
pale 1—8;“)0) 0,003 Pl 1—5koo )
oo
pat =5 (—wt ) 5 (—wt i) -
X/dm Ty (81,00 t1, U1, M)Wy 1 o (W110g, )Wy, A(So;wm)}f
0
1
1 1 (n-2)
— [ dt, t3
S gty e
k=n+1 ’ 0
o0
<~ —1 1— + A 1w+ £
x /dun I‘n(sn,oo;tnvunvn)wn;?l(n N )(wn7nawn,n)wﬁann wr)
0
n—1 1 oo
1 ig “ .
X {/dtn] tfb_(? ! )/dunfj anj(snfj;tnfj,unfjvwnfjJrl,n)
=19 0

Ll (n—f—1—w+) _ L m—g—1- Q _
Xﬁnfj(,n s +“)(wn*jﬂa@n—j,n)ws—(;nj ' w+“’)}A(80;w1,n)}€n}7 (345>

where
V:2Vj+j+1+%, 22%7 5:_%27 77:%22;
<> . R
T (51,003 t1,u1,7) = exp(—(1 = 81,00 )u1) (1 + 5100w (1 — t1)7) "2 FH0);
<>
I‘n(sn’m; tn, Un, 77) = exp(i(l - Sn,oo)un)(]- + Sn,ooun(]. — tn)n)_% (n+%)’
s ~
I‘nij (Snfj; bn—js Un—j> Wn—jt1, n)
-3 (n—j+3)

= exp(—(1 = sp—j)tn—;) (1 + $n—jtin—;(1 = tn—j) Wn—jt1,n)
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al’ld Q
A (50,003 1) = exP(80,00) (1 + 50,00m) 2,

~ ~ _
A(so;w1,1) = exp(so) (1 + sowi,1)” 2,
Q

A(s0;W1,n) = exp(so)(1 + soWi,n)” 2+ .

Proof. Replace a, b, j and z, respectively, by —vg, —v9 + 1 — a, ip and —z~! in (3.15). Applying the

o0 v

Y0
summation operator ‘;"7 to the resulting equality, we have
vo=0
10)
sq —502)
Z S0 Z = Z O —vy, —vo +1—a,—2z"1). (3.46)
v0=0 vo! i0=0 Vo=0

Replace a, b, p; and z, respectively, by —vg, —vp + 1 —a, p and —z~1 in (3.14):

(0+)
) |
U(—vp,—vo+1—a,—27") =™ % / dpeZp 11+ p)~= (3.47)
T
Insert (3.47) into (3.46):
o0 Vo 10 ( ) ( ) 1 (O+) o0
So —V0)ig\Q)ig iy . _q —a Spz\ Yo
s 5 Com@i o L gy 3 (9)
VOZZO V! i;) (1)4 2mi J VOZ_O D
) (0+) a )
»(14+p)~ ¢ _
Y A b 1 o (3.48
57 | et IS = expa) (14 s02) 7 (349)
o

Replace s, a and z, respectively, by 50 0, % and 7 in (3.48):

ZOWZ

vo=0 .1—0

Q)0 : 0

N = exp(s0,00)(1 + S0,00m) 2+ . (3.49)

Replace a and z, respectively, by % and wy 1 in (3.48):

o] 1/0 Yo io Q io
Z Z M W) = exp(so)(1 + 301171,1)_2% : (3.50)

1
PR
Replace a and z, respectively, by % and Wy, in (3.48):

x vo Yo (—p, i 2 4 .
Z S0 )il )io @, = exp(s0) (1 + so@1,) 2 . (3.51)
0 2 (1)i0 7 7

Putting cp= 1 and X = % in (3.33) and substitute (3.49), (3.50) and (3.51) into obtained equality we
get the result. O

4 Summary

The canonical form of the biconfluent Heun equation is defined by [26, 36]

d2
x—y+(1+a—5x—2x2)

Ty @Jr((y_a—2)x—%[6+(1+a)ﬁ])y=0

dx
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in which (a, 3,7,6) € C*. This equation has two singular points: of a regular singularity at x = 0
and of an irregular singularity at co. This equation is derived from the GCH equation by replacing
all coefficients u, €, v, Q and w, respectively, by —2, -8, 1+ a, vy —a —2 and 1/2(§/8+ 1+ «) in
(1.1) [9].

