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Abstract. The sufficient conditions for asymptotic stability of solutions
of second order linear differential equation

y' +pt)y +q(t)y =0
with continuously differentiable coefficients p : [0, +00) — R and ¢ : [0, +00)
— R are established in the case where the roots of the characteristic equation

AN+ pON+q(t) =0

satisfy conditions

—+oo
ReA;(t) <0 for t >0, / ReAi(t)dt = —oc0 (i =1,2).

to
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1. INTRODUCTION

This present paper is a continuation of the article Sufficiency conditions
for asymptotic stability of solutions of a linear homogeneous nonautonomous
differential equation of second-order.

In the theory of stability of linear homogeneous on-line systems (LHS)
of ordinary differential equations

% = P(t)Y, te€ [to;+00) =1,

where the matrix P(t) is, in a general case, complex, of great importance
is the study of the LHS stability depending on the roots \;(t) (i = 1,n) of
the characteristic equation

det(P(t) — AE) = 0.

L. Ceséro [1] has considered the system of differential equations of n-th

order

dy

o= [A+ B(t) + C(1)]Y,
where A is a constant matrix, whose roots of the characteristic equation
Ai (i = 1,n) are distinct and satisfy the condition Re); < 0 (i = 1,n);
B(t) —» 0 as t — 400,

+o0 1Bt oo
/ H%Hdt<+00a / HC(t)Hdt< +00,
to 1o

the roots of the characteristic equation of the matrix A + B(t) have non-
positive material parts.

In his work, C. P. Persidsky [2] considers the case in which elements of
the matrix P(t) are the functions of weak variation, that is, every function
can be represented in the form

f(t) = f1(t) + f2(2),
where fi(t) € Cr, and there exists tliin fi(t) € R, and fa(t) is such that
— T 0o

¢ li (1) =
sup|fo(t)] < +oo,  Tim fo(t) =0,
and the condition Re \;(t) < a € R_ (i = 1,n) is fulfilled.

N.Y. Lyaschenko [3] has considered the case Re \;(t) < a € R_ (i = 1,n),
tel,

sup [[A"(1)]| < e.
tel

The case n = 2 is thoroughly studied by N. I. Izobov.
I. K. Hale [4] investigated asymptotic behavior of LHS by comparing the
roots of the characteristic equation with exponential functions

Re\i(t) < —gt?, ¢g>0, >—1 (i=1,n).
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Then there are the constants K > 0 and 0 < p < 1 such that for solving

the system
dy
— = At
o = Aty
the estimate "
ly()|] < Ke™ 155"y (0)]|

is fulfilled.
In this paper we consider the problem of stability of a real linear homo-
geneous differential equation (LHDE) of second order

v +p)y +qt)y=0 tel (1)
provided the roots \;(t) (i = 1,2) of the characteristic equation
A+ p(HA+q(t) =0
are such that
+o0
ReAi(t) <0, teT, / ReAs(t) dt = —o0 (i = 1,2) @)
to
and there exist finite or infinite limits tliinm Ai(t) (i = 1,2). We have not
yet encountered with the problems in such a formulation. The case where

at least one of the roots satisfies the condition
“+o0

< / |Re)\¢(t)|dt <400 (1=1,2)
to
should be considered separately.

Under the term “almost triangular LHS” we agree to understand each
LHS

dz
y szk Yy (i =T,n) (3)

with pi(t) € Cr (i,k = 1,7), wh1ch differs little from a linear triangular
system

d
yz szk yr (1 =1,n), (4)

and the conditions either of Theorem 0.1 or of Theorem 0.2 due to A. V. Kos-
tin [5] are fulfilled.
Theorem 1. Let the conditions

1) LHS (4) is stable when t € I;

2) for a partial solution o;(t) (i = 1,n) of a linear inhomogeneous
triangular system

i—1
dUl(t) .
o kzlmk )| + Repii(t)oi(t Elmk Nlok(t) (i=Tn) (5)
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with the initial conditions o;(tg) = 0 (i = 1,n) the estimate of the
form 0 < o;(t) <1—~ (i=1,n), v = const, v € (0,1) holds for all
tel.

Then the zero solution of the system (3) is a fortiori stable fort € I.

Theorem 2. Let the system (3) satisfy all the conditions of Theorem 1 and,
moreover,

1) triangular linear system (4) is asymptotically stable fort € I;
2) t_l}glooai(t) =0(i=1n).
Then the zero solution of the system (3) is asymptotically stable for t € I.

