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Abstract. In this paper, we establish the existence and uniqueness of solutions for a class of bound-
ary value problems for nonlinear implicit fractional differential equations with impulse and Caputo’s
fractional derivatives, the stability of this class of problems is considered, as well. The arguments are
based upon the Banach contraction principle and the Schaefer’s fixed point theorem. We present two
examples to show the applicability of our results.
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1. INTRODUCTION

In this paper, we establish existence, uniqueness and stability results to the following boundary
value problems (BVPs) for nonlinear implicit fractional differential equations with impulses

°Dy y(t) = f(t,y,°Diy(t)) for each ¢ € (tg,ths1], k=0,...,m, 0<a <1, (1)
Ay|t:tk :Ik(y(t;)% k: 17"'7m7 (2)
ay(0) + by(T) = ¢, (3)

where D} is the Caputo’s fractional derivative, f : JxRXR — R, I : R — R are given functions, and
a, b, c are real constants with a+b#£0,0=1tg <t; < -+ <ty < tpmar1 =17, Ay‘t:tk =y(th) —y(t;),
y(th) = hli}r(r)l+ y(ty +h) and y(t,) = hl_i)r(r)lﬁ y(ti + h) represent the right and left limits of y(t) at t = t.

In recent years, there has been a significant development in the theory of fractional differential
equations. It is caused by its applications in the modeling of many phenomena in various fields of
science and engineering such as acoustic, control theory, signal processing, porous media, electrochem-
istry, viscoelasticity, rheology, polymer physics, proteins, optics, economics, astrophysics, chaotic
dynamics, statistical physics, thermodynamics, biosciences, bioengineering, etc. See, for example,
[1, 6, 7, 15, 20, 27], and the references therein. On the other hand, impulsive differential equations
have received much attention, we refer the reader to the books [2, 10, 16, 22, 24, 26], and the pa-
pers [13, 19, 29], and the references therein. Very recently, boundary value problems of fractional
differential equations have received a considerable attention because they occur in the mathematical
modeling of a variety of physical processes; see, for example, [3, 4, 8, 9, 14, 28, 31]. In [11, 12], the
authors give some existence and uniqueness results for some classes of implicit fractional order differ-
ential equations. In [23], the authors consider the existence of multiple positive solutions of systems
of nonlinear Caputo’s fractional differential equations with general separated boundary conditions.

Motivated by the works mentioned above, in this paper we present some existence and uniqueness
results for a class of boundary value problems for implicit fractional differential equations. The
present paper is organized as follows. In Section 2, some notations are introduced and we recall some
preliminaries about fractional calculus and auxiliary results. In Section 3, two results for the problem
(1)—(3) are presented: the first one is based on the Banach contraction principle, and the second
one on Schaefer’s fixed point theorem. In Section 4, we present Ulam—Hyers stability result for the
problem (1)—(2). Finally, in the last Section, we give two examples to illustrate the applicability of
our main results.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which are used throughout
this paper. Let T'> 0, J = [0,T]. By C(J,R) we denote the Banach space of continuous functions
from J into R with the norm

1Y]loo = Sup{\y(t)| i te J};
Ll(J, R) is the space of Lebesgue-integrable functions w : J — R with the norm

T
el = / fw(s)] ds,
0

AC™(J)={h:J = R:h N, ... "1 e C(J,R) and h("~Y is absolutely continuous}.
In what follows, o > 0. Consider the set of functions
PC(J,R) = {y SRy e C((tg, tg+1,R), k=0,...,m
and there exist y(t;) and y(t), k=1,...,m with y(t;) = y(tk)}
PC(J,R) is a Banach space with the norm

¥l pc = sup [y(t)].
teJ
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Let Jo = [to, t1] and Ji = (g, tg+1] where k =1,... ,m.