In previous two papers of the author [11,12], it was shown the way of deriving power series
expansions in closed forms of the GCH equation about = = 0 by applying 3TRF for an infinite series
of a polynomial of type 1 including their integral forms (each sub-integral y,,(x) of a general integral

[e.°]
y(x) = > ym(x) is composed of 2m terms of the definite integrals and m terms of the contour
m=0

integrals), and generating functions for the GCH polynomials of type 1 were analyzed.

In the present paper, it is shown how one can construct power series expansions in closed forms
and their integral forms of the GCH equation about x = 0 for an infinite series and a polynomial of
type 2 by applying R3TRF. This is performed by letting B,, in the sequence ¢, be the leading term
in the analytic function y(z). For a polynomial of type 2, we treat w as a fixed value and p, ¢, v, Q
as free variables.

The power series expansions and integral representations of the GCH equation about x = 0 for an
infinite series in the present paper are equivalent to an infinite series of the GCH equation in [11,12].
In this paper, B, is the leading term in the sequence ¢, in the analytic function y(z). In [11,12], 4,
is the leading term in the sequence ¢, in the analytic function y(x).

As we can see in [11,12], the power series expansions of the GCH equation for an infinite series
and a polynomial of type 1, the denominators and numerators in all B,, terms of each sub-power
series expansion Yy, (x), where m = 0,1,2, ..., arise with the Pochhammer symbol. In this paper, the
denominators and numerators in all 4,, terms of each sub-power series expansion y,,(x) arise likewise
with the Pochhammer symbol. Since we construct the power series expansions with Pochhammer
symbols in numerators and denominators, we are able to describe integral representations of the GCH
equation analytically. As we consider representations in closed form integrals of the GCH equation
about = = 0 by applying either 3TRF or R3TRF, a 1 F; function (the Kummer function of the first
kind) recurs in each of its sub-integral forms. It means that we are able to transform the GCH (or
BCH) functions about = 0 into any well-known special functions having two term recursive relation
between successive coefficients in the power series of their ODEs, because a 1 F; function arises in each
of sub-integral forms on the GCH equation. Having replaced 1 F; functions in their integral forms by
other special functions, we can rebuild the Frobenius solutions of the GCH equation about x = 0 in
a backward.

In [12] and in this paper, it is shown how to derive generating functions for type 1 and type 2 GCH
polynomials from their analytic integral representations. We are able to derive orthogonal relations,
recursion relations and expectation values of physical quantities from these two generating functions;
the processes for obtaining orthogonal and recursion relations of the GCH polynomials are similar to
the case of a normalized wave function for the hydrogen-like atoms.*

In Section 3, we construct the Frobenius solution of the GCH equation about x = oo for the
type 1 polynomial by applying 3TRF analytically [10]. Its integral representation and the generating
function for the GCH polynomial are likewise derived analytically. There are no such solutions for an
infinite series and for the type 2 polynomial, since the B, term is divergent in (3.5b) and the index
n — oo. Therefore, there are only two types of the analytic solution of the GCH equation about
x = oo such as the type 1 and type 3 polynomials. In comparison with integral forms of the GCH
polynomials of the type 1 and 2 around z = 0, a Tricomi’s function (Kummer’s function of the second
kind) recurs in each of sub-integral forms of the GCH polynomial of type 1 about x = co.

*For instance, in the quantum mechanical aspects, if the eigenenergy is contained in B, term in a 3-term recursive
relation between successive coefficients of the power series expansion, we have to apply the type 1 GCH polynomial. If
the eigenenergy is included in A, term in a 3-term recursive relation, we should apply the type 2 GCH polynomial. If
the first eigenenergy (mathematically, it is denoted by a spectral parameter) is included in A, term and the second one
is involved in B, terms, we must apply the type 3 GCH polynomial. In Chapters 9 and 10 of [14] we discuss about the
type 3 GCH polynomials.
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