Theorem 3. Let the system (3) satisfy all the conditions of Theorem 1 and,
moreover,

1) none of the functions

i—1
Uit) = lpn®) (=Zn)£0 for tel;
k=1

2) t_13+mooai(t) =0 (i=1,n).

Then the zero solution of the system (3) is stable fort € I.

We will also use the following lemma [5]:

Lemma 1. If the functions p(t),q(t) € Cr, Rep(t) <0, t €I,

“+o0o
B oa(t)
/ Rep(r)dr = —o0, tilgrnoo Rep(t) 0,

to
then
t t T
f Rep(r) dr — f Rep(71)dn
e'o /q T)e "o dr =0(1), t— +o0.

to

Further, it will be assumed that all limits and characters o, O are consi-
dered as t — +oc.
In case equation (1) has the form

y" +p(t)y =0, (6)

where p(t) € C%, p(t) > 0in I, A\ (t) = —i\/p, Xa(t) = iy/P, p = p(t), there
is the well-known I. T. Kiguradze’s theorem [6]:

Theorem 4. Let equation (6) be such that

t
p(+00) = +o0, p'p 2 =o(1), (Inp)~* / |(p'p~2)|dr = 0(1), t— to.
a

Then there take place the property of asymptotic stability.
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2. THE MAIN RESULTS

2.1. Reduction of equation (1) to the system of the form (5). Con-
sider the real second order LHDE (1):

y' +pt)y +qt)y=0, tel,

where p(t),q(t) € Ct. Let y = y1, y' = ya. We reduce the equation to an
equivalent system

y1=0-y1+ 14, )
Yo=—¢ Y1 = D" Y.
Consider the characteristic equation of LHS (6):
0 - )\ ]. 2
—0 or M4prtq=0, 8
’ - /\‘ PA+q (8)

2
and assume that & — ¢ < 0 at I. Then this equation has two complex-
conjugate roots:

)\120[—2.5, )\2:a+7;5,
where \; = \;(t) (i = 1,2), a = a(t) € C}, B = B(t) € Ct. Given (2), we
will consider the case

+oo

a(t) <0, / at)dt = —occ. (9)

to

There is the question on the sufficient conditions for stability of the trivial
solution of the system (7). Consider the following transformation for the
system (7):

y=0c@z cl= (All(t) )\21(t)> s <28> 7

where z;(t) are new unknown functions (i = 1,2).
Z'=(CtACc -c70)z,
det C'(¢) = A2(t) — A1(1),
I 1 Ao(t) -1
0= s (R 1)
iy (0 0 1 1 —Ai(t) =Xa(t)
0= (o xtn): = manw Gty u )

. M) 0
c ACz( 0 )
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The system withe respect to new unknowns z;(¢) (i = 1,2) in a scalar
form is

40 = (M0 + 1 )0+ Al

iy A(t) M (t)
40 =~ O (ha(t) - m)zz(t).
It is not difficult to see that
MO
Re )\Q(t)l— N 2

(10)

ﬁ/ /(t) B 1
E’ Re )\Q(t)Q— N2

A (t 5(t 1 '\ 2 '\ 2
0= xwl = e wwl =2y (3) + (5)
A2(t) — At )\2 —M@) 2 g B
In accordance with Theorem 1 we write an auxiliary system of differential
equations:

!

15
o1 = (a—3 E) o1(t) + h(t)os(t),
5/
o(t) = h(t) + (a = 5) 2 (t).
Consider a particular solution with initial conditions o;(t9) = 0 (i = 1,2).
This solution has the form

(11)

t ’ t
[(a—1% B ydr 7f (a—1 B ydr
aa(t) = et *7 /h(T)e 2 dr,
0 (12)
_ ‘]E(a—% B—/)dr ! _ f(oz—i—)d‘rl
o1(t) = e /h(r)og(r)e dr.
to

Assume also that there exists a finite or an infinite limit

2.2. Various cases of behavior of the roots \;(¢) (i = 1,2). We consider
the following cases of behavior of the roots of the characteristic equation,
assuming that the condition (9) is fulfilled:

1) a(+) € R_, B(+00) € R;

2) a=o(1), B=o(1), § — const # 0;
3 a=o(1), 5= ol1), § - o

4) a=o(1), B(+o0) € R\ {0};

5) a=o(1), B=0(1), 5 —0;

6) a(+00) = —o0, B(+o0) = 00, § = o0
7) a(4+00) = —o0, B(+0) € R\ {0};
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a(+o00) = —o0, B =o(1);
a(+00) = —o00, f(+00) = oo,
a =o(1), B(+00) = o0;
a(+0) € R_, B(+00) = oo;
12) a(+00) = —o0, B(+00) =00, 5 — 0.