Definition 2.1 (]21, 25]). The fractional (arbitrary) order integral of the function h € L*([0,7],R)
of order o € R is defined by

t

1

Ia _ _(11

—F(a/ts h(s)ds,
0

where I is the Euler’s gamma function defined by I'(a) = [ t*~ et dt, a > 0.
0
Definition 2.2 ([21, 25]). For a function h € AC™(J), the Caputo’s fractional-order derivative of
order « is defined by
¢

) / (t — 5)"==Lh(m (5) ds,

0

1

(DERO) = 7

where n = [a] + 1 and [a] denotes the integer part of the real number a.

Lemma 2.3 ([21, 25]). Let « > 0 and n = [a] + 1. Then

I Dg f(t) = f(1) =

Lemma 2.4 ([21]). Let a > 0. Then the differential equation
°D§k(t) =0
has solutions k(t) = co + cit +cot?> + -+ cp_1t" Y ¢ €R,i=0,1,2,...,n—1, n = [a] + 1.
Lemma 2.5 ([21]). Let a > 0. Then
I%D§k(t) = k(t) +co +cit +cot? + -+ cp1t"
for somec; €R,i=0,1,2,...,.n—1, n=[a] + 1.

D. Bainov and S. Hristova [5] introduced the following integral inequality of Gronwall type for
piecewise continuous functions which can be used in the sequel.
Lemma 2.6. Let fort >ty > 0 the inequality

t

z(t) < a(t) + / glt,s)x(s)ds+ > Br(t)x(ty)

to to<tp<t

holds, where Bi(t) (k € N) are nondecreasing functions for t > to, a € PC([tg,0),Ry), a is nonde-
creasing and g(t, s) is a continuous nonnegative function for t,s >ty and nondecreasing with respect
to t for any fized s > tg. Then, fort > ty, the following inequality is valid:

x(t) < a(t)t 1:[ t(1+ﬂk(t))exp (/tg(t,S) dS)-

Definition 2.7. A function y € PC(J,R) N AC(J) is said to be a solution of (1)—(3) if y satisfies
the equation “Dg y(t) = f(t,y(t),“Dy. y(t)) on Jy and the conditions

Ay|t:tk =I(y(t,)), k=1,...,m,
(
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Here, we adopt the concepts from Wang et al. [30] and introduce Ulam’s type stability concepts
for the problem (1)—(3). Let z € PC(J,R), € > 0, ¢ > 0, and ¢ € PC(J,R) be nondecreasing. We
consider the set of inequalities

{|0Daz(t) f(tz(t),°DY2(t))| < e, te€ (t,tim], k=1,...,m, @
|Ay(tr) — Ie(y(t))| <e, k=1,...,m,
{|0D“ — f(t, (t),°D0‘z )] <), te (trtiml], k=1,...,m, )
|Ay(tr) — Ie(y(t))] < k=1,...,m,
and
{|0Da 2(t) — ( 2(t),°D2(t))| <ep(t), t€ (thtesr), k=1,...,m, )
|Ay(ty) — )| < e, k=1,...,m

Definition 2.8. The problem ( )—(3) is Ulam-Hyers stable if there exists a real number cf,, > 0
such that for each ¢ > 0 and for each solution z € PC(J,R) N AC(Jy) of (4) there exists a solution y
of the problem (1)—(3) with

|2(t) —y(t)| < crme, tE

Definition 2.9. The problem (1)—(3) is generalized Ulam-Hyers stable if there exists 67, €
C(R4+,R4), 05, (0) = 0 such that for each solution z € PC(J,R) N AC(Jy) of (4) there exists a
solution y of the problem (1)—(3) with

2(t) —y(O)] < Opm(e), tE T
Definition 2.10. The problem (1)—(3) is Ulam-Hyers-Rassias stable with respect to (¢, ) if there

exists ¢fm,, > 0 such that for each ¢ > 0 and for each solution z € PC(J,R) N AC(J;) of (6) there
exists a solution y of the problem (1)—(3) with

|2(t) — y(t)| < cpm.pelo(t) + 1), tEJ.