) =
) =

— const # 0;

™IQ

~ —

Theorems 5-16 correspond to the above cases 1)-12).
Theorem 5. Let the condition (9) be fulfilled and
a(+oo0) e R, B(+) € R.
Then the trivial solution of equation (1) is asymptotically stable.
This case is well known.

Theorem 6. Let the condition (9) and the following conditions
a=o(l), B=o(1), % — const # 0,

& =0l G =ol)

be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. We consider the system (10), auxiliary system of differential equa-
tions (11) and its particular solution (12).
In this case

h(t) V() + )
lim == lim Y——— =
t—)+ooa_%% 2 t—4o0 %_%%
_11, ‘o/ﬁ_l lo/|
_2t—g-noo 32 a_2t—:1-i¥loo a? ﬂ_

Consequently, o2(t) = o(1), by Lemma 1. Further, we have

h(t
lim (1) E o2(t) =0
t—+o0 o 5 F

Then ¢4 (t) = o(1). Obviously, 1(t) = h(t) # 0 for ¢ € I. All the conditions
of Theorem 3 are fulfilled and thus Theorem 6 is complete. To obtain the
estimate of solutions y;(t) (i = 1,2) we make in the system (10) the following
substitution:

6ftosz
zi(t)=e ' mi(t) (i=1,2), 6€(0,1). (13)
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Then the system (10) takes the form
A (t)
1) = (M) + —21 — 2o,
OR COR ey o
(1) ()
) = —— 1 t Ao(t) — — 22 _§ t).
7]2( ) )\Q(t)_)\l(t) 771( )+< 2( ) )\Q(t)_)\l(t) a)772( )

In accordance with Theorem 1, we write an auxiliary system of differential
equations:

Csa)min) + 20
(14)

A0 = (1=8)a =3 2)or() + byt
, (15)
oh(t) = h(t) + (1 = 8)a — % %)02(7&)

It’s particular solution with the initial conditions o;(t9) = 0 (i = 1,2) has
the form

_ f ((1—5)04—% %’) dr / h(T)e—Ti ((1—6)(1—% %/) dry

oa(t) = e dr,
i
t b : , (16)
_ S ((175)047% %) dr ! _ - f ((176)047% %) dry
o1(t) = e /h(T)O'Q(T)e 7o dr

It is not difficult to see that the replacement (13) does not affect the as-
ymptotic stability. Taking into account the transformation C(t),

yi(t) = z1(t) + 22(¢),
{yz(t) —MO)al) £ reO(l).
thadr
. yi(t) = ofe % ) ,

t ’ t ’
f (5a+ /\1(?) dr f (6a+/\2(2>) dr
pa(t) =ofeo T wen T
ta s+1 Al(z) dr fa s+1 2(t) dr
yg(t):o<et0 ( m)) 4 oo ( Az()) )
It is easy to see that
A1 (t) Ap(t) _o'a+p'B
R(t) =R =R =
O =Re3 ) " ®Ne = w@rp
A (1) M) oB—af
It)=Im 2 =—-Im 2~ =
O=TH =" M50~ @15
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Then
/ / !/
lim 1 Re/\l(t) = lim 7aa—|—ﬂﬁ =
totoo v A (t)  to+oo aa? + 52?)
s &
= lim CLE—— ) =0,
t—-+o00 (1 4 (g)z (%)3 +5
1 A (1) o'B—apf
lim — Im~22 = lim ————— =
t—bo o A1(t) t— b0 ala? + 52)
—lim<d2 —aﬁ >—O.
t—+o0 %+ g (3)24—1
Thus
Ai(t) :
YOI o(a) (i=1,2)
Therefore,
6ftad'r
yi(t):o(e i0 ) (i=1,2), 6¢(0,1). O

Theorem 7. Let the condition (9) and the following conditions
a=o(l), p=o0(1), N 00,

B

O/ /8/

— = — =01

" —ol8), =0
be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.
Proof. In the system (10) we make the replace (13). We obtain the system
(14), an auxiliary system of differential equations (15) and its particular
solution (16).

In this case,

Wy 1 Gr (57
ot (1—b)a— 35 2to+oa(l-0-§ 5
B’ a’
1 £ 2 o 2
L) (-
oo _5— 18 _5— 1B
2 t—+ 1-6—-57 1-0-35 7
BB !
1 =E 2 a 2
= — lim ( ﬁa, )—|—( b ; ):O
O R
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Then 71 (t) = o(1). This implies that Theorem 7 is valid. Moreover,

t
S [ adr

zi(t):o<e i ) (i=1,2), 6€(0,1).

Next,
t—1>15-noo ER(t) - tl}I-ipoo <(g + g + (%)3 + g) =0,
lim —1(t) = lim (o )=
Jm G0 =l Ge+1 (@e+1) 70
Thus
AL(t)
2 = ) —= 1 2
T = o) (=12
Therefore, just as in Theorem 6:
5ftad7-
yi() :o(e i0 ) (i=1,2), 6¢(0,1). O

Theorem 8. Let the condition (9) and the following conditions
a=o0(1), PB(+x)eR\ {0},
a/ /8/

— =o(1), 5

«

o(a)

be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (13). We obtain the
system (14), an auxiliary system of differential equations (15) and its par-

ticular solution (16).
In this case,

B'y2 4 ()2
SR O N S () +(5)” _
t—>+ooa_%% 2t—>+ooa(1_6_%%>
. (25)2 + (25)? L 19,
T 2ot 1o _%(Té T2 _0) toielagl T

Therefore, g2(t) = o(1), by Lemma 1. Further, we have
h(t ~
1m ®) 15 a2(t) = 0.
t—4-o0 (1 — (S)Oé ) F

Then ¢ (t) = o(1). This implies that Theorem 8 is valid. Moreover,

zi(t)zo(eﬁtiaT) (i=1,2), 6¢(0,1).
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Then
lim ~ R(t) = lim ( £ + a3 ):0
t—=+oo t=+o0 a+§ﬁ ()2 +1 ’
lim = I(t) = lim ( $ & )—0
t=+oo (v  totoo Fa+p %4_% -
Thus

Therefore, just as in Theorem 6,

§jad‘r
yi(t)zo(e io ) (i=1,2), 6¢(0,1). O

Theorem 9. Let the condition (9) and the following conditions

a=o0(1), B=o(1), N 0,

B
a p =o(a)

be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (13). We obtain the
system (14), an auxiliary system of differential equations (15) and its par-
ticular solution (16).

In this case,

. (552 +(%5)?
—_ m — =
B 00 _§5_ 18
2 t—+ 1 3 op
1

. 1 B
20 —0) i lagl T 20 —9) H+oo‘a2 5‘

Consequently, o2(t) = o(1), by Lemma 1. Further, we have

h(t ~
Then 71 (t) = o(1). This implies that Theorem 9 is valid. Moreover,

t
5fo¢d'r

zi(t)zo(e io ) (i=1,2), 5€(0,1).
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Then
1 o 2
lim — R(t) = lim (—22 ) =0,
tiglooaR() tﬁlgloo 1+(§)2+<%)2+1 0
1 o 2
lim - I(t)= lim ( ol _a ):0
tFoo o totoo\a 4 B a8
B « B «@
Thus
AL(t) .
S =1,2
i =ole) (=12
Therefore, just as in Theorem 6,
6f;o¢d7'
yi(t)zo(e i ) (i=1,2), 6¢(0,1). O

Theorem 10. Let the condition (9) and the following conditions

a(+00) = —00,  B(+00) = o0, % — 00,
O/ _ /8/ B
E - O(l)a E - O(1>

be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.
Proof. In the system (10) we make the following replacement:

21 (t) = &1(t),  z2(B)Aa(t) = &2(2). (17)

Then the system (10) takes the form

6= (M0 + 55
/\’() A1

X ) = M(t)
) — - MO Xl
SO EPHOPY0)

(1) N (#)
(20 - WORSWOR /\z(t))&(t)'

In accordance with Theorem 1, we write an auxiliary system of differential
equations:

_|_

)
N0 )\1(15)>£1(t)+
36 0)

(18)

At
(t
(t
Ao
N &)+

ol (t) = (a - % %’ - R(t))al(t) + h(t)oa(t),
o (t) = h(t) + (a _1 Bﬁ’ - R(t))ag(t)