Definition 2.11. The problem (1)-(3) is generalized Ulam-Hyers-Rassias stable with respect to
(p, ) if there exists ¢fm,, > 0 such that for each solution z € PC(J,R) N AC(J) of (5) there exists
a solution y of the problem (1)—(3) with

[2(t) =y(O] < cme(0(t) +9), teJ
Remark 2.12. Tt is clear that:
(i) Definition 2.8 implies Definition 2.9;
(ii) Definition 2.10 implies Definition 2.11;
(iii) Definition 2.10 for ¢(t) = ¢ = 1 implies Definition 2.8.
Remark 2.13. A function z € PC(J,R) N AC(J}) is a solution of (6) if and only if there are o €
PC(J,R) and a sequence oy, k = 1,...,m (which depend on z), such that
(1) lo(t)| <ep(t), t € (tk,trt1], k=1,...,m, and |og| < ey, k=1,...,m;
(if) °DYz(t) = f(t,2(t),°DY2(t)) + o(t), t € (tg,tht1], k=1,...,m
(ili) Az(ty) = Ix(2(t,)) +or, k=1,...,m
One can have similar remarks for inequalities (4) and (5).

Theorem 2.14 ([18]) (Ascoli-Arzela theorem). Let A C C(J,R). A is relatively compact (i.e., A is
compact) if:
1. A is uniformly bounded, i.e., there exists M > 0 such that
|f(z)| < M for every f€ A and x € J.

2. A is equicontinuous, i.e., for every ¢ > 0, there exists 6 > 0 such that for each x, T € J,
|z —Z| <& implies | f(z) — f(T)| < e, for every f € A.
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Theorem 2.15 ([17]) (The Banach fixed point theorem). Let C' be a non-empty closed subset of a
Banach space X. Then any contraction mapping T of C into itself has a unique fixed point.

Theorem 2.16 ([17]) (The Schaefer’s fixed point theorem). Let X be a Banach space and N : X — X
be a completely continuous operator. If the set € = {y € X : y = ANy for some X € (0,1)} is bounded,

then N has fized points.

3. THE EXISTENCE OF SOLUTIONS

To prove the existence of solutions to (1)—(3), we need the following auxiliary Lemma.

Lemma 3.1. Let 0 < a <1 and let o : J — R be continuous. A function y € PC(J,R) is a solution
of the fractional integral equation

-1 - — b o a—1 b r a—1
P {b;[i(y(ti ))—!—I,(a);t/l(ti—s) o(s) ds—|—r(a)t/(T—s) o(s) ds—c}
1 / a—1
T (a)o/(t $)*Lo(s)ds, if t€[0,h]
t; T
—1 - — b a=1,
k B 1 1;1 ¢ )
NI )Y / (ti—)* 1o (s) ds
+ﬁ /(t — ) to(s)ds, if te (tp,tryi,
where k=1,...,m, if and only if y € PC(J,R) N AC(J}) is a solution of the fractional BVP
‘D(t) = o(t), te Ji, (8)
Ay|t te =Ii(y(ty)), k=1,....m, 9)
ay(0) +by(T) = c. (10)
Proof. Assume that y satisfies (8)—(10). If ¢ € [0,¢1], then
‘D*y(t) = o(t).
By Lemma 2.5
y(t) =co+I%(t) = s)ds
Tl
for ¢g € R. If t € (1, 2], then Lemma 2.5 implies
1) = u(t) + g [ (=)o) ds = Al +9le7) + s [0= 9 ols)ds
/ a—1 1 / a—1
= B+ o0+ / (0= 5)° a0 (s) ds] + s / (t - )" o (s) ds
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If t € (t2,t3], then from Lemma 2.5 we get
t t