92 Tatiyana Barinova and Alexander Kostin

Consider a particular solution with the initial conditions o;(tg) = 0 (i =
1,2):

t ’ t ’
J a—12 B _R(t)) dr — [ la—1 B _R(t)) dn
= ) / hr)e i,

to
B [ (o=t &—Rr@w)ar | ~ — ] (a=1 5 —R) an
o1(t) = e /h(T)O’Q(T)e o dr.
to
In this case,
1 o 5
lim — R(t) = lim (=4 ) =0
ti+mm I (t) Hl?oo B(1+ (5)2) (%)2 +1
Then
(1)2 + (25)?
: h(t) I 5 3
lim 3 = — lim A1 =
t—>+ooa_%i_R(t) 2t—>+oo%_§F_ER(t)

(D) () - |5

Therefore, go(t) = o(1), by Lemma 1. Next,

h(t
lim %GQ(t) =0.
Then &1(t) = o(1). This implies that Theorem 10 is valid. To obtain
the estimate of solutions y;(t) (i = 1,2), we make in the system (18) the

following replacement:

Jfadr
&G)=e' p(t) (i=1,2), 6€(0,1). (19)
Then system (18) takes the form

X0 )
3 — (D) Al 20

X ()
C () = M) M)

(20~ 55 S~ a0

+
(20)

ma(t) = m(t)+
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In accordance with Theorem 1, we write an auxiliary system of differential
equations:

(0 = (1=0)a =3 5 - RO)or(0) + b)),
, (21)
oh(t) = h(t) + ((1 5)04*%%—1%()) 2(t).

Let us consider a particular solution with the initial conditions o;(tg) = 0
(i=1,2):

h (1-8)a—1 B —R(t)) dr

52(t) = ¢'o X
" ~ [ (=8)a-1 Z—R)) dn
X fh(T)e *0( °r dr,
(22)
B K ((1 Sa—1 & R(1)) dr
Ul(t) = ¢'o X
" [ (a=8)a-1 & _R@)) dn
X fh(T)&g(T 0 ( °7 ) dr.
to

It is not difficult to see that the replacement (19) does not affect the stability.
At the same time,

t
§fad7'

fi(t)zo(e io ) (i=1,2), 6¢(0,1).

Then, according to (17),

Further,
1 @ s
lim —R(t) = 1 ( e + )=07
tJ+mooa (t) t~3+moo a(1+(§)2) (%)3+%
lim (£ = lim ( = )70
t—+oo (v T ttoo a(%+§) (%)2+1 =0u.
Consequently,
N (t) .
=o(a) (2=1,2
T =ele) (=12)
and
5fto¢d'r
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Then

y1(t) = z1(t) + 22(2), y1(t) = 2z1(t) + 22(1),
mezAwwmw+&w@a> :ﬁ{m®=ﬁﬂw+&® =

6ftad7'
:>yi(t):0(e to ) (t=1,2), 6 €(0,1). O

Theorem 11. Let the condition (9) and the following conditions

a(4+00) = —o0, B(+00) € R\ {0},
a/ ﬂ/
& —o(t), 5 =00)
be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (17). We get the sys-
tem (18). In the system (18) we make the replacement (19). We obtain
the system (20), an auxiliary system of differential equations (21) and its
particular solution (22).

In this case,

o B

1 e« 2
1 — = 1 = =0.
1o Ié; R(?) 1 oo (5(1 + (%)2) + (%)2 + 1) 0

Then
8 o’ y2
lim h(t) = 1 lim (B i (ﬁ ) =
oo (1—6)a— 3 & —R(t) 2t=>+o (1-6)2 -1 5 - L R()

=0.

~ g (52 (25 = g [

Therefore, g2(t) = o(1), by Lemma 1. Next,

. h(t) o
A (1-0)a— 55 — R(t) () =0.

Then 71 (t) = o(1). This implies that Theorem 11 is valid. Thus

t
5fo¢d7'

§i(t):o(e io ) (i=1,2), 6¢(0,1).

Then, according to (17),

fGa=3E) ar
zi(t) = 0<et0 ) (i=1,2), 6 €(0,1).
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Further,
1 o 5
lim = R(t) = lim ( a + ):07
t—+oco v () t——+o00 a(1+(§)2) (%)3+%
1 w oy
t—lginooal()_t—liinoo(a(g+§) (g)2+1) 0
Thus
A1)
C = ,=1,2
i =ole) (=12)
and
5ftozd7'

%(t) = o(e i0 ) (i=1,2), §€(0,1).
Then, just as in Theorem 10,

5ftadr
yi(t):o(e io ) (i=1,2), 6¢(0,1). O

Theorem 12. Let the condition (9) and the following conditions
Oé(+OO) = =00, ﬂ = 0(1)7

a/ /8/
— = — =01
"= o(3). 5 =0
be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (17). We get the sys-
tem (18). In the system (18) we make the replacement (19). We obtain
the system (20), an auxiliary system of differential equations (21) and its
particular solution (22).

In this case,

1 a
lim — R(t) = lim ( CE—L ) =0
t—+o0 [‘3 t—+oo \ 1

Then

. 1
tlgmoo — _lg_ itlgmoo — Q_lﬂ_l
too (1 =d)a—35 5 — R(t) oo (1-19) R(t)

/

sy (G ) () = s |5 =0

Therefore, g2(t) = o(1), by Lemma 1. Next,

t—lg-&-moo — _ 1 g —
(1-6)a R(t)
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Then 71 (t) = o(1). This implies that Theorem 12 is valid. Thus

t
5fad7'

@(t)zo(e ) (i=1,2), 6¢(0,1).

Then, according to (17),

j‘(éaf All(t/))d'r
zi(t)zo(eto e )(i:1,2)7 5 € (0,1).
Then
1 o 5
lim —R(t) = lim (2254 ) =0,
t—+oo (v t—+oo B+§ (E) —1—5
1 % i
lim —I(t)= 1 ( o _ )—
Jim -~ I(t) = lim @2+l (5)2+1 0
Hence
Aj(t)
A —1,2
(D) o) (1=1,2)
and

t
§ [ adr

zi(t) = 0(6 K ) (1=1,2), 6§€(0,1).

Then, just as in Theorem 10,

5jad‘r
yi(t)zo(e io ) (i=1,2), 6¢(0,1). O

Theorem 13. Let the condition (9) and thr following conditions

a(4o00) = —o0, [B(+00) = oo, % — const # 0,
/ ﬁ/
o =0, Z=o)

be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (17). We get the sys-
tem (18). In the system (18) we make the replacement (19). We obtain
the system (20), an auxiliary system of differential equations (21) and its
particular solution (22).

In this case,

.
St ) =0
B

1
lim — R(¢t) = lim (
t—4o0c0 (v t—4o00 ﬁ(

_"_
Q[
~
—~
IR
~—
_|_
IR
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Then
h(t) B h(t) _
t5F (1—8)a— 3 5 —R(t) to+ea(l—6- 52 - LR(t)
& B 2 of 2
_ 15 5% a aB _
=250 (1_5_56;5) +<1_5_§g'§)

— 1' a/
T 21— 5) triee ‘075

Therefore, g2(t) = o(1), by Lemma 1. Further, we have

=0.

. h(t) o
N T v TR 72(t) =0

Then ¢;(t) = o(1). This implies that Theorem 13 is valid. Thus

5ftad7'
&Gy =o(e™ ) (=12, §¢(0.1).
Then, according to (17),

A @

J(ba— 1t)d7’
zi(t)zo(eto o )(1:1,2), 5 € (0,1).

As is shown above,

1
lim —R(t)=0
t——+o0
Then
1 o %;
1 —I(t)= 1 & =
Jm g t0= 2 (s mr) O
Thus )
(¢
Ll = =1,2
i =ole) (=12)
and
5ftozd7'

%(t) = o(e i0 ) (i=1,2), € (0,1).
Then, just as in Theorem 10,

§ ft adr
yi(t) = o(e i0 ) (i=1,2), 6¢(0,1). O
Theorem 14. Let the condition (9) and the following conditions
a=o(1), p(+o0) = o0,
al ﬁl
—=0(1), ==
S=ow. 5
be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

o(a)
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Proof. In the system (10) we make the replacement (17). We get the sys-
tem (18). In the system (18) we make the replacement (19). We obtain
the system (20), an auxiliary system of differential equations (21) and its
particular solution (22).