) = 0(t) + g [ (6= 9" o) ds = Ay, +9lty) + gy [0 =9 a(s)ds

to to
t1 ty

= L(y(t;)) + [co + L(y(t) + ﬁ / (ts — 5)° Lo(s)ds + ﬁ / (ts — 5)°Lor(s) ds}
0

t

+ F(la)h/(t —5)*Lo(s)ds
— o+ (Do) + )] + | / (1= 5)° o (s) ds + / (1= 5)* a5 s
+ ﬁ /t(t —5)* to(s)ds.
Re.}z(t%ating the process i: this way, the solution y(¢) for ¢ € (tg,trs1], where k = 1,...,m, can be
y(t) = co + ZZZL@@:)) + T gj / (1= 5" o(5)ds + s / (t - )" Lo (s) ds

m m T
e o+ 0)+b Y L) + g 3 [ (=9 el ds+ s (09t ds
Then - i
1 [ & boIn b
co = a_—+—b {bzlll(y(tz)) o) ; /(tl — ) lo(s)ds + @/(T 5)* to(s)ds — c]
Thus, if t € (tg,tgt1], where k =1,...,m, then
t; T
-1 - — b - a—1 b -1 —c
y(t) = " {b;[i(y(ti )+ m; / (t; —s)* 'o(s)ds + F(oz)t[(T 5)* o(s)ds ]

+ZI +—Z/ (ti —5)* o )ds+()/(ts)“ Lo(s) ds.

71tb 1

Conversely, assume that y satisfies the impulsive fractional integral equation (7). If ¢ € [0,¢1], then
ay(0) + by(T) = c and, using the fact that °D® is the left inverse of I*, we get

‘DYy(t) = o(t) for each ¢ € [0,¢1].
If t € (¢, trt1], K =1,...,m, using the fact that °D*C = 0, where C is a constant, we get
D%y(t) = o(t) for each ¢ € (tg, tkt1]-
Also, we can easily show that
Ay|t:tk =I(yty)), k=1,...,m

We are now in a position to state and prove our existence result for the problem (1)—(3) based on
the Banach fixed point theorem. O
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Theorem 3.2. Assume
(H1) the function f:J x R xR — R is continuous;
(H2) there exist constants K >0 and 0 < L < 1 such that
| f(t,u,v) = f(t,1,0)] < K|lu—1u|+ Ljv —7|
for any u,v,u, v ER andt € J;
(H3) there exists a constant | > 0 such that
() — Ix(@)| < T|u— 1]
for eachu,u e R and k=1,...,m.

|0| ~  (m+1)KT*
(|a+b|+1)[ml+m <1, (11)

then there exists a unique solution for the BVP (1)—(3).

Proof. Transform the problem (1)—(3) into a fixed point problem. Consider the operator N : PC(J,R) —
PC(J,R) defined by

N(y)(t) :Hb{bz +—Z/t—sa1 ds+/T g(s)ds —c

If

w2 /tkfsal st g [E=0r a3 RGi). (2

0<t}‘<ttk N e O<tp<t

where g € C(J,R) is such that
g(t) = f(t.y(t), 9(t))-
Clearly, the fixed points of operator N are solutions of problem (1)—(3).
Let u,w € PC(J,R). Then for t € J we have

+%/(t—s)a Yg(s) — h(s)|ds + Z | (u( Iu(w(t;))],

0<tp<t

and

By (H2), we have

l9(t) = h(t)] = | (£, u(t), g(8)) — f(t,w(t), h(t)| < Klu(t) — w(t)| + Llg(t) — h(t)|.
Then

Therefore, for each t € J,
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la + 0] Pt
Koo T
+(1—L)I‘(a) ;tk[ (tr —s)° ‘u(s)—w(8)|d8—|—(1 DI( )t/(T_S)a— lu(s) — w(s)| ds
K - i a—1
TR ;t / (tk = ) u(s) — w(s)| ds