In this case,

o B
1 &
lim = R(t) = lim (—_= ) =0
A B0 = A Bet et Ep
Then
B’ o
i h(t) 1 (55)7+(53)? .
400 (1—0)a— 1B _R(f) 2tteo(1_g_108 _ T -
too (1 —0d)a— 35 — R(t) o (1-0—5455— o R(Y)
Therefore, o2(t) = o(1), by Lemma 1. Further, we have
h(t ~
( ) O'Q(t) =0.

t—lgknoo — _ 1 g _
(1-d)a— %5 —R(t)

Then 71 (t) = o(1). This implies that Theorem 14 is valid. Moreover,

t
§fad7'

fi(t)zo(e ) (i=1,2), de(0,1).

Then, according to (17),

t

J (ba-310) ar
%(t) :o(eto ) (i=1,2), 5€(0,1).
As is shown above,
1
lim —R(t)=0
t—+oo (v
Then
1 o B
lim —I(t) = lim (ao‘ ST >:O
t—+oo (v t—+oo Ea—}-ﬁ %4_%
Thus
Ai(t)
s = =1,2
g = ole) (i=12)
and
) j adr

5(t) = o(e 0 ) (i=1,2), € (0,1).
Then, just as in Theorem 10,

5jt‘ad7'
y;(t) = o(e fo ) (1=1,2), 6€(0,1). O
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Theorem 15. Let the condition (9) and the following conditions
a(+o0) ER_, B(400) = o0,
! !
& 2~ o)

—=0(1
a ( )7 /3
be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (17). We get the sys-
tem (18). In the system (18) we make the replacement (19). We obtain
the system (20), an auxiliary system of differential equations (21) and its
particular solution (22).

In this case,

o B8
1 o g
lim —R(t) = lm (= ) =0
A 0= Gt e
Then
6/ ol
y h(t) 1 () + (&)
im W —§thm T 1 =0.
Therefore, g2(t) = o(1), by Lemma 1. Further, we have
h(t ~
lim (1) - Fa(t) = 0

Then ¢ (t) = o(1). This implies that Theorem 15 is valid. Hence

t
5 [ adr

&(t) :0(6 io ) (i=1,2), 6¢(0,1).
Then, according to (17),

A

J (ba— 21t
zi(t) = O(eto ®

As is shown above,

)dr
) (i=1,2), 5€(0,1).

1
lim —R(t)=0
t——+o00 (¢
Then
1 o 8
lim —I():hm( aﬁ— BB>:O
t—+o0o (v t——+oo a(% + E) 05(% + E)
Thus "0
No(t
L = =1,2
i = ol (=12
and
5fto¢d'r
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Then, just as in Theorem 10,

§fto¢d‘r
yi(t)zo(e i0 ) (i=1,2), 6¢(0,1). O

Theorem 16. Let the condition (9) and the following conditions
a(+o00) = —00, f(+o0) = 00, SN 0,

5
a/ ﬁ/
— =0(1 = =0(1
% =o). 5 =oq)
be fulfilled. Then the trivial solution of equation (1) is asymptotically stable.

Proof. In the system (10) we make the replacement (17). We get the sys-
tem (18). In the system (18) we make the replacement (19). We obtain
the system (20), an auxiliary system of differential equations (21) and its
particular solution (22).

In this case,

1 o Z
lim = R(t) = lim (—2 )=o.
Ao B = B e e ) =
Then
y h(t) 1 G2+ (2
5900 (1 _8)a — LB _R(t) 2totee(l_g_1B 1 =0
to (1-0)a—35 —R(t) o (1-0—5 55— 2 R()
Consequently, o5(t) = o(1), by Lemma 1. Further, we have
h(t -
lim (1)ﬁ' O'2(t) =0

Then 71 (t) = o(1). This implies that Theorem 16 is valid. Moreover,

t
§ [ adr

&Gy =ole™ ) (=12, §¢(0.1).
Then, according to (17),

j‘(éa—iigg)dr
2%(t) :o(eto ) (i=1,2), 5€(0,1).
As is shown above,
1
lim — R(t)=0
t—+oo (v
Then
1 & g
lim —I(¢t) = lim (ao‘zﬁ— a’B /3):0
t—+oo (x t——+o00 5 + = a(ﬁ + E)
Thus
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and )
5fo¢d'r
%(t) = o(e io ) (i=1,2), 5€(0,1).