S( |b] +1)[ml~—|— mKT®* N KT* }HU—WHPG

|a + b 1-LINa+1) (1-L)T(a+1)
Thus o ( VKT
~ m _|_ (&4
N Nlee < (g 1) e HDET™ Jy
1N @) = Nlpe < (25 + 1) [+ 5 Fa ) 1o - wlee
By (11), the operator N is a contraction. Hence, by the Banach contraction principle, N has a unique
fixed point which is a unique solution of the problem (1)—(3). O

Our second result is based on the Schaefer’s fixed point theorem.
Theorem 3.3. Assume that (H1), (H2) and the following conditions are fulfilled:
(H4) there exist p,q,7 € C(J,Ry) with r* = sup,c ;7(t) < 1 such that
|f(tu,w)| < p(t) + q)|u] + r(t)|w| for t € J and u,w € R;
(Hb5) the functions I, : R — R are continuous and there exist constants M*, N* > 0 such that
[Tr(uw)| < M*|u| + N* for each ueR, k=1,...,m.
If

(|a|~bk o " 1) (mar + (1(m;)1p)(q;T:1)) <1, (13)

then the BVP (1)—(3) has at least one solution on J.

Proof. Let the operator N be defined by (12). We shall use the Schaefer’s fixed point theorem to
prove that N has a fixed point. The proof will be given in several steps.

Step 1: N is continuous. Let {u,} be a sequence such that u, — w in PC(J,R). Then for each
ted

|CL+b| i=1
1 m 1 T
i 2 [ e lgn<s>g<s>|ds+r(a)t/<Ts>a gn(s) — g(s)] ds
frm B[ -9 - sl
0<tk<ttk,1
1 / 1 _ _
*@/ (t=5)" Hgals) — ()l ds + D [elun(ti)) = Iuu(t)). (14)

& 0<tp<t
where g,,g9 € C(J,R) are such that
gn(t) = f(tvun(t)vgn(t))
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and

By (H2), we have
90(6) = 9(0)] = | £t (6), 90 (0)) = F(t,0(t), 9(0))] < Klun(£) — w(t)] + Llgn(t) — g(0)].
Then
90(0) 90 < T2 (1) — ut).

Since u, — u, we get gn(t) = g(t) as n — oo for each t € J. Let > 0 be such that, for each ¢ € J,
we have |g,,(t)| <7 and |g(t)| < n. Then we have

(t =) gn(s) = g(s)| < (¢ = )" lgn(s)] + 1g(s)]] < 2n(t - 5)*7"
and
(tr = ) Hgn(s) = 9(s)] < (te = )7 lgn(s)| + lg(s)]] < 2n(tr — 5)* 7.
For each t € J, the functions s — 2n(t — s)*~! and s — 2n(tx — s)*~! are integrable on [0,¢], then
the Lebesgue Dominated Convergence Theorem and (14) imply that

[N (un)(t) = N(u)(t)| — 0 as n — oo
and hence
|V (un) — N(U)HPC — 0 as n — oo.
Consequently, N is continuous.

Step 2: F maps bounded sets into bounded sets in PC(J,R). Indeed, it is enough to show that for
any 1" > 0 there exists a positive constant £ such that for each v € B« = {u € PC(J,R) : ||u|lpc <
7}, ||V (uw)||pec < L. For each t € J we have

Nw(® = = [bzlmu(t;)) + e > [ = et s+ s [t as -

JrFi > /(tk—s)a_lg(s)ds—F%/(t_s)a_lg(s)ds+ > Ilult),  (15)

(O() 0<tk<ttk,1 F( )tk 0<tp<t

where g € C(J,R) is such that

By (H4), for each t € J we have

where p* = sup p(t) and ¢* = sup ¢(¢). Then
teJ teJ

Thus (15) implies

mMT* n MTe }
MNa+1) TD(a+1)
|c] mMT* MT>

+ + + +m(M*[u| + N*
la+b T(a+1) T(a+1) (Mu )