Then, just as in Theorem 10,

5ftad7-
yi(t)zo(e i0 ) (i=1,2), 6¢(0,1). O

2.3. The case of purely imaginary roots \;(t) (i = 1,2). Let us analyze
equation (6):
1

y' +p(t)y =0
where p(t) € C7, p(t) > 0 in I. Then A (t) = —i\/p, A2(t) =i/p, p = p(2).
Theorem 17. Let the conditions
g (5=)
7=
be fulfilled. Then the trivial solution of equation (6) is asymptotically stable.
Proof. In this case the system (10) takes the form

B(+00) = +oo,

40 = (-3 5 -8)a0+3 5 20,
24(t) = %% a) + (- §%+25)22()

In this system we make the following replacement:
5 (=3 %yar .
zi(t)y=e€ " wi(t) (1=1,2), 6 €(0,1).
As a result, we obtain the following system:

A0 = (-2 5 -i8)er0+ 3 2 eato)
1) =5 Lo+ (-1 5 +is)ea

Then in the system (23) we make the following replacement:

(20) = (o ) G0)

where () are the new unknown functions (i = 1,2). Then the system (23)
takes the form

(23)

n0 = (-5 545 50 - 8)mo + 55 m
) = (55 + 28000 - 3 220~ 0)m(+ (21)
S-S0+ is)m
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Suppose
18 , B
35 +2iBr(t) =0
Then
1 /
r(t) = 1 %z =o(1)
Then the system (24) takes the form
1-68 188 14
)= (-5 T4 T im0+ 5 5 m),
1 AN 1 / /2
)= (-1 (5)i+55 (5) Jmo+ (25)
1-68 188
+(_ T % - g % %Z"Flﬂ)ng(ﬂ

In accordance with Theorem 1, for the system (25) we write an auxiliary
system of differential equations:

JQ(t)a

=2 (5)) + (5 (G) - 5 L e

We denote

1 B\ 2 BIN2 /B4

=3 1((%)) + (5) (5)"

Consider a particular solution of the system (26) with the initial conditions
O’i(to) =0 (Z = 1,2):

f12 gyar 0 - f-1 Eyan
(1) = ¢ [ote » -
to
t ’ t ’
S5 5)dr 18 - [ F)dn
O 1 A
to
In this case,
B’ \r
9(t) 1 (=)\2 B\
i 20 = () (2
tJErHW 1%% 4(1-9) Hlffloo % + 32
LY,
1 3z
S L
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Therefore, 2(t) = o(1), by Lemma 1. Further, we have

Then &1(t) = o(1). This implies that Theorem 17 is valid. Moreover,
n:(t) = o(1) (i = 1,2). Then ¢;(t) = o(1) (¢ = 1,2). Then we have obtained

5 J(~3%)ar
zi(t):0<e o *7 )(i:1,2), 5 € (0,1).

Then
yi(t) = z1(t) + 2(1), ) =0 e‘i{“%%’)‘” |
{92(t):—iﬂzl(t)+iﬁzz(t) - Z:(t)Z—(iﬁm(t)—i-iﬁzg)(t) -

5[ (-4 %yar
(0] = ofe )

)

. , 0 €(0,1). O
[ 8(=% Frto(1)) dr
()] = o€ ).
Remark 1. The condition
()
o =o(1)
B
is satisfied if there exists the corresponding limit.
Proof.
(B | .
lim — = |we use the inverse de L’Hospital’s rule| =
t—+oo B
1 !
_ p 0

—_—— 1. — T
2 totoe B21n 3

Remark 2. The conditions of I. T. Kiguradze’s Theorem 4 are equivalent
to those of Theorem 17. But, in addition to Theorem 17, we have obtained
the estimate of solutions of equation (6).
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Proof.

!
B _0,

: =3 4 2\ p—=3 _ 1; 255/_ . P
t—lginoopp t= t—1>15-noo<ﬁ ) 5 o t—lg-noo ﬂ3 o 2t—1:£-noo ﬂ2

¢
lim (Inp)~* / |(p’p_%)" dr = [We use de L’Hospital’s rule} =

t—4o0
_3 _ B’ \r
SOV 7 N (¢ - RN (.. R
t—+4oo P t—+4oco 288" t—+o0 B ’
P 62 [¢]
CONCLUSION

In the present paper we have revealed the sufficient conditions for asymp-
totic stability, as well as the estimate of solutions of the homogeneous linear
non-autonomous second order differential equation in terms of the behavior
of roots of the characteristic equation in the case of complex roots. The
results of the work allow one to proceed both to investigating equations
of higher order and to considering the problems on a simple stability and
instability.
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