< (l + 1) {m(M*|u| +N*)+ (m + 1)MTQ} i

N < 1 [mO el + N7 +

la + b| Ia+1) la+ b
Therefore
10| o, ey, (m+DMT |
<|(—+1 = /.
[N (u)llpc < (|a+b| + )[m(M n"+N*)+ (ot 1) ] et bl 4
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Step 3: F' maps bounded sets into equicontinuous sets of PC(J,R). Let 71,72 € J, 71 < T2, By-
be a bounded set of PC(J,R) as in Step 2, and let v € B,-. Then

1 7 a—1 a—1
[N (u)(r2) = N(u)(r)| < F(Q)O/KTQ =)t = (1= 5)" 7 |g(s)l ds

17 B B
+w/|<m—s>“ lHo@)lds+ 3 |Tut))]

0<tp<T2—T1
M
< L(a+1) [2(r2 = 1) + (75 = 71)] + (12 — 71) (M *|u| + N*)
= % [2(7-2 - Tl)a + (Tél — Tla)] —+ (7'2 — Tl)(M*ﬁ* + N*)

As 11 — 79, the right-hand side of the above inequality tends to zero. As a consequence of Steps 1
to 3, together with the Ascoli-Arzela theorem, we can conclude that N : PC(J,R) — PC(J,R) is
completely continuous.

Step 4: A priori bounds. Now it remains to show that the set
E={ue PC(J,R): u=AN(u) for some 0 < A < 1}
is bounded. Let u € E, then w = AN (u) for some 0 < A < 1. Thus for each t € J

m T
u(t) = a;—i—lb {b)\z[i(u(ti_ b/\ Z / g(s)ds + Fla) /(T —5)* 1g(s)ds — cA

tm

ty

A -1 A / a—1 —
—l—m Z /(tk—s)o‘ g(s)ds—&—m/(t—s) g(s)ds + A Z I (u(ty)). (16)

0<ti<ty” & 0<trp<t
By (H4), for each t € J we have

O] = [F(t,u(t), g(t)] < p(t) + a®)|u@®)] +r@)g(t)] < p* + g |ult)| +r*|g(t)].
Thus

1 * * * *
90)] < = (" + 0 Tu0)) < = (" + ¢ llullpc).

This implies, by (16) and (H5), that for each ¢t € J

1—

= g [0 e + )+ BRI+ TR
+ i et lele) | T 0 fuo) e + ).
Then
lullpe < ( i+ 1) [m M*|[u(t)| pc + N*) + (m +(1)£p::)rrq(*olé|lﬂlf)c)Ta} a|i| ;
(|a+b| +1) (my 1m:)lp)(;:ia1))
|a|—c|—b| i (|a|—l|)—b| +1) (mdr" + (1(T;)1r)(q;ia1))”“m
Thus

i () T

10| | . (m+1DpT™
< 1 N .
—(|a+b|+ )[mm*m +(1—r*)F(a—|—1)}
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Finally, by (13), we obtain

( [b] 4 1) [mN* + (1(m+1)p T + \a|C| }

la+Db| )T (a+1) +b|
lullpe < 5 = R.
| B (m4+1)q* T
[1— (R + DmM* + et
This shows that the set E is bounded. As a consequence of the Schaefer’s fixed point theorem, we
deduce that N has a fixed point which is a solution of the problem (1)—(3). O

4. ULAM—HYERS RASSIAS STABILITY
Now, we state the following Ulam—Hyers—Rassias stable result.

Theorem 4.1. Assume that (H1)—(H3), (11) and the following condition are satisfied:

(H6) there exists a nondecreasing function ¢ € PC(J,Ry) and there exists A, > 0 such that for
anyteJ:

I%p(t) < Ape(t).
Then the problem (1)—(2) is Ulam—Hyers—Rassias stable with respect to (¢,v).

Proof. Let z € PC(J,R) N AC(Jx) be a solution of (6). Denote by y the unique solution of the BVP
‘DR y(t) = f(t,y(t), "D y(t)), t€ (tr,toy1], k=1,...,m,
Ay(te) = In(y(ty)), k=1,....m
ay(0) +by(T) = ¢,
y(0) = 2(0).

Using Lemma 3.1, for each t € (¢, tx+1] we obtain

k 1 x ty
1) =50+ Y L) + g O [ (=) als) ds
+ T / (0= )" gs)ds, 1€ (1x, g,

where g € C(J,R) is such that
g(t) = f(tay(t)’g(t))'

Since z is a solution of (6), by Remark 2.13, we have

{CD,?kz(t) = f(t,2(t),°Dg z(t)) + o(t), t€ (totusa], k=1,...,m,

(17)
Az(tk):Ik(z(t,;))—l—ak, k=1,...,m.

Clearly, the solution of (17) is given by

k 1k b
2(t) = Z(O)—i—ZIi(z(t;))—i-Zai—i—m Z / (ti—s)* " h(s)ds

]t—s “lo(s)ds+ o )/(t—s)“_lh(s)ds

ds7 t e (tk,tk+1],

Y
oo

”\

where h € C(J,R) is such that
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Hence for each ¢ € (ty, tg+1] it follows that

k k
2() —y()] <Y ool + Y [L(=(t7)) — Lily(t))]
i=1 i=1
1 : | a—1 1 k i a1
+w;t/ (tz—S) ‘h(s)_g(s)‘ds—f—mz; /(tl—s) |O'(8)|d8
1 / o=l L / a—1
+(a)/(t 5) |h(5)—9(3)|d8+r(a)t/(t—s) lo(s)].

Thus

By (H2), we get

h(t) = g(O)] = | f(t, 2(t), h(t)) — (L, y(8), g(1))| < K|z(t) — y(t)] + Llg(t) — h(1)]-
Then

Thus

k
[2(t) —y(t)] < ZﬂZ(tZ)—y(tZ)!+€(¢+90(t))(m+(m+1)/\sa)

t

7K(m+1) — $)%7Yz(s) — y(s)| ds
+(1—L)F(a)0/(t )7 2(s) — yls) ds.

Applying Lemma 2.6, we get

|2(t) = y(®)] < e(® + @) (m + (m+1)A,)

[ 1 e ( [ BOED o) < ot v,
0

0<ty<t
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where
i D e (K DT
Cp = (m+ (m+ 1))\59) |:kl:[l(1 + 1) exp ((1 — L)I(a+ 1)>:|
B - K(m+1)T> \1™
= (m+ (m+1)\,) [(1 + 1) exp (MM)]
Thus, the problem (1)—(2) is Ulam—Hyers—Rassias stable with respect to (¢, ). O

Next, we present the following Ulam—Hyers stability result.

Theorem 4.2. Assume that (H1)-(H3) and (11) are satisfied. Then the problem (1)—(2) is Ulam—
Hyers stable.

Proof. Let z € PC(J,R) N AC(Jx) be a solution of (4). Denote by y the unique solution of the BVP
‘D y(t) = f(t,y(t),°Diy(t)), te (tptrppa], k=1,...,m,
Ay(tr) = Le(y(ty)), k=1,...,m,
ay(0) + by(T) =
y(0) = 2(0).

Similarly as in the proof of Theorem 4.1 we get the inequality

k
[2(t) = y(&)] < D T|C(87) = (w(t)]
=1

t

T (m + 1) K(m + 1) jo-1
me o [0 )~ ol as.
0
Applying Lemma 2.6, we obtain
ml(a+1)+T*(m+ 1)
— <
20 -yl <e(Fa Ty )
¢
~ K(m+1 o l
X|: H (l—i—l)exp(/(l(L)F(a))(t—s) 1d8) SCQOE’
0<ty <t o J
where
~(mD(a+1)+T*(m+1)\ [ 1 K(m+1)T* \]
= ( T(a+1) )“:[ ( 1— L)F(a+1))_
~(mI(a+1)+T*(m+1) ~ K(m+1)T> \]™
- ( T(a+1) ) (1+0) exp ((1—L)F(a+1))
which completes the proof of the theorem. O

Moreover, if we set y(g) = ce, 7(0) = 0, then the problem (1)—(2) is generalized Ulam—Hyers stable.
Remark 4.3. Our results for the boundary value problem (1)—(3) are appropriate for the following
problems:

e Initial value problem: a =1, b=10, ¢ = 0.
e Terminal value Problem: a = 0, b = 1, ¢ is arbitrary.
e Anti-periodic problem: a =1,b=1, ¢ =0.

However, our results are not applicable for the periodic problem, i.e., fora =1,b= -1, ¢ = 0.



Nonlinear IFDEs with Impulses 29

5. EXAMPLES

Example 1. Consider the following impulsive boundary value problem:

1
CD2 " y(t)= for each t€JyU Jy, (18)
5et+2 (14 [y(1) | +[<Df y(1))
1-
’t_ = (5 1)|_ (19)
210+ y(3 )l
2y(0) —y(1) =3, (20)
where Jo = [0, 3], Ji = (3,1, to = 0 and #; = §. Set
1

t 0,1 R.
ftu,v) = 5ett2(1 + [u| + [v]) tel0,1], uve

Clearly, the function f is jointly continuous.
For each u,v,w,7 € R and t € [0, 1]

_ 1 _ _
’f<t7uav) - f<t7uav)‘ < 5? (|U, - U| + |’U - U')
Hence the condition (H2) is satisfied with K = L = &5 .
Let v
ILi(u) = ora Y € [0, 00).

Let u,v € [0,00). Then we have
v 10ju — v|

B 0 = s - e -
|11 (w) v)| 10+v 10+ (10+u)(10+v) =10

lu—wvl.

Thus the condition
2

b ~ m KT 2 4
(a|+|b +1) |l + (1<—Li_);)(oz+1)} :2[110+(:;)(§)} —2[m+% <!

is satisfied with T=1,a=2,b=—-1,c=3, m =1 and I = % From Theorem 3.2 it follows that
the problem (18)—(20) has a unique solution on J.
Set for any ¢ € [0,1], ¢(t) =1, ¢ = 1. Since

¢
1 2t
I’y /t—s lsds < —,

%O VT

the condition (HG6) is satisfied with A, = % From this it follows that the problem (18)—(19) is
Ulam—Hyers—Rassias stable with respect to (¢, ).

Example 2. Consider the following impulsive anti-periodic problem:

1
2+ |y(O)|+]°Dg y(t)|

CDiy(t) = £ for each teJyU Jy, (21)

108e!+3(1+|y(t)[+]°Df y(t)])
L, = )

6+ y(5 )l
y(0) = —y(1), (23)

where Jo = [0,4], J1 = (3,1], to = 0, and t; = 5. Set
2
flt,u,v) = + lul + o] €[0,1], uw,v€eR.

108et+3(1 + |u| + |v])
Clearly, the function f is jointly continuous. For any u,v,u,v € R and ¢ € [0, 1]

| f(t ) = f(6.70,)] <

1
10803 (Ju—1a| +|v—1]).
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Hence the condition (H2) is satisfied with K = L = 54— . For each t € [0, 1] we have
1
|f(t,u,v)| < 108et 3 (2 + ul + [v]).
Thus the condition (H4) is satisfied with p(t) = zr2=7 and ¢(t) = 7(t) = 15eerrs -
Let u
I = 0 .
1(“) 6+u’ UE[,OO)

For each u € [0, 00) we have

1

Thus the condition (H5) is satisfied with M* = { and N* = 1. Therefore the condition

is

(o + ) + 2 5ne 1) =3 (6 s —pygs) <

satisfied with T'=1,a=1,b=1, ¢ =0, m = 1 and ¢*(t) = r*(t) = {g5=s . From Theorem 3.3 it

follows that the problem (21)—(23) has at least one solution on J.